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ERRATA 

In  Mr.  Atwood’s  Disquisition  on  the  Stability  of  Ships. 

Page  213,  lines  8  and  9,  dele  “  situated  between  wind  and  water,  according  to  a 
technical  expression.” 

SB 

Page  223,  1.  22,  for  +  SB,  read  H - . 


duced. 


,  .  Flu,  x  x  y3-\-  P3  ,  n  r  .  y3  +  v3 

247,  1.  9,  for - - - — ,  read  fluent  of*  x- - • 

3  P  P 

252,  1.  25,  after  point  V,  add  produce  XL  in  directum ,  and  in  the  line  so  pro- 
254,  1.  22,  after  the  words  “  proportion  of  3  to  5,”  instead  of  the  comma 


insert  a  colon. 

Page  268,  1.  8,  for  DD'G'GA,  read  DD'G'GD. 


PHILOSOPHICAL 

TRANSACTIONS. 


X.  A  Disquisition  on  the  Stability  of  Ships.  By  George 

Atwood,  Esq.  F.  R.  S. 

Read  March  8, 1798. 

The  stability  of  vessels,  by  which  they  are  enabled  to  carry 
a  sufficient  quantity  of  sail,  without  danger  or  inconvenience, 
is  reckoned  amongst  their  most  essential  properties  ;  although 
the  wind  may,  in  one  sense,  be  said  to  constitute  the  power 
by  which  ships  are  moved  forward  in  the  sea,  yet,  if  it  acts  on 
a  vessel  deficient  in  stability,  the  effect  will  be  to  incline  the 
ship  from  the  upright,  rather  than  to  propel  it  forward  :  sta¬ 
bility  is  therefore  not  less  necessary  than  the  impulses  of  the 
wind  are,  to  the  progressive  motion  of  vessels.  This  power  has 
also  considerable  influence  in  regulating  the  alternate  oscil¬ 
lations  of  a  ship  in  rolling  and  pitching;  which  will  be  smooth 
and  equable,  or  sudden  and  irregular,  in  a  great  measure,  ac¬ 
cording  as  the  stability  is  greater  or  less  at  the  several  angles 
of  inclination  from  the  upright.  From  constantly  observing 
that  the  performance  of  vessels  at  sea  depends  materially  on 
their  stability,  both  navigators  and  naval  architects  must,  at  all 
MDCCXCVI II.  £>  d 
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times,  be  desirous  of  discovering  in  what  particular  circum¬ 
stances  of  construction  this  property  consists,  and  according  to 
what  laws  the  stability  is  affected  by  any  varieties  that  may 
be  given  to  their  forms,  dimensions,  and  disposition  of  con¬ 
tents  ;  which  are  determined  partly  according  to  the  skill  and 
judgment  of  the  constructor,  and  partly  by  adjustments  after 
the  vessel  has  been  set  afloat. 

Little  more  than  a  century  has  now  elapsed,  since  the  theory  of 
mechanics  was  first  applied  to  the  construction  and  management 
of  vessels ;  whatever  principles  had  been  previously  adopted,  for 
regulating  their  forms  and  equipment,  as  well  as  for  directing 
them  in  the  ocean,  were  the  result  of  experience  and  observation 
alone:  a  mode  of  arriving  at  truth,  however  advantageous  in 
many  respects,  yet  not  entirely  to  be  relied  on  in  this  instance, 
for  explaining  satisfactorily,  and  reducing  to  system,  pheno¬ 
mena  depending  on  the  intricate  combination  of  causes  which 
influence  a  vessel's  motion,  and  equilibrium,  at  sea.  The  theory 
of  mechanics  is  known  to  explain  all  effects  that  can  arise  from 
the  action  of  forces,  however  complicated,  of  which  the  quan¬ 
tities  and  directions  are  defined  with  sufficient  precision.  This 
science,  having  been  greatly  extended,  and  successfully  em¬ 
ployed,  by  Sir  Isaac  Newton,  in  the  investigation  of  causes 
requiring  the  most  profound  research,  would  naturally  be  re¬ 
sorted  to,  for  a  solution  of  many  difficulties  that  occur  in  the 
theory  of  naval  architecture,  which  could  not  be  obtained  from 
any  other  mode  of  considering  this  subject.  The  practice  of 
ship  building  having  been  many  ages  antecedent  to  the  dis¬ 
covery  of  the  theory  of  mechanics,  one  object  of  theoretic 
inquiry  must  necessarily  be,  to  explain  the  principles  of  con¬ 
struction  and  management  which  experience  and  practical 
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observation  have  previously  discovered;  distinguishing  those 
which  are  founded  in  truth  and  right  practice,  from  others 
which  have  been  the  offspring  of  vague  and  capricious  opinion, 
misinterpretation  of  facts,  and  unfounded  conjecture,  by  which, 
phenomena  arising  in  the  practice  of  navigation  are  often  at¬ 
tributed  to  causes  entirely  different  from  those  by  which  they 
are  really  governed.  It  is  also  the  object  of  mechanic  theory 
to  investigate,  from  the  consideration  of  any  untried  plans  of 
construction,  what  will  be  the  effect  thereof  on  the  motion  of 
vessels  at  sea ;  also  to  suggest  new  combinations,  by  which 
the  approved  qualities  of  vessels  may  be  extended,  their  faults 
amended,  or  defects  supplied.  These  several  objects,  and  others 
connected  with  them,  have  employed  the  attention  of  many 
eminent  theorists,  by  whose  discoveries  naval  architecture  has 
been  greatly  benefited  ;  yet  the  progress  made  toward  esta¬ 
blishing  a  general  theory,  founded  on  the  laws  of  motion,  has 
not  been  adequate  to  what  might  be  expected  from  the  abi¬ 
lities  of  the  writers  on  this  subject,  and  the  laborious  attention 
they  have  bestowed  upon  it.  Although  all  results  deduced  by 
strict  geometrical  inference  from  the  laws  of  motion,  are 
found,  by  actual  experience,  to  be  perfectly  consistent  with 
matter  of  fact,  when  subjected  to  the  most  decisive  trials,  yet, 
in  the  application  of  these  laws  to  the  subject  in  question,  dif¬ 
ficulties  often  occur,  either  from  the  obscure  nature  of  the 
conditions,  or  the  intricate  analytical  operations  arising  from 
them,  which  either  render  it  impracticable  to  obtain  a  solu¬ 
tion,  or,  if  a  result  is  obtained,  it  is  expressed  in  terms  so 
involved  and  complicated,  as  to  become  in  a  manner  useless, 
as  to  any  practical  purpose.  These  imperfections  in  the  theory 
of  vessels,  are  amongst  the  causes  which  have  contributed  to 
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retard  the  progress  of  naval  architecture,  by  increasing  the 
hazard  of  failure  in  attempting  to  supply  its  defects  by  expe¬ 
riment  ;  for,  when  no  satisfactory  estimate  can  be  formed 
from  theory,  of  the  effects  likely  to  ensue  from  adopting  any 
alteration  of  construction  that  may  be  proposed,  doubts  must 
necessarily  arise  respecting  its  success  or  failure,  which  can  be 
resolved  only  by  having  recourse  to  actual  trial :  a  species  of 
experiment  rarely  undertaken  under  the  impressions  of  uncer¬ 
tain  success,  when  the  objects  of  it  are  so  costly,  and  otherwise 
of  so  much  importance.  To  the  imperfections  of  theory,  may 
also  be  attributed  that  steady  adherence  to  practical  methods, 
rendered  familiar  by  usage,  which  creates  a  disposition  to  re¬ 
ject,  rather  than  to  encourage,  proposals  of  innovation  in  the 
construction  of  vessels  :  the  defects  or  inconveniences  which 
are  known,  and  have  become  easily  tolerable  by  use,  or  may 
perhaps  be  the  less  distinctly  perceived  for  want  of  comparison 
with  more  perfect  works  of  art,  being  deemed  preferable  to 
the  adoption  of  projected  improvements,  attended  by  the  dan¬ 
ger  of  introducing  evils,  the  nature  and  extent  of  which  cannot 
be  fully  known.  These  are  amongst  the  difficulties  and  dis¬ 
advantages  which  have  concurred  in  rendering  the  progress  of 
improvement,  in  the  art  of  constructing  vessels,  extremely  slow, 
and  have  left  many  imperfections  in  this  practical  branch  of 
science,  which  still  remain  to  be  remedied.  In  respect  to  the 
theory  of  vessels,  it  would  be  giving  that  term  too  narrowed 
a  meaning,  to  consider  it  as  derived  solely  from  the  laws  of 
mechanics  ;  every  notion  or  opinion  which  may  be  applied  to 
explain  satisfactorily  the  phenomena  depending  on  a  vessel's 
construction  and  qualities,  so  as  to  infer  the  consequences  of 
given  conditions,  independently  of  actual  trial,  whether  it  ori- 
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ginates  from  experience  alone,  or  from  investigations  founded 
on  the  laws  of  motion,  is  to  be  regarded  as  forming  a  part  of 
this  theory,  in  which,  a  constant  reference  to  practice  is  so 
essentially  necessary.  For,  although  many  principles  are  de- 
ducible  from  the  laws  of  mechanics,  which  it  is  probable  that 
no  species  of  experiment,  or  series  of  observation,  however 
long  continued,  would  discover,  yet  there  are  others,  no  less 
important,  which  have  been  practically  determined  with  suf¬ 
ficient  exactness,  the  investigation  of  which  it  is  scarcely  pos¬ 
sible  to  infer  from  the  laws  of  motion  ;  the  complicated  and 
ill  defined  nature  of  the  conditions,  in  particular  instances, 
rendering  analytical  operations  founded  on  them  liable  to  un¬ 
certainty.  Since  the  practice  of  naval  architecture  depends  so 
materially  on  the  knowledge  of  the  causes  which  influence 
the  motion  of  vessels  at  sea,  much  benefit  may  probably  be 
derived  from  the  extension  of  well  founded  principles,  both  by 
attentive  observation  of  the  qualities  of  vessels,  compared  with 
their  construction,  as  well  as  by  investigation  of  the  effects 
arising  from  particular  modes  of  construction,  depending  on 
the  law's  of  statics  and  mechanics,  whenever  the  conditions 
admit  of  inferring  principles  which  are  clear  and  satisfactory, 
and  easily  applicable  in  practice.  With  a  view  to  these  ob¬ 
jects,  so  far  as  regards  the  theory  of  stability,  the  ensuing 
Disquisition  has  been  written. 

When  a  ship,  or  other  floating  body,  is  deflected  from  its 
quiescent  position,  the  force  of  the  fluid’s  pressure  operates  to 
restore  the  floating  body  to  the  situation  from  which  it  has  been 
inclined.  This  force  is  distinctly  described,  in  a  treatise  written 
by  the  most  celebrated  geometrician  of  ancient  times,  who 
uses  the  following  argument  for  demonstrating  the  position  in 
which  a  parabolic  conoid  will  float  permanently  in  given  cir- 
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cumstances.  To  shew  that  this  solid  will  float  with  the  axis 
inclined  to  the  fluid's  surface  at  a  certain  stated  angle,  depend¬ 
ing  on  the  specific  gravity  and  dimensions  of  the  solid,  he  de¬ 
monstrates,*  that  if  the  angle  should  be  greater  than  that  which 
he  has  assigned,  the  fluid's  pressure  will  diminish  it ;  and  that, 
if  the  angle  should  be  less,  the  fluid's  pressure  will  operate  to 
increase  it,  by  causing  the  solid  to  revolve  round  an  axis  which 
is  parallel  to  the  horizon.  It  is  an  evident  consequence,  that 
the  solid  cannot  float  quiescent  with  the  axis  inclined  to  the 
fluid’s  surface,  at  any  angle  except  that  which  is  stated.  The 
force  which  is  shewn  in  this  proposition,  to  turn  the  solid,  so 
as  to  alter  the  inclination  of  the  axis  to  the  horizon,  is  the 
same  with  the  force  of  stability;  the  quantity  or  measure  of 
which,  Archimedes  does  not  estimate;  nor  was  it  necessary 
to  his  purpose,  since  the  alteration  of  inclination  required  to 
establish  the  quiescent  position,  may  be  produced  either  in  a 
greater  or  less  time,  without  affecting  his  argument.  It 
does  not  appear,  that  this  method  of  determining  the  float¬ 
ing  positions  of  bodies  was  afterwards  extended  to  infer 
similar  conclusions  in  respect  to  solids  of  any  other  forms, 
nor  to  determine  any  thing  concerning  the  inclination  or 
equilibrium  of  ships  at  sea,  which  require  the  demonstration, 
not  only  that  a  force  exists,  in  given  circumstances,  to  turn 
the  vessel  round  an  axis,  but  also  the  magnitude  or  precise 
measure  of  that  force.  M.  Bouguer,  in  his  treatise  intitled 
“  Traite  du  Navire /'  has  investigated  a  theorem  for  esti¬ 

mating  the  exact  measure  of  the  stability  of  floating  bodies. 
This  theorem,  in  one  sense,  is  general,  not  being  confined  to 
bodies  of  any  particular  form  ;  but,  in  respect  to  the  angles  of 

•  Archimedes  de  iis  qua  in  humido  vebuntur. 


f  Livr.  ii.  sect.  2.  chap.  8. 
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inclination,  it  is  restrained  to  the  condition  that  the  inclina- 
tions  from  the  upright  shall  be  evanescent,  or,  in  a  practical 
sense,  very  small  angles.  In  consequence  of  this  restriction, 
the  rule  in  question  cannot  be  generally  applied  to  ascertain 
the  stability  of  ships  at  sea  ;  because  the  angles  to  which  they 
are  inclined,  both  by  rolling  and  pitching,  being  of  consider¬ 
able  magnitude,  the  stability  will  depend,  not  only  on  the  con¬ 
ditions  which  enter  into  M.  Bouguer/s  solution,  but  also  on 
the  shape  given  to  the  sides  of  the  vess  1  above  and  beneath 
the  water-line  or  section,  of  which  M.  Bouguer/s  theorem 
takes  no  account.  But  it  is  certain  that  the  quantity  of  sail  a 
ship  is  enabled  safely  to  carry,  and  the  use  of  the  guns  in 
rough  weather,  depend  in  a  material  degree  on  the  form  of 
the  sides  above  and  beneath  the  water-line  ;  this  observation 
referring  to  that  portion  of  the  sides  only  which  may  be  im¬ 
mersed  under,  or  may  emerge  above,  the  water's  surface,  in 
consequence  of  the  vessel's  inclination  ;  for,  whatever  portion 
of  the  sides  is  not  included  within  these  limits,  will  have  no 
effect  on  the  vessel's  stability,  the  centres  of  gravity,  volume 
of  water  displaced,  and  other  elements  not  being  altered.  By 
the  water-section  is  meant,  the  plane  in  which  the  water's  sur¬ 
face  intersects  the  vessel,  when  floating  upright  and  quiescent ; 
and  the  termination  of  this  section  in  the  sides  of  the  vessel  is 
termed  the  water-line,  A  general  theorem  for  determining 
the  floating  positions  of  bodies  is  demonstrated  in  a  former 
paper,  inserted  in  the  Phil.  Trans,  for  the  year  1796,  and  ap¬ 
plied  to  bodies  of  various  forms :  the  same  theorem  is  there 
shewn  to  be  no  less  applicable  to  the  stability  of  vessels,  taking 
into  account  the  shape  of  the  sides,  the  inclination  from  the 
upright,  as  well  as  every  other  circumstance  by  which  the 
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stability  can  be  influenced.  To  infer,  from  this  theorem,  the 
stability  of  vessels  in  particular  cases,  the  form  of  the  sides, 
and  the  angle  of  inclination  from  the  perpendicular,  must  be 
given.  These  conditions  admit  of  great  variety,  considering 
the  shape  of  the  sides,  both  above  the  water-line  and  beneath 
it ;  for  we  may  first  assume  a  case,  which  is  one  of  the  most 
simple  and  obvious  ;  this  is,  when  the  sides  of  a  vessel  are  pa¬ 
rallel  to  the  plane  of  the  masts,  both  above  and  beneath  the 
water-line;  or,  secondly,  the  sides  may  be  parallel  to  the  masts 
under  the  water-line,  and  project  outward,  or  may  be  inclined 
inward,  above  the  said  line ;  or  they  may  be  parallel  to  the 
masts  above  the  water-line,  and  inclined  either  inward  or  out¬ 
ward  beneath  it ;  some  of  these  cases,  as  well  as  those  which 
follow,  being  not  improper  in  the  construction  of  particular 
species  of  vessels,  and  the  others,  although  not  suited  to  prac¬ 
tice,  will  contribute  to  illustrate  the  general  theory.  The 
sides  of  a  vessel  may  also  coincide  with  the  sides  of  a  wedge, 
inclined  to  each  other  at  a  given  angle ;  which  angle,  formed 
at  an  imaginary  line,  where  the  sides,  if  produced,  would  inter¬ 
sect  each  other,  may  be  situated  either  under  or  above  the 
water's  surface.  To  these  cases  may  be  added,  the  circular 
form  of  the  sides,  and  that  of  the  Apollonian  or  conic  para¬ 
bola.  The  sides  of  vessels  may  also  be  assumed  to  coincide 
with  curves  of  different  species  and  dimensions,  some  of  which 
approach  to  the  forms  adopted  in  the  practice  of  naval  archi¬ 
tecture,  particularly  in  the  larger  ships  of  burden.  And  lastly, 
the  shape  of  the  sides  may  be  reducible  to  no  regular  geome¬ 
trical  law  ;  in  which  case,  the  determination  of  the  stability, 
in  respect  to  a  ship's  rolling,  requires  the  mensuration  of  the 
ordinates  of  the  vertical  sections  which  intersect  the  longer 
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axis  at  right  angles ;  similar  mensurations  are  also  required 
for  determining  the  stability,  in  respect  to  the  shorter  axis, 
round  which  a  vessel  revolves  in  pitching.  In  order  to  de¬ 
scribe  distinctly  these  several  cases,  the  variation  of  the  sec¬ 
tions,  both  in  form  and  magnitude,  from  head  to  stern  of  the 
vessel,  has  not  been  considered ;  the  sections  being  supposed 
equal  and  similar  figures,  such  as  they  in  reality  are,  near  the 
greatest  section  of  a  ship,  growing  smaller,  and  altering  their 
form,  toward  the  head  and  stern.  But,  before  this  alteration 
can  be  taken  into  account,  it  is  necessary  first  to  ascertain  the 
stability  corresponding  to  a  vessel  or  segment,  in  which  the 
sections  are  equal  and  similar  figures ;  from  which  determi¬ 
nation,  the  stability  is  inferred  which  actually  exists,  when  the 
form  and  magnitude  of  the  sections  alter  continually,  from  one 
extremity  of  the  vessel  to  the  other.  The  consideration  of 
the  cases  which  have  been  here  stated,  with  inferences  and 
observations  thereon,  is  the  subject  of  the  ensuing  pages ;  in 
which,  if  any  ideas  are  suggested  which  may  be  at  all  useful 
in  the  practice  of  naval  architecture,  or  may  contribute  to 
remove  imperfect  or  erroneous  notions  which  have  been  en¬ 
tertained  respecting  a  principal  branch  of  it,  the  intention  of 
the  Author  will  be  accomplished. 

Let  WBCOFAH  (Tab.  VIII.  fig.  1.)  represent  a  vertical 
section  of  a  vessel  floating  quiescent  and  upright,  and  inter¬ 
sected  by  the  water's  surface  in  the  line  BA  :  BCOFA  will  be 
the  area  immersed  under  water.  Suppose  the  vessel  to  be  in¬ 
clined  from  the  perpendicular,  through  the  angle  ASH,  so 
that  the  intersection  of  the  vessel  by  the  water's  surface,  which 

before  coincided  with  BA,  shall  now  coincide  with  the  line 
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CH  :  the  area  tinder  water  will  now  be  COFAH,  equal  to  the 
area  BCOFA. 

Let  the  section  WBCOFAH,  and  all  the  other  vertical  sec¬ 
tions  intersecting  the  longer  axis  at  right  angles,  be  assumed 
similar  and  equal  figures,  projected  on  the  plane  WBOAH  :  in 
consequence,  the  area  BOA  will  be  to  the  area  AS  H,  as  the 
entire  volume  immersed  is  to  the  volume  immersed  by  the 
vessel's  inclination.  Moreover,  if  E  is  the  centre  of  gravity  of 
the  area  BOA,  that  point  will  truly  represent  the  centre  of 
gravity  of  the  volume  immersed,  when  the  vessel  is  upright : 
if  the  centre  of  gravity  of  the  immersed  area  COFAH,  when 
the  vessel  is  inclined,  should  be  situated  at  Q,  that  point  will 
also  coincide  with  the  centre  of  gravity  of  the  corresponding 
displaced  volume.  For  these  reasons,  the  spaces  BOA,  ASH, 
COFAH,  will  be  denominated,  in  the  following  pages,  indif¬ 
ferently,  areas  or  volumes. 

Let  G  be  the  centre  of  gravity  of  the  vessel,  by  which  term, 
the  vessel  and  its  contents,  of  every  kind,  are  always  under¬ 
stood  to  be  implied.  Through  G,  draw  GU  parallel  to  CH : 
and  through  Q,  draw  QZ  perpendicular  to  CH.  When  the 
ship  is  inclined  round  the  longer  axis,  through  the  angle  ASH, 
the  fluid's  pressure  acts  in  the  direction  of  the  vertical  line 
QZ,  with  a  force  equal  to  the  vessel's  weight  ;  and  the  sta¬ 
bility  or  effect  of  this  force,  to  turn  the  vessel  round  an  axis 
passing  through  G,  perpendicular  to  the  plane  BOA,  will  be 
greater  or  less,  according  to  the  magnitude  of  the  line  G  Z, 
or  distance  from  the  axis  at  which  the  force  of  pressure  acts. 
In  the  same  vessel,  the  weight  not  being  altered,  the  stability, 
at  different  angles  of  inclination  from  the  upright,  will  be  truly 
measured  by  the  line  G  Z  ;  and,  in  different  vessels,  or  in  the 


211 


the  Stability  of  Ships. 

same  vessel  differently  laden,  the  stability  will  be  measured 
by  the  weight  of  the  vessel  and  the  line  G  Z  jointly.  The 
weight  of  any  vessel  (including  the  lading)  is  equal  to  the 
weight  of  water  displaced  by  it ;  which  will  be  obtained  by 
measuring  the  solid  contents  of  the  displaced  volume,  and 
from  knowing  the  weight  of  a  given  portion  of  sea  water,  such 
as  a  cubic  foot,  which  weighs  64  pounds  avoirdupois.  The 
vessel's  weight  being  thus  obtained,  the  determination  of  the 
stability,  whatever  be  its  form  or  inclination  from  the  upright, 
requires  only  that  the  line  G  Z  shall  be  known,  or  the  pro¬ 
portion  which  it  bears  to  some  given  line,  for  instance,  the 
line  B  A,  shall  be  ascertained. 

A  general  method  of  constructing  this  line  is  demonstrated 
in  the  Phil.  Trans,  for  the  year  1796,  but  is  there  principally 
applied  to  the  floating  position  of  bodies  ;  its  use  in  inves¬ 
tigating  the  stability  of  vessels  is  incidentally  mentioned,  and 
in  general  terms,  rather  than  as  being  itself  a  subject  of  dis¬ 
quisition.  This  theorem  is  founded  on  supposing  the  centres 
of  gravity  of  the  several  volumes  BOA,  COFH,  ASH,  BSC, 
(fig.  1.)  to  be  given  in  position  ;  an  assumption  allowable  in 
demonstrating  a  general  theorem  :  but,  in  applying  it  to  the 
stability  of  particular  vessels,  it  becomes  necessary  that  the 
positions  of  these  points  should  be  absolutely  found,  and  the 
results  combined  with  the  other  conditions,  to  infer  the  mea¬ 
sure  of  stability  ;  a  determination  which,  in  some  cases,  is 
attended  with  much  difficulty,  and  in  others,  is  not  prac¬ 
ticable  by  any  direct  methods  ;  an  instance,  amongst  many 
that  might  be  mentioned,  in  which  the  particular  application 
is  more  difficult  than  the  general  demonstration  of  propo¬ 
sitions.  The  following  constructions  and  investigations  are 
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principally  inferred  from  the  general  theorem  for  ascertaining 
the  stability  of  floating  bodies  ;  which  is  here  subjoined,  to 
avoid  the  necessity  of  future  references,  as  well  as  for  the 
purpose  of  stating  more  distinctly  the  observations  which  fol¬ 
low  it. 

Let  M  (fig.  1.)  be  the  centre  of  gravity  of  the  volume  ASH, 
which  has  been  immersed  under  water,  and  let  I  be  the  centre 
of  gravity  of  the  volume  BSC,  which  has  emerged  above  the 
water's  surface,  in  consequence  of  the  vessel's  inclination  ; 
through  the  points  M  and  I,  draw  the  lines  ML,  IK,  per¬ 
pendicular  to  the  line  CH,  which  coincides  with  the  water's 
surface  when  the  vessel  is  inclined  :  through  E,  the  centre  of 
gravity  of  the  displaced  volume  BOA,  draw  EV  parallel  and 
equal  to  KL,  and  through  G  draw  GU  parallel  and  GR  perpen¬ 
dicular  to  CH  ;  according  to  the  theorem,  the  line  ET  will  be 
determined  by  the  following  proportion.  As  the  total  volume 
displaced  BOA  is  to  SAH,  the  volume  immersed  in  consequence 
of  the  inclination,  so  is  KL  or  EV  to  ET ;  and,  since  the  angle 
EGR  is  equal  to  the  vessel's  inclination  ASH,  and  the  dis¬ 
tance  GE  is  supposed  to  be  given,  the  line  ER  will  be  known ; 
because  ER  is  to  GE  as  the  sine  of  the  angle  EGR  to  radius; 
ER  being  subtracted  from  ET  will  leave  RT  or  GZ,  equal 
to  the  measure  of  the  vessel’s  stability. 

Suppose  the  line  K  L  to  be  denoted  by  the  letter  b :  let 
the  volume  ASH  be  represented  by  A,  and  the  volume  BOA 
by  V.  Then,  according  to  the  theorem,  since  V  :  A  :  :  :  :  b  : 
ET,  it  follows  that  ET  =  and  if  GE  is  put  =  d,  and  * 
=  the  sine  of  the  angle  to  which  the  vessel  is  inclined,  radius 
being  =  1,  ER  will  be  =  ds  ;  and  the  measure  of  the  ves¬ 
sel's  stability  RT  or  GZ=  y - ds. 
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Through  the  points  C  and  H,  (fig.  1.)  let  the  lines  CF, 
WH,  be  drawn  parallel  to  BA.  The  position  of  the  points 
M  and  I,  the  magnitude  of  the  line  KL,  and  the  areas  or 
volumes  ASH,  BSC,  being  the  same,  whatever  alteration 
may  take  place  in  the  volume  V,  or  the  entire  volume  dis¬ 
placed,  the  quantity  KL  x  area  ASH  or  b A  will  remain 
the  same  :  and,  since  the  line  ET  =  it  will  follow,  that 
the  zone  WHFC,  situated  between  wind  and  water,  (ac¬ 
cording  to  a  technical  expression,)  not  being  altered,  ET  will 
be  in  the  inverse  proportion  of  V,  or  the  total  volume  dis¬ 
placed.  If,  therefore,  the  shape  of  the  vessel  under  the  line  CF 
should  be  any  how  changed,  so  as  to  coincide  with  another 
figure,  suppose  C  cf  F,  (fig.  2.)  instead  of  COF,  (fig.  1.)  the 
volume  C  c f  F  being  equal  to  the  volume  COF,  the  line  ET 
will  be  the  same  in  both  cases.  In  consequence  of  this  change 
of  figure,  the  position  of  the  point  E,  (fig.  1.)  or  centre  of  gra¬ 
vity  of  the  volume  BOA,  may  be  situated  higher  or  lower  in 
the  line  OD  ;  yet,  if  the  centre  of  gravity  G  is  so  adjusted  by 
ballast,  or  other  means,  that  the  distance  GE  shall  be  the 
same,  the  stability  of  each  vessel,  BCOA  (fig.i.)  and  BCr/A 
(fig.  2.)  will  be  perfectly  the  same,  when  inclined  to  the  same 
angle  ASH  from  the  upright.  It  must  also  be  observed, 
that  since  ET  is  always  greater  in  the  same  proportion  in 
which  the  volume  immersed  BOA  is  less,  the  zone  WH  CF 
being  both  in  magnitude  and  form  the  same,  having  found 
by  construction  or  calculation  the  value  of  the  line  E  T  cor¬ 
responding  to  any  given  volume  displaced,  suppose  V  = 
BCOA,  (fig.  1.)  the  line  E  t  corresponding  to  any  other  mag¬ 
nitude  of  volume  displaced,  suppose  v  =  BCV  w  l  FA,  (fig.  2.) 
will  be  immediately  inferred  ;  for,  since  V  .  v  :  :  E  t :  E  T,  it 
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follows  that  E  t  =  E  T/— ,  or  because  E  T  =  by  substitu- 

tion,  E*  =  For  these  reasons,  the  determination  of  sta- 
v 

bility  does  not  require  that  the  form  of  the  entire  volume 
displaced  should  be  given,  but  the  form  only  of  the  zone 
WCHF,  (fig,  1.  and  2.)  including  the  angle  of  the  vessel's 
inclination  ASH;  these  conditions,  together  with  the  mag¬ 
nitude  of  the  immersed  volume,  and  the  distance  between  the 
two  centres  of  gravity  G  and  E,  are  sufficient  for  finding 
the  measure  of  stability,  at  any  given  angle  of  inclination 
from  the  upright. 

case  1. 

The  sides  of  a  vessel  are  parallel  to  the  plane  of  the  masts, 
both  above  and  beneath  the  water-line. 

QB  C  O  AH  (fig.  3  )  coincides  with  the  vertical  section  of 
a  vessel  when  it  floats  upright  and  quiescent,  and  is  inter¬ 
sected  by  the  water's  surface  in  the  line  B  A  ;  the  sides  Q  C, 
H  D,  are  parallel  to  each  other,  and  to  the  plane  of  the  masts 
WO,  and  are  therefore  perpendicular  to  BA.  G  is  the  centre 
of  gravity  of  the  vessel ;  V  represents  the  magnitude  of  the 
volume  immersed  under  the  water ;  the  centre  of  gravity  of 
this  volume  is  situated  at  E.  Suppose  the  vessel  to  be  in¬ 
clined  from  its  quiescent  position  through  any  given  angle, 
it  is  required  to  express,  by  geometrical  construction,  the  mea¬ 
sure  of  the  vessel's  stability,  when  thus  inclined.  Bisect  B  A 
in  the  point  S,  and  through  S  draw  C  SH,  inclined  to  BA,  at 
the  given  angle  of  the  vessel's  inclination  from  the  upright. 
Bisect  BC  in  F,  and  AH  in  N ;  and  join  SF  and  SN.  In  the 
line  SF  take  SI  to  SF  as  2  to  3 ;  also,  in  the  line  SN,  take 
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SM  to  SN  as  2  to  3.  Through  the  points  I  and  M,  draw  IK, 
ML,  perpendicular  to  CH.  Through  the  point  E,  draw  EV 
parallel  and  equal  to  KL.  In  the  line  EV,  take  ET  to  EV, 
in  the  proportion  which  the  volume  ASH  bears  to  the  entire 
volume  displaced.  Through  G,  draw  G  U  parallel  to  C  H; 
and  through  T,  draw  TZ  perpendicular  to  GU.  GZ  is  the 
measure  of  the  vessel's  stability.  The  demonstration  of  this 
construction  evidently  follows  from  the  general  theorem. 

From  this  construction,  the  value  of  G  Z,  or  measure  of  the 
vessel's  stability,  may  be  investigated  analytically,  and  ex¬ 
pressed  in  general  terms.  Through  G,  draw  G  R  perpendi¬ 
cular  to  E  V.  Let  B  A=  t,  GE=  d,  the  angle  ASH  =  S  ; 
radius  =  1.  The  rules  of  trigonometry  give  the  following  de¬ 
terminations.  AN  =  1  :  S  N  =  ---  xN// 4  +  tang.*  S. 

Also,  as  S  N  :  H  N  :  :  sine  NHS  :  sin.  N  S  H,  or  x 


^4  -f  tang.*  S  :  1  x  ~ng--- :  :  cos.  S. :  sin.  N  S  H.  Wherefore 

sin.  S  4  +  tang.*  S  —  sin.2 3 4 S  S 

sin.NSH=v/??1=f;  cos.‘NSH  =  ii_I__  = 

2  -4-  SCC.*’  S  -I-  COS.2,  S  SCC.  S  -4-  COS.  o  _  o  \ 

1+ - i— —  =  - (because  2  x  cos.  S  x  sec.  S  =  2) 

4  +  tang.4  S  4  +  tang.4  S  v  > 

consequently  cos.  N  S  H  =  ^====='.  And  since  by  construe- 
tion,  S  M  =  —  S  N,  and  S  N  =±  x  V4  +  tang.’S,  SM  = 

3  _  4  ^  _  ■ 

~  x  ^4  +  tang.*  S,  and  S  L  =  -g-  x  4  +  tang.*S  x 
sec^s  +  cob_s  __  t  sqc  g  _j_  cos  g  .  ancj  the  triangles  S  L  M, 

S  I  K  being  similar  and  equal,  K  L  =  2  S  L  :  Wherefore 
KL  =  ~  x  sec.  S  cos.  S  =  E  V.  The  area  of  the  triangle 

A  S H  =  ■— -^3" : S  representing  the  volume  immersed  by  the 
vessel's  inclination  ;  and  by  construction. 
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As  V  :  volume  ASH  :  :  EV  :  ET,  or 

/ 

v  :  l'  x  lang- s  :  :  —  x  sec.  S  +  cos.  S  :  ET;  this  will  give 

3 

the  value  of  E  T  =  -  x  tang'.s  :  and  because 

24  V 

ER  :  EG  :  :  sin.  S  :  1,  and  E G  =  d,  it  follows,  that 
E  R  =  d  x  sin.  S  ;  and  therefore  R  T,  or  the  measure  of  the 

vessel's  stability  GZ  =  1  x  cos.  S  +  sec.  S  —  d  x  sin.  S. 

To  exemplify  this  determination  by  referring  to  a  particu¬ 
lar  case,  let  the  vessel's  breadth  at  the  water's  surface,  or  BA, 
be  divided  into  100  equal  parts,  and  let  GE  be  13  thereof; 
so  that  t  =  100,  and  d  =  13.  Suppose  the  inclination  of  the 
vessel  from  the  perpendicular,  or  ASH,  to  be  150,  =  S  ;  and 
let  the  area  B  C  O  DA,  representing  the  volume  displaced, 
be  equal  to  a  square  of  which  the  side  is  =  60 ;  so  that  the 
area  V  shall  =  3600  :  then,  referring  to  the  solution,  we 
obtain 


cos.  S  -f-  sec.  S  =  2.0012 


Also 


t3  x  tang.  S  1000000  tang.  1 50 
24  V  24  x  3600 


ET  =  2.0012  x  3.10190 
d  x  sin.S  =  13  x  sin  .15° 


=  3  1013 
=  6.2063 
=  3-36'46 


measure  of  stability,  or  G  Z  =  2.8417 
It  appears  by  this  result,  that  when  the  vessel  has  been 
inclined  from  the  upright  through  an  angle  of  150,  the  direc¬ 
tion  of  the  fluid's  pressure,  acting  to  restore  the  quiescent 
position,  will  pass  at  a  distance  estimated  horizontally  from 
the  axis  =  2.84,  when  the  breadth  B  A  =  100.  And  this  will 
be  true,  whatever  be  the  length  of  the  axis. 

The  fluid's  pressure  is  the  weight  of  water  displaced,  the 
magnitude  of  which  depends  both  on  the  area  of  the  vertical 


217 


the  Stability  of  Ships . 

sections,  and  length  of  the  axis :  suppose  this  weight  to  be 
1000  tons ;  according  to  the  preceding  determination,  the  sta¬ 
bility  of  the  vessel,  when  inclined  from  the  upright  to  an  angle 
of  ify  will  be  a  pressure  equal  to  the  weight  of  1000  tons,  act¬ 
ing  at  a  distance  of  parts  of  the  breadth  B  A  from  the 
axis,  to  restore  the  vessel  to  the  position  from  which  it  has 
been  inclined.  This  force  is  the  same  as  if  a  pressure  of 

iooo^x  2,84  __  ^  g  tons,  should  be  applied  to  turn  the  vessel  at 

the  distance  of  50  from  the  axis :  if  therefore  the  wind,  or  other 
equivalent  power,  should  act  on  the  sails  of  the  vessel  with  a 
force  of  56.8  tons*  at  the  mean  or  average  distance  of  50,  or  ~ 
the  breadth  Bx\  from  the  axis,  to  incline  the  ship,  the  force  of 
stability  will  just  balance  it,  so  as  to  preserve  an  equilibrium  ; 
the  vessel  continuing  inclined  from  the  upright  at  the  angle  of 
150.  If  the  wind's  force  should  be  less,  the  inclination  must 
necessarily  be  diminished ;  if  greater,  it  must  be  increased, 
until  the  two  forces  balance  each  other.  Here  it  is  to  be  ob¬ 
served,  that  the  force  of  the  wind  is  estimated  in  a  direction 
which  is  perpendicular  to  the  plane  of  the  masts  * 


*  In  this  and  the  following  numerical  examples,  in  order  to  bring  into  comparison 
the  effect  of  giving  different  forms  to  the  sides  of  vessels,  their  weights,  and  all  the 
other  conditions  (the  figure  of  the  sides  excepted)  on  which  the  stability  depends,  are 
assumed  to  be  the  same.  The  measures  of  stability  are  compared,  both  by  the  relative 
distances  from  the  axis  at  which  a  given  pressure,  equal  to  the  vessel’s  weight,  acts  to 
turn  the  ship  round  the  longer  axis,  and  by  the  relative  equivalent  weights  which  act 
at  a  given  distance  from  the  axis.  By  the  latter  method,  the  proportions  of  stability 
are  perhaps  more  distinctly  expressed  than  by  the  former,  although  both  are  essen¬ 
tially  the  same. 

The  mechanical  force  employed  to  incline  a  vessel  from  the  upright,  through  any 
given  angle,  for  the  purpose  of  examining  and  repairing  the  bottom  of  a  ship,  is  to 
be  ascertained  from  the  theorems  here  given  for  expressing  the  measures  of  stability, 
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CASE  II. 

The  sides  of  a  vessel  project  outward  above  the  water-line, 
and  are  parallel  to  the  masts  under  the  water-line. 

The  line  BA  (fig.  4.)  represents  the  intersection  of  the 
water's  surface  with  the  vessel,  when  floating  upright.  The 
lines  PC,  QW,  are  parallel  to  each  other,  and  to  the  line  XO, 
which  coincides  with  the  plane  of  the  masts,  and  bisects  the  line 
B  A  in  the  point  D  ;  B  C  and  AW,  which  are  parallel  to  the 
plane  of  the  masts,  coincide  with  the  sides  of  the  vessel  under 
the  water-line ;  and  BY,  AH,  which  project  outwards  from 
the  plane  of  the  masts,  at  the  angle  QAH,  or  YBP,  are  the 
sides  of  the  vessel  above  the  water-line.  C  H  represents  the 
intersection  of  the  water's  surface  with  the  vessel,  when  in¬ 
clined  from  the  perpendicular,  through  a  given  angle  OPQ  = 
ASH.  The  distance  G  E,  between  the  centres  of  gravity  of 
the  vessel  and  of  the  volume  displaced,  and  the  magnitude  of 
that  volume  being  supposed  known,  and  the  angle  QAH,  at 
which  the  sides  AH,  BY,  are  inclined  to  the  plane  of  the  masts, 
being  also  known,  it  is  required  to  ascertain,  by  geometrical 
construction,  the  measure  of  the  vessel's  stability,  when  the 

which  is  exactly  equal  to  the  force  to  be  applied  for  that  purpose.  Another  method 
of  inclining  a  vessel  (well  adapted  for  making  experiments  on  this  subject)  is,  by  ap¬ 
plying  a  timber  at  right  angles  to  the  plane  of  the  masts.  If  a  weight  be  affixed  to 
one  of  its  extremities,  from  having  given  the  weight  so  applied,  and  its  distance  from 
the  plane  of  the  masts,  together  with  the  other  conditions  which  determine  stability, 
the  angle  of  inclination,  through  which  the  ship  will  be  inclined,  may  be  determined 
by  the  theorems  in  these  pages.  The  same  inferences  may  be  obtained,  from  having 
given  the  weights  and  spaces  through  which  the  guns  are  run  out  on  one  side,  and 
drawn  in  on  the  other,  instead  of  the  weight  affixed,  according  to  the  method  last 
described. 
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vessel  is  inclined  from  the  perpendicular,  through  an  angle 
equal  to  the  angle  OPO. 

At  whatever  angle  the  vessel  may  be  inclined  from  the  per¬ 
pendicular,  the  total  volume  immersed  must  always  remain  the 
same,  while  the  vessel's  weight  continues  unaltered.  Where¬ 
fore,  the  volume  which  has  been  immersed,  or  ASH,  must  be 
equal  to  the  volume  BSC,  which  has  emerged  from  the  water, 
in  consequence  of  the  vessel's  inclination.  For  this  reason,  and 
because  the  side  AH  projects  outward,  while  the  side  BC  is 
parallel  to  the  plane  of  the  masts,  it  must  necessarily  happen, 
that  the  point  S  will  not  in  this  case  bisect  the  line  BA,  as  it 
did  in  the  preceding  construction,  but  will  be  removed  nearer 
to  the  side  AH,  which  has  been  immersed  by  the  inclination 
of  the  vessel.  Previously,  therefore,  to  any  consideration  of 
the  stability,  it  will  be  necessary  to  define  the  position  of  the 
point  S  in  the  line  AB,  so  that  a  line  CH,  being  drawn 
through  S,  at  a  given  angle  of  inclination  to  AB,  equal  to  that 
of  the  ship's  inclination  from  the  perpendicular,  shall  cut  off 
the  area  ASH  equal  to  the  area  BSC. 

Let  the  given  angle  of  inclination  be  OPQ  equal  to  ASH 
(fig.  4.) the  angle  QAH,  at  which  the  sides  of  the  vessel  are 
inclined  outward  from  the  plane  of  the  masts  above  the  water¬ 
line,  is  supposed  to  be  given :  this  angle  -{-  90°  will  be  the  angle 
SAH,  which  is  therefore  a  known  quantity  :  the  remaining 
angle  SHA,  in  the  triangle  ASH,  will  likewise  be  known. 

Through  the  extremity  B  of  the  line  BA,  (fig.  5.)  equal  to 
the  vessel's  breadth  at  the  water-line,  draw  the  indefinite  line 
BU  inclined  to  BA,  at  an  angle  ABU  equal  to  OPQ :  in  BU, 
take  any  point  O,  and,  in  the  line  BO,  set  off  BD  to  BO,  as  the 
cosine  of  the  angle  ABU  to  radius.  In  the  line  BD,  take  BE  to 
BD,  as  the  sine  of  the  angle  BAU  is  to  radius  :  also  take  BF  to- 
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BO,  as  the  sine  of  the  angle  AUB  to  radius.  Let  BG  be  taken 
a  geometrical  mean  proportional  between  the  lines  Bb  and  BE ; 
and  from  the  point  G,  in  the  direction  of  the  line  GU,  set  offGZ 
equal  to  BF  :  join  AZ  ;  and,  through  the  point  G,  draw  GS 
parallel  to  ZA,  intersecting  BA  in  the  point  S.  Through  S, 
draw  the  line  CH  parallel  to  BU  :  the  area  ASH  will  be  equal 
to  the  area  BSC. 

Since,  in  the  triangles  ASH,  BSC,  the  angle  ASH  is  equal 
to  the  angle  BSC,  the  areas  of  the  triangles  will  be  in  a  ratio 
compounded  of  the  ratios  of  the  sides,  including  the  equal 
angles  ;  that  is,  the  area  of  the  triangle  ASH,  will  be  to  the 
area  of  the  triangle  BSC  in  the  ratio  of  SA  x  SH  to  SB  x 
SC.  By  the  construction,  the  angle  ASH  =  the  angle  ABU 
=  OPO  ;  and  the  angle  AHS  =  the  angle  AUB:  also,  by 
construction, 

BO  :  BD  :  :  rad.  :  cos.  ASH. 

Also  BD  :  BE  :  :  rad.  :  sin.  SAH. 

And  BF  :  BO  :  :  sin.  AHS  :  rad. 

Joining  these  ratios  BF  :  BE  :  :  sin.  AHS  x  rad.  ;  cos.  ASH  x  sin.  SAH. 

But,  by  the  construction,  and  by  the  similarity  of  the  triangles, 
BGS,  BZA,  BF  or  GZ  :  BE*  :  :  BFa  :  BG*  :  :  GZ*  :  BG*  :  :  SA*  :  SB1 : 

Wherefore  SAa  :  SB1 :  :  sin.  AHS  x  rad. :  cos.  ASH  x  sin.  SAH. 

And  by  trigonometry  SH  :  SA  :  :  sin.  SAH  :  sin.  AHS  ; 

and  SB  :  SC  : :  cos.  ASH  :  rad. 

Joining  these  ratios  SA  xSH  :  SB  x  SC  :  :  rad.  :  rad. 

But  the  area  ASH  is  to  the  area  BSC  as  SA  x  SH  to  SB  x 
SC  ;  consequently,  the  area  ASH  is  equal  to  the  area  BSC. 

To  proceed  with  the  construction  of  the  second  case. 
Through  the  point  S,  (fig.  4.)  determined  by  the  preceding 
construction,  draw  the  line  CH  inclined  to  BA  at  the  angle 

*  Because  the  ratio  of  BE  to  BG  is  equal  to  the  ratio  of  BG  to  BF,  by  the  construc¬ 
tion,  it  will  follow  that  the  ratio  of  BE  to  BF  is  double  the  ratio  of  BE  to  BG. 
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ASH,  equal  to  the  given  angle  OPQ:  when  the  vessel  is  inclined 
from  the  perpendicular  through  this  angle,  it  will  be  inter¬ 
sected  by  the  water's  surface  coinciding  with  the  line  CH, 
Bisect  B  C  in  F,  and  AH  in  N  ;  and  join  SF,  S  N  :  take  S  I 
to  S  F,  as  2  to  3 ;  and  S  M  to  S  N,  in  the  same  proportion. 
Through  I  and  M,  draw  the  lines  IK,  ML,  perpendicular  to 
C  H.  Through  the  centre  of  gravity  of  the  vessel  G,  draw 
G  U  parallel  to  C  H  ;  and  through  the  centre  of  gravity  E,  of 
the  displaced  volume  BOA,  draw  E V  parallel  and  equal  to 
K  L ;  and  in  E  V  take  E  T  to  E  V,  in  the  same  proportion 
which  the  volume  ASH  bears  to  the  entire  volume  displaced 
BOA.  Through  T,  draw  TZ  perpendicular  to  GU.  GZ  is 
the  measure  of  the  vessel's  stability. 

To  obtain  an  analytical  value  of  the  line  GZ,  for  brevity, 
let  the  sine  of  the  angle  ASH  be  denoted  by  s ,  when  radius 
is  =  l,  make  sin.  HAS  =  a  ;  sin.  AH  S  =  h ;  sin.  SCB  =  f. 
Let  G  E  =  d.  Also,  let  the  entire  volume  displaced  =  V.  By 
the  rules  of  trigonometry,  it  is  found  that 


* 


sL=sf  x  y4+ 


s*  x  1  ~  ±LX  ^ 1  ~  aZ 


h 


Also  SK  =  yx  cos.  AS  H  +  sec.  ASH. 

.  T S  B2,  x  tang.  ASH 

The  area  S  C  B  or  AS  H  = - - - 


i  —  h*  .  A-S  x  ^  I  —  a1-  . 

5  + - b - + 


SA  x  SB^xtang.  ASH  /  , 

Wherefore  ET  = - - x  v  4  ~T 

SB3  x  tang^ASH  cos.  ASH  +  sec.  AS  H.  If  the  breadth  BA 

n  V 


*  When  the  angle  S  A  H  =  90,  1  —  ar  =  o  ;  and  h  —  cos.  S  ;  in  which  case,  if  c  is 

put— cos.  S,  SL=jXs/ 4  +  7-’  but  4,  +  -^=4  +  tangos  xsin.*S=4  + 
tang.*  S  -  tang.4  S  x  cos*  S  =  2 + sec.*  S  +  cos  *  S  -  cos.  S  +  secTsf .  Wherefore  SL  = 
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be  represented  by  the  letter  t,  it  is  inferred,  from  the  construc¬ 
tion  in  p.  220,  that  SA  =  „  *_x and  SB  —  — t=  •  The 


V b 4-  V ac 


value  of  the  line  ET  having  been  thus  determined,  if  ER  —  d* 
sin.  ASH  or  ds  be  subtracted  from  it,  the  result  will  be  GZ, 
the  measure  of  the  vessel's  stability. 

Suppose  the  sides  BY,  AH,  (fig.  4.)  to  project  outward,  at  an 
angle  of  150  inclination  to  the  parallel  sides  BC,  AW,  so  as  to 
make  the  angle  SAH  =  105°.  Let  the  vessel's  inclination  from 
the  upright  be  the  angle  ASH  =  15°;  and  therefore  AHS  =  6o°, 


and  SCB  =  750.  Let  the  breadth  BA  or  t  =  100  equal  parts,  of 
which  d  or  GE  =  13.  Then,  by  calculating  from  the  analy¬ 
tical  values  just  determined,  it  is  found  that  KL  =  SL  -f  SK  = 
68,017:  the  area  ASH  =  34744,  and  the  entire  volume 
immersed  V,  being,  as  in  the  former  case,  =  3600,  ET  = 

6b.oi7  x  34744  __  6,57.  And,  since  ER  or  d  x  sin.  ASH  is  = 

3600  u  1 

3.36,  if  the  latter  value  be  subtracted  from  the  former,  the  re¬ 
sult  will  be  GZ  =  3.2i,  or  the  measure  of  the  vessel's  stability. 

The  force  of  stability,  to  restore  the  vessel  to  the  upright  po¬ 
sition,  will  be  precisely  the  vessel’s  weight,  or  fluid's  pressure, 
acting  in  the  direction  of  a  vertical  line,  which  passes  at  a  dis¬ 
tance  of  3.20  from  the  axis,  estimated  in  a  horizontal  direction. 
And  this  force  is  equivalent  to,  and  will  counterbalance, 
parts  of  the  vessel's  weight,  applied  to  act  in  a  contrary  direc¬ 
tion,  at  the  distance  of  50  from  the  said  axis.  So  that,  if  the 
vessel's  weight  should  be  1000  tons,  the  force  of  stability  would 


balance  a  weight  or  force  of  -'2l  yQ——  =  6/^.2  tons,  applied  to 
act  at  the  distance  50  from  the  axis. 
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The  sides  of  a  vessel  are  inclined  inward  above  the  water¬ 
line,  and  are  parallel  to  the  plane  of  the  masts  under  the  water¬ 
line. 

AH,  BY,  (fig.  6.)  are  the  sides  of  a  vessel  inclined  inward 
above  the  water-line  BA,  at  an  angle  HAQ  =  YBP  from  the  di¬ 
rection  of  the  sides  AW,  BC,  under  the  water-line,  which  are 
parallel  to  each  other,  and  to  the  plane  of  the  masts.  Suppose 
the  vessel  to  be  inclined  from  the  upright,  through  an  angle 
=  OPQ.  By  the  construction,  (p.  220.)  draw  the  line  CH 
intersecting  BA,  in  a  point  S,  at  an  angle  ASH  equal  to 
'  the  given  angle  OPQ;  so  that  the  area  ASH  shall  be  equal 
to  the  area  BSC.  When  the  vessel  has  been  inclined  through 
the  given  angle  OPQ,  it  will  be  intersected  by  the  waters 
surface  in  the  line  CH.  The  construction  of  the  line  GZ,  or 
measure  of  the  vessel’s  stability,  is  the  same  as  in  the  preceding 
case. 

Let  the  sine  of  ASH  =  s ;  sin.  SAH  =  a ;  sin.  SH A  =  h  ; 
sin.  SCB  =  c  to  rad,  =  1.  Also  let  GE  =  d . 

From  the  rules  of  trigonometry,  it  is  inferred  that 


KL  = 


SA 

3* 


45  X  v'  I  —a7, 
b 


4-  SB  x  cos.  ASH  sec.  ASH. 

^  O  13  z'"'*  A  C!  I_T  _  SB  X  tang.  ASH 

The  area  SBC  or  ASH  = - - - -. 

2i 

If,  therefore,  the  total  volume  immersed  is  made  =  V,  the 
value  of  the  line  ET  will  be 


-O  S  A  X  SB*  X  tang.  ASH  ~ 

Ef=" - £V -  X  V  44- 


a  1  —  b2 

s  x-jr 


4s  X  ^  1  —  a2 
h 
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4-  SB3*  t^,"AS  -  x  cos.  ASH  -f-  sec.  ASH;  in  which  expres¬ 
sion  SA  ==  -^X-b= ,  and  SB  ==  ;  £  being  =  the 

v'  b  +  ^  ac  v  h  +  v  ac 

breadth  BA. 

The  value  of  ET  having  been  thus  obtained,  if  ER  =  d  x 
sine  ASH  be  subtracted  from  it,  there  will  remain  the  value  of 
GZ,  the  measure  of  the  vessel’s  stability. 

Suppose  the  vessel’s  inclination  from  the  perpendicular,  or 
ASH,  to  be  =  150,  let  the  inclination  of  the  sides  inward  above 
the  water-line,  from  the  direction  of  the  parallel  shies  under  the 
water,  or  HAQ  =  1  50;  therefore  SAH  =  750,  and  SHA  =  90°, 
making  BA  =  t,  and,  applying  these  conditions  to  the  analyti¬ 
cal  value  just  determined,  it  is  found  that  KL  =  65.530;  the 
area  ASH  =  323.42  ;  and  the  volume  immersed,  or  V,  being 

assumed  =  3600,  as  in  the  preceding  cases,  ET  == 

=  5.89.  Subtracting  from  this,  ER  =  3.36,  there  will  remain 
GZ  =  2.53,  or  the  measure  of  stability.  If  the  vessel’s  weight 
should  be  1000  tons,  the  force  of  stability  will  be  1000  tons, 

acting  to  turn  the  vessel  at  a  distance  of  parts  of  the  breadth 
B  A  from  the  axis ;  which  is  equal  to  a  force  or  weight  of 

1000  x  z_53  _.  £0  $  tons,  acting  to  turn  the  vessel  at  a  distance  of 
50  from  the  axis. 


CASE  IV. 

The  sides  of  a  vessel  project  outwards,  and  at  equal  incli¬ 
nations  to  the  plane  of  the  masts,  both  above  and  beneath  the 
water-line. 

BA  (Tab.  IX.  fig.  7.)  is  the  breadth  of  the  vessel,  and  coin- 
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cides  with  the  water’s  surface,  when  the  vessel  floats  upright. 
XE  denotes  the  plane  of  the  masts,  bisecting  BA  in  the  point  S. 
PU,  QW,  are  lines  drawn  through  the  extremities  of  the  line  BA, 
and  perpendicular  to  it,  and  therefore  parallel  to  EX  :  the  sides 
of  the  vessel  above  the  water-line,  AH,  BY,  are  inclined  outward 
from  the  plane  of  the  masts,  at  an  angle  QAII  =  PBY  ;  and 
BC,  AD,  are  the  sides  under  the  water-line,  also  inclined  out¬ 
ward  from  the  plane  of  the  masts,  at  an  angle  =  DAW  = 
CBU  =  QAH.  G  and  E  represent  the  centres  of  gravity  of 
the  vessel,  and  of  the  volume  displaced,  as  in  the  former  cases. 
To  construct  the  measure  of  stability,  corresponding  to  any 
given  angle  of  inclination  from  the  upright. 

Through  the  point  S,  which  bisects  the  line  BA,  draw  the 
line  CH  inclined  to  BA,  at  the  angle  ASH,  equal  to  the  given 
angle  of  inclination  from  the  upright.  Since,  by  the  condi¬ 
tions  of  this  problem,  the  triangles  ASH,  BSC,  are  similar  and 
equal  figures,  it  follows,  that  when  the  vessel  is  inclined  from 
the  perpendicular  through  the  angle  ASH,  it  will  be  inter¬ 
sected  by  the  water’s  surface,  in  the  direction  of  the  line  CH. 
The  subsequent  part  of  this  construction  is  similar  to  those  of 
the  preceding  cases,  as  sufficiently  appears  by  inspection  of  the 
figure. 

Let  the  breadth  of  the  vessel  at  the  water’s  surface,  or  B  A 
=  t:  put  the  sine  of  the  angle  ASH  =  5,  sine  S  AH  =  a,  sine 
SHA  —  h  —  radius  =  1,  GE  —  d.  Then  the  area  ASH,  or 

BSC  =  --g£-,  and,  if  the  total  volume  immersed  is  put  =  V,  the 

measure  of  the  vessel’s  stability,  or  G  Z,  will  be  =  x 
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Let  BA,  or  t  =  100,  d  =  13,  ASH  =  150,  SAH  =  105°,  V 
=3600,  as  in  the  former  cases  :  then,  s  =  sine  150,  a  =sine  105°, 
h  =  sine  6o°;  by  referring  to  the  solution,  GZ  =  3-59;  and 
the  stability  will  be  the  weight  of  the  vessel,  suppose  1000  tons, 
acting  at  the  distance  3.59  from  the  axis,  to  turn  the  vessel ; 
which  force  is  equivalent  to  a  weight  of  71.7  tons,  applied  at 
the  distance  of  50  from  the  axis. 

case  v. 

The  sides  of  a  vessel  are  inclined  inward,  and  at  equal 
angles  of  inclination  to  the  plane  of  the  masts,  both  above  and 
beneath  the  water-line. 

BA  (fig.  8.)  is  the  breadth  of  the  vessel  coinciding  with 
the  water’s  surface,  when  floating  upright.  XE  represents  the 
plane  of  the  masts,  bisecting  BA  in  the  point  S.  UP,  WQ, 
are  lines  drawn  through  the  extremities  of  the  line  BA,  parallel 
to  XE.  BY,  AH,  are  the  sides  of  the  vessel  above  the  water¬ 
line,  inclined  inward  to  the  plane  of  the  masts,  at  the  angle 
QAH  =  YBP.  BC,  AD,  are  the  sides  under  the  water-line, 
inclined  inward  to  the  plane  of  the  masts,  at  the  angle  DAW 
or  CBU,  which  are  equal  to  HAQ  or  YBP.  The  other  condi¬ 
tions  are  as  in  the  former  cases.  Through  the  point  S,  draw 
the  line  C H  inclined  to  B A,  at  the  angle  ASH,  equal  to  the 
vessel’s  inclination  from  the  upright.  Since  the  triangles  ASH, 
BSC,  are  similar-,  and  equal  figures,  it  follows,  that  when  the 
vessel  is  inclined  to  the  angle  ASH,  it  will  be  intersected  by 
the  water’s  surface  in  the  line  CH.  The  remaining  part  of 
this  construction  is  similar  to  that  of  the  preceding  cases. 

The  same  notation  being  adopted  with  that  which  was  used 
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in  the  preceding  case,  by  referring  to  trigonometrical  properties, 
it  is  found  that  the  measure  of  stability,  or 


GZ  = 


t 3  sa 
24  Vb 


y 


4 < 


1 — bz  4  sx^  1 — a1 


bz 


b 


—  ds. 


Let  t  =  100,  d  =  13,  the  inclination  of  the  sides  inward,  or 
HAQ=  150,  ASH  =  150,  SAH  =  750,  SHA  =  90°:  by  calcu¬ 
lating  from  these  data,  it  is  found  that  GZ  =  2.21. 

If  the  vessel's  weight  should  be  1000  tons,  the  stability  will 
be  this  weight,  acting  to  turn  the  vessel  at  the  distance  2.21 
from  the  axis ;  which  is  equivalent  to  a  force  of  44.2  tons,  ap- 

V 

plied  at  the  distance  of  50  from  the  axis. 


CASE  VI. 

The  sides  of  a  vessel\oinc*de  with  the  sides  of  an  isosceles 
wedge,  (fig.  9.)  meeting,  if  produced,  in  an  angle  BWA, 
which  is  beneath  the  water’s  surface. 

Supposing  the  sides  to  be  continued  till  they  meet,  the  ver¬ 
tical  sections  will  be  equal  isosceles  triangles.  BAW  repre¬ 
sents  one  of  these  triangles,  BA  being  coincident  with  the 
water’s  surface,  and  cutting  off  the  line  BW  equal  to  AW. 
The  angle  WBA  =  WAB  is  supposed  to  be  given.  If  the 
vessel  should  be  inc&ied  from  the  perpendicular,  so  that  the 
water’s  surface  shall  ecocide  with  the  line  CH,  the  point  of 
intersection  S  must  be  so'  situated,  that  the  area  or  volume  im¬ 
mersed,  in  consequence  of  the  inclination,  that  is,  ASH,  shall 
be  equal  to  the  area  or  volume  SBC,  which  has  emerged  from 
the  water.  Previously,  therefore,  to  the  construction  of  this 
case,  the  position  of  the  point  S  is  to  be  geometrically  deter¬ 
mined,  according  to  the  conditions  required. 
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Let  BWA  (fig.  10.)  represent  a  vertical  section  of  the  ves¬ 
sel.  Through  the  extremity  B  of  the  line  BA,  draw  BO  in¬ 
clined  to  BA,  at  the  angle  ABO,  equal  to  the  vessel's  inclina¬ 
tion  from  the  upright.  In  this  line,  take  any  point  R,  and  in 
BR  take  BI  to  BR,  as  the  sine  of  the  angle  WBR  to  radius. 
Also  take  BF  to  BR  as  the  sine  of  BRW  to  radius;  and  let 
B  G  be  a  geometrical  mean  proportional  between  the  lines  B  F 
and  B I ;  from  the  point  G,  set  off  GZ  equal  to  BF ;  join  Z A, 
and,  through  G,  draw  GS  parallel  to  ZA;  and,  through  S, 
draw  CH  parallel  to  BZ.  The  area  ASH  will  be  equal  to  the 
area  SBC. 

By  the  construction,  the  angle  ARB  =AHS,  and  the  angle 
WCH  =  WBR; 

also  BR  :  BI  :  :  rad.  :  sine  SCB, 

and  BF  :  BR  : :  sine  AHS  :  rad. 

Joining  these  ratios,  BF  :  BI  :  :  sine  AHS  :  sine  SCB. 

By  the  construction,  and  the  similarity  of  the  triangles 

BGS,  BZA. 

BF  :  BI  :  :  BF1  :  BG2  :  :  GZ1  :  BG2  :  :  SA2  :  SB2. 

Wherefore  SA2  :  SB2  :  :  sine  AHS  :  sine  SCB 

By  trigonometry,  SH  :  SA  :  :  sine  SAH  :  sine  AHS 

and  SB  :  SC  :  :  sine  SCB  :  sine  SAH  =  sine  SBC 

Joining  these  ratios,  SA  x  SH  :  SB  x  SC  :  :  i  :  i. 

Therefore  SA  x  SH  =  SB  x  SC. 

But  the  angle  ASH  being  equal  to  the  angle  BSC,  the  area 
of  the  triangle  ASH  will  be  to  the  area  of  the  triangle  BSC,  as 
SA  x  SH  is  to  SB  x  SC ;  and,  since  SA  x  SH  is  equal  to  SB 
x  SC,  the  area  of  the  triangle  ASH  is  equal  to  the  area  of  the 
triangle  SBC. 
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The  point  S  having  been  thus  determined,  (fig.  9.)  if  the 
line  CH  is  drawn  through  it,  inclined  to  BA  at  an  angle  equal 
to  the  vessel's  inclination  from  the  upright,  the  water’s  surface 
will  coincide  with  the  line  CH. 

To  proceed  with  the  construction  of  this  case ;  bisect  BA 
in  D,  (fig.  9.)  and  join  WD :  let  G  represent  the  centre  of 
gravity  of  the  vessel,  and  E  the  centre  of  gravity  of  the  volume 
displaced,  when  the  vessel  floats  upright.  Let  M  and  I  be  the 
centres  of  gravity  of  the  triangles  SAH,  SBC ;  and  ML,  IK, 
lines  drawn  perpendicular  to  CH,  through  the  points  M  and  I 
respectively.  Through  G,  draw  GU  parallel  to  CH ;  and, 
through  E,  draw  EV  parallel  and  equal  to  KL.  In  EV,  take 
ET  to  EV  as  the  area  ASH  is  to  the  area  representing  the 
total  volume  immersed.  Through  T,  draw  TZ  perpendicular 
to  GU.  GZ  will  be  the  measure  of  the  vessel’s  stability. 

As  in  the  preceding  cases,  let  BA  be  denoted  by  the  letter  t , 
and  put  the  sine  of  ASH  =  s,  sine  SAH  =  a,  sine  SHA  =  h, 

sine  SCB  =  c ;  the  total  volume  immersed  =  V. 

*  ' 

0  T  SA  /  ,  s2x  i  —h*  ,  4 sx^  1—  a* 

By  trigonometry,  SL=  jxv  4  H - - i - ~h - 


SK 


S  B 


v/ 


44 


s2Xi — cx  4 SX^  i — a1 


And,  since  the  area  ASH  ==  s— *-l~=  SB  *  — ,  and  V  is  the  area 

20  2C 

representing  the  entire  volume  immersed*  the  measure  of  star 
bility,  or 


GZ 


S  A3  xm  / 

=  — — X  "V 

-  / 

-  X  V 


+ 


6  Mb 
SB3  x  5 


,  ,  4s  X'  1—  a1 

4  i - i? - 1 - 1 


6Vc 


4  + 


A2  X  I  —  C%. 


45X^1  —a* 


d  s . 


In  which  expression,  S  A 


t  X  ^  h  1  CD  ^  X  ^  c 

— — and  SB  =  —= — ^ 

Vh  +  Vc  c 
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Let  the  sides  of  a  vessel  be  plane  surfaces,  inclined  to  each 
other  at  an  angle  of  30° ;  the  vessel’s  inclination  from  the  up¬ 
right  =  15°;  BA=  £  =  100 ;  GE  =  ri  —  1 3 ;  the  angle  SAH  = 
103° ;  AH  S  =  6o° :  B  C  S  =  90°.  By  calculating  the  value  of 
the  line  GZ,  according  to  the  solution  just  given,  it  is  found 


that 


SA3  x  s 


6Vb 


,  S*XI—  bz  ,  4SX^I-^ 

4  H - ^ - 1 - 1 - =  3  ia55 


1  SB3  X  S  a  y  r 

anc*  6Vc —  x  ^  4  + 


S1  x  x—  c1 


4  s  X 


v' : 


=  3-1075 


Sum  of  these  values  =  6.2230 

d  s  -  -  =  3.365 

Finally,  the  measure  of  the  vessel’s  stability,  - - 


SA3  x  sa  /  ,  ,  4sx  ^  i—a1 

Dr  6 Vb  X  ^  4  +  +  h 

SB3  x  s  a 


6Vc 


v/ 


4  + 


s1  x  1  —  c1 


4s  X  n/  1 


ds  —  GZ  =  2.858 


If  the  weight  of  the  vessel  should  be  1000  tons,  the  force  of 
stability  will  be  equivalent  to  that  weight  of  pressure,  acting  at 
the  distance  of  2.85  from  the  axis  ;  or  the  weight  of  37.0  tons, 
acting  at  the  distance  of  50  from  the  axis. 

If  the  sides  should  be  inclined  at  an  angle  of  6o°,  instead  of 
go°,  the  measure  of  stability  will  be  2.92  ;  and  the  effort  to  turn 
the  vessel  equal  to  1000  tons,  acting  at  the  distance  2.92,  or 
38.4  tons  acting  at  the  distance  of  30  from  the  axis. 

The  sides  of  vessels  are  not  unfrequently  formed  so  as  to 
coincide  with  the  sides  of  an  isosceles  wedge,  or  are  so  little 
curved  as  to  approximate  nearly  to  that  figure,  at  least  so  far 
as  that  portion  of  the  sides  extends  which  may  be  immersed  in, 
or  may  emerge  from,  the  water,  by  the  vessel’s  inclination.  The 
preceding  solution  being  expressed  in  terms  which  are  rather 
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complicated,  another  solution  is  subjoined,  by  which  the  mea¬ 
sure  of  stability  is  exhibited  in  more  simple  terms.  The  inves¬ 
tigation  is  troublesome ;  but  the  conciseness  of  the  result,  and 
the  readiness  with  which  it  is  applied  to  practical  cases,  com¬ 
pensate  for  the  difficulty  of  obtaining  it. 

Let  the  isosceles  triangle  BAF  (Tab.  X.  fig.  11.),  represent 
a  vertical  section  of  the  vessel ;  the  base  of  which,  BA,  coin¬ 
cides  with  the  water’s  surface,  when  the  vessel  floats  upright. 
Bisect  BA  in  D,  and  join  FD.  Let  G  be  the  centre  of  gravity  of 
the  vessel,  and  take  FE  to  FD  as  2  to  3 ;  E  will  be  the  centre  of 
gravity  of  the  immersed  volume  when  the  vessel  floats  upright. 
Draw  the  line  CH,  *  intersecting  the  line  BA  at  an  angle 
ASH,  equal  to  the  given  angle  of  the  vessel’s  inclination  from 
the  perpendicular,  and  cutting  off  the  area  ASH  equal  to 
the  area  BSC.  When  the  vessel  is  inclined  through  the  angle 
ASH,  the  line  of  intersection  with  the  water’s  surface  will  co¬ 
incide  with  CH.  Bisect  CH  in  the  point  N,  and  join  FN : 
take  FQ  to  FN  as  2  to  3.  Q  is  the  centre  of  gravity  of  the 
area  CFH,  representing  the  volume  immersed  when  the  vessel 
is  inclined.  Through  O,  draw  QM  perpendicular  to  CH  ;  and, 
through  G,  draw  GZ  perpendicular  to  QM.  GZ  is  evidently 
the  measure  of  the  vessel’s  stability. 

To  obtain  an  analytical  value  of  the  line  GZ,  through  Q, 
draw  OQP  parallel  to  CH ;  through  G,  draw  GR  parallel  to 
QM;  and,  through  E,  draw  ET  perpendicular  to  QM.  In  this 
investigation'  it  will  be  expedient,  first,  to  express  in  general 
and  known  terms  the  line  FW  ;  secondly,  the  line  WQ,  which 
is  to  MW  as  the  sine  of  the  vessel’s  inclination  to  radius  :  this 

will  give  the  value  of  MW,  which  being  added  to  WF  before 

% 

*  By  the  construction,  p.  228, 


2g2  Mr.  Atwood’s  Disquisition  on 

found,  the  sum  will  be  the  line  FM;  from  which,  if  FE,  or  -§-  of 
FD,  be  subtracted,  there  will  remain  the  line  ME ;  which  is 
to  ET  as  radius  is  to  the  sine  of  the  inclination  EMT,  or 
ASH.  ET  will  therefore  be  expressed  in  known  terms ;  from 
which,  if  ER  be  subtracted,  the  remaining  line  will  be  RT, 
or  GZ,  the  measure  of  the  vessel’s  stability,  analytically  ex¬ 
pressed. 

By  the  construction,  the  area  FBA  is  equal  to  the  area 
FCH  ;  and,  since  the  area  BAF  is  to  the  area  IKF  in  the 
same  *  proportion  which  the  area  FCH  bears  to  the  area  FOP, 
it  follows,  that  the  area  FIK  is  equal  to  the  area  FOP.  Also, 
because  CN  is  equal  to  NH,  and  OP  is  parallel  to  CH,  it  fol¬ 
lows,  that  OQ  is  equal  to  QP.  For  brevity,  let  the  angle  K  YP, 
or  ASH,  be  denoted  by  the  letter  S;  FPO  =  FHC  by  P; 
p OF  —  HCF  by  O ;  also  let  the  angle  PFO  be  made  =  F. 

Because  the  areas  IFK,  PFO,  are  equal, 


FOxFPx  sine  f  _  FEz  ^  tang  x  radius  being  =  i :  wherefore, 
pp —  2  fe*  x  tang.  \  f  __  fe  Xst!c.-_.xf ;  and,  because 

1  r  —  FOxsine  F  f  O 


FO  = 


FP  x  sine  P 


sine  O 


FFl  v  sec.1  i  F  X  sine  O 

,  by  substitution  FP1  = - — - - » 


and  therefore  FP  =  FE  x  sec.  but  sine  F WP  = 


cos.  S. 

Wherefore,  FW  :  FP  :  :  sine  P  :  cos.  S ;  or 
FW  :  FE  x  sec.  {Fx  \/ :  sine  P  :  cos.  S ;  consequently, 


FW  = 


FE  x  sec.  \  F  x  V' sine  O  x  sine  P 
cos.  S 


By  investigation,^  founded  on  the  rules  of  trigonometry,  it 


*  Each  of  these  proportions  being  as  9  to  4. 


f  See  Appendix. 
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v'  i  — tang.2,  {Fx  tang.2  S  . 
sec.  a  F  x  sec.  S 


appears  that  v/ sine  O  x  sine  P : 

which  quantity  being  substituted  instead  of  y/ sine  O  x  sine  P, 
in  the  value  of  FW  just  found,  the  result  will  be 

FW  =  FEX  y/ 1 —  tang.1  J-F  x  tang.2  S. 

It  is  found  also,  from  trigonometrical  rules,  that 

*  WQ  =  FE  x  ——  * --a-n^-S  x--- ■ S,  and  since 

Vi — tang.2  A  F  X  tang.2  S 

WQ  :  WM  :  :  sine  S  :  rad.  we  have 

,  FE  x  tang.2  a  F  x  tang.  S  xsec.  S  , 

WM  = - - — - — -  -  --  -  or  because 

sine  Sx^i-  tang.2  \  x  tang.2,  S 


=  sec.  S,  WM  =  FE  x  ,  tang*-A 

sine  S  * y  - 


F  xsec.2,  S 


✓  i  —  tang.2,  A  F  X  tang.2,  S 


and,  since 


FW==FE  x  v/i—tang/i  F  xtang.z  s,  and  FM=WF+WM, 
we  obtain  the  value  of  FM  =  FE  x  sec‘  ’  F 


Therefore  ME  =  FM  -  FE  =  FE  x 


V  i —  tang.2,  {Fx  tang2  S 

sec.2  \  F 

v'  i  —  tang.2  \  F  x  tang.2  S 


sec.2  A  F 


—  1. 


and  ET  =  FE  x  sine  S  x  — = _ 

V  I  _  tang.2  J  r  x  tang.2,  S 

This  value  of  ET  is  inferred  from  supposing  the  area  BFA  to 

tX 

represent  the  entire  volume  immersed,  and  which  =  — — - ^  f  F 
t  being  equal  to  the  line  BA. 

If,  the  sides  BC,  AH,  remaining  the  same,  the  figure  and 
magnitude  of  the  immersed  volume  should  be  changed,  so  as  to 
be  represented  by  any  other  quantity  V-j~,  the  line  ET  will  be 
increased  or  diminished  in  the  inverse  proportion  of  the  en¬ 
tire  volumes  immersed,  that  is 


as  V : - - : 

4  X  tang.  \  F 

And,  since  FE  = 


FE  x  sine  S  x 


3  tang.  A  F  ’ 


sec.2  A  F 


a/  i  —  tang.2  a  F  xtang.2  S 


l  :  ET. 


*  See  Appendix. 


f  See  pages  213  and  214. 
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ET 


t3  x  sine  S 


sec.2  f-  F 


x  zV  x  tang.2  \  F  y  i_  tang  *  \  F  x  tang. 


—  1 


and  the  measure  of  the  vessel's  stability,  expressed  in  general 
and  known  terms,  will  be 

t3  x  sine  S 


* 


GZ  = 


sec. 


—  i  —  d  x  sin.  S. 


i  z  V  X  tang.2  \  F  vT  —  tang.2  |Fx  tang.2  S 

When  the  angle  of  inclination  S  is  evanescent,  or  in  a  prac¬ 
tical  sense  very  small,  the  expression  becomes 


GZ  = 


t3  x  sine  S 
i  zV 


—  d  x  sine  S,  agreeing  with  the  solution 

given  by  M.  Euler  •f  in  this  particular  case. 

If  the  inclination  of  the  sides  BF,  AF,  should  be  evanescent, 
the  sides  will  become  parallel  to  each  other,  and  to  the  masts, 
both  above  and  beneath  the  water-line ;  a  case  which  has  al¬ 
ready  been  solved  J :  and  consequently,  the  solution  of  case  l . 
ought  to  agree  with  that  which  has  been  just  given  for  the 
stability,  when  the  two  sides  are  inclined  at  a  given  angle, 
assuming  that  angle  as  evanescent.  Assuming,  therefore,  the 
angle  B  FA  evanescent,  and  S  of  any  finite  magnitude  in  the 
general  value  of  GZ,  above  determined,  we  have 

2—  tang.2  \  F  x  tang.2  S 


v/i  -  tang.1  ■§•  F  x  tang.1  S 


-,  and 


sec.2  \  F 


V  i  —  tang.2  |Fx  tang.2  S 

and  therefore  §GZ  ==  — ^ 
—  d  x  sin.  S. 


_  2-j-z  x  tang  2 \  F -{-tang.2 \  F  xsec.2  \  F  xtang.2S  . 


t 3  x  sine  S 


tang.2  i  F  x  tang.2  S-f  2  x  tang.2^  F 


X  tang  2 \  F 


*  This  expression  for  the  measure  of  stability,  is  evidently  more  simple,  and  better 
adapted  to  practical  application,  than  that  which  is  inserted  in  page  229.  The  pre¬ 
sent  result  might  perhaps  be  obtained  by  more  concise  methods  :  the  investigation 
here  given  is  the  best  that  occurred  to  the  author,  after  repeatedly  endeavouring  to 
discover  some  other,  requiring  fewer  trigonometrical  calculations. 

f  Theory  of  the  Construction  and  Properties  of  Vessels,  chap.  viii.  t  Case  1. 


_  *3  xsin.  S  2-f  2  x tang.2^ F-ftang.2^  F  xsec.2^  F  xtang.2  S  __  ^ 

^  "  1 2V  X  tang.2  \  F  *  2 


t3y.  sin.  S  2+ tang.2  S 
or  because  sec.  \  F  n  1,  ET  — - — y - X - - - 
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or  GZ  =  *^ye  S  x  tang.*  S  +  2  —  d  x  sin.  S, 
or  GZ  =  <Ixta4g-S-  x  cos.  S  +  sec.  S  —  d  x  sin.  S, 

24V  1 

which  is  the  measure  of  stability,  when  the  inclined  sides  AF, 
BF,  become  parallel,  the  angle  F  vanishing.  But  this  quantity 
is  the  measure  of  stability  when  the  sides  are  parallel,  as  de¬ 
termined  by  direct  investigation*;  by  which  agreement  the 
consistency  of  the  two  solutions  is  evinced. 

To  exemplify  the  general  solution  for  the  case  of  the  sides 
inclined  at  a  given  angle,  suppose  the  angle  BFA  to  be  30°= 
F,  let  S  =  1 50,  AB  —  t  —  100,  GE  =  d  =  13,  V  =  3600. 
From  the  analytical  value  of  the  line  GZ,  we  obtain 

*3xsineS  -  -  -  =834464 


12V  xtang.1  i  F 
sec.1  \  F 

V 1  —tang*  \  F  x  tang.1  S 


—  1 


834464  x  .07437 
d  x  sin.  S 


=  -C7457 

=  6.223 
=  3-365 


and  GZ,  the  measure  of  stability  =  2.838, 
precisely  agreeing  with  the  result  calculated  by  the  solution,  ifi 
pages  229  and  230,  which  has  no  apparent  similitude  or  rela¬ 
tion  to  the  value  for  stability,  as  expressed  according  to  this 
last  investigation,  which  is 

—  1  —  d  x  sin.  S„ 


GZ 


t3  X  sin.  S 


12  V  x  tang.2  i  F  X  v"  i—tang.1  \  F  x  tang.1  S 

According  to  the  solution  in  page  229,  the  measure  ol  sta¬ 
bility  is 

SA3  xsa 

—  x  y/  1 


sec.1  \  F 


GZ  = 


6  Mb 


.  s2x  \-br  |  45x^1—  a1 

4  i - F - r  ~ 


h 


+ 


SB3  x  sa 
6Vc 


y 


4  + 


s  X  i  — c1  4s  X  v  I  —a 


ds. 


*  Case  1. 
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in  which  value  s  =  sin.  S  \  a  —  sin.  SAH ;  c  =  sin.  SCB  ; 

SA  =  -Lx  v  *L,  and  SB  =  V  c-— .  It  might  not,  perhaps, 

V  A  -fv7  c 

be  easy  to  deduce  either  of  these  values  from  the  other,  or  to 
demonstrate  their  equality,  otherwise  than  by  the  separate  in¬ 
vestigations  from  which  they  have  been  inferred ;  and  yet 
these  quantities  are  not  approximations  to  equality,  but  are 
strictly  and  mathematically  equal. 

CASE  VII. 

The  sides  of  a  vessel  are  coincident  with  the  sides  of  a  wedge, 
meeting,  if  produced,  at  an  angle  which  is  above  the  water's 
surface. 

The  sides  of  a  vessel  are  represented  by  the  lines  qh,  cd, 
(fig.  12.)  inclined  at  an  angle,  so  as,  if  produced,  to  meet  at 
the  point  w  above  the  water's  surface,  which  is  coincident  with 
ba ;  the  lines  wa,  w  b,  are  assumed  equal.  Suppose  the  vessel  to 
be  inclined  from  the  perpendicular  through  any  given  angle ; 
let  a  line  ch  be  drawn,  intersecting  the  line  ba  at  the  given 
angle  of  inclination,  and  cutting*  off  the  area  ash  equal  to  the 
area  bsc:  when  the  vessel  is  inclined  to  the  given  angle  from  the 
upright,  the  water’s  surface  will  be  coincident  with  the  line  ch. 
Let  m  and  i  represent  centres  of  gravity  of  the  areas  ash,  bsc , 
respectively,  and  let  the  line  kl  be  constructed  as  in  the  former 
cases.  Let^  be  the  centre  of  gravity  of  the  vessel,  situated  in  the 
line  we,  which  is  drawn  perpendicular  to  and  bisects  ba,  and 
let  e  be  the  centre  of  gravity  of  the  volume  displaced ;  making 
ev  parallel  and  equal  to  Ik,  take  et  to  ev  as  the  area  bsc  is  to 
the  area  representing  the  entire  volume  immersed.  Through  g, 
draw  gu  parallel  to  ch,  and,  through  t,  draw  tz  perpendicu¬ 
lar  to  gu.  gz  will  be  the  measure  of  the  vessel's  stability. 

*  Page  228. 


the  Stability  of  Ships.  237 

From  this  construction,  the  following  proposition  is  to  be 
inferred. 

The  sides  of  a  vessel  are  plane  surfaces,  represented,  (fig.  9.) 
when  produced,  by  the  equal  lines  AW,  BW,  which  meet  in  the 
point  W,  beneath  the  water-line.  The  sides  of  another  vessel 
(fig.  12.)  are  also  plane  surfaces  inclined  to  each  other  at  the 
same  angle  as  in  the  former  case,  and  represented  by  the  equal 
lines  aw,  bw,  which  meet  at  the  point  w  above  the  water-line : 
suppose  the  breadth  of  both  vessels  to  be  equal  at  the  water¬ 
line,  and  the  angle  BWA  =  the  angle  bwa  ;  if  the  distances 
between  the  centres  of  gravity  of  the  vessels  and  of  the  im¬ 
mersed  volumes  are  equal,  and  the  weights  of  the  vessels  are 
also  equal,  the  proposition  affirms,  that  the  stabilities  of  the 
two  vessels,  when  inclined  to  the  same  angle  from  the  upright, 
will  always  be  equal. 

Since  the  line  BA  —  b  a,  and  the  angle  BAW  =  the  angle 
haw,  (fig.9  andi2.)  by  the  conditions  of  the  proposition,  if  the 
angle  BAW  be  applied  over  the  angle  baw ,  the  point  A  coinci¬ 
ding  with  the  point  a,  it  follows,  that  the  point  W,  and  the  point 
B,  must  coincide  with  the  point  w  and  the  point  b  respectively; 
and,  since  the  lines  BA,  b  a,  are  divided  in  the  points  S,  5,  on  the 
same  conditions,  namely,  so  that  the  lines  CH,  c  h,  shall  be  in¬ 
clined  to  BA,  and  b  a,  at  the  same  angle,  and  shall  cut  off'  the 
areas  ASH,  ash,  equal  respectively  to  the  areas  BSC,  b  s  c ;  it 
must  follow,  that  when  the  line  AB  is  applied  so  as  to  coincide 
with  the  line  a  b,  the  point  S  will  coincide  with  the  point  s ; 
and  the  angle  ASH  being  equal  to  the  angle  ash,  by  the  sup¬ 
position,  the  line  SH  will  be  equal  to  the  line  s  h  ;  and  the 
triangle  ASH  will  be  equal  and  similar  to  the  triangle  a  s  h. 
The  centres  of  gravity  of  these  triangles,  therefore,  or  the  points 
M  and  m,  will  coincide,  as  will  also  the  lines  ML,  m  l,  which 
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are  drawn  through  these  points  perpendicular  to  CH  and  ch. 
The  line  SL  will  therefore  coincide  with  the  line  si,  and  is  equal 


to  it.  In  the  same  manner,  it  is  proved  that  the  line  SK  is 
equal  to  the  line  s  k ;  consequently,  KL  is  equal  to  k  l.  And 
since,  by  construction,  the  area  ASH  is  equal  to  the  area 
BSC,  and  the  area  ash  equal  to  the  area  bsc ;  and,  on  appli¬ 
cation  of  the  figure  AWB  to  the  figure  awb,  the  triangle  ASH 
coincides  with  the  triangle  a  s  h,  it  follows,  that  the  four  areas 
ASH,  a  s  h,  BSC,  bsc,  are  all  equal. 


But  ET*  == 


KLx  area  ASH  i  *  i 

- - - - -  ancl  e  t-r 

total  volume  immersed7 


k  l  x  volume  ash  # 
total  volume  immersed  : 


and,  since  KL  3=  H,  and  the  volume  ASH  =  the  volume  a  s  h, 
KL  x  volume  ASH  =  kl  x  volume  ash ;  and  the  entire  volume 
immersed  being  the  same  in  both  vessels,  by  the  supposition,  it 
follows  that  ET  =  e  t. 

This  equality  between  the  lines  ET,  e  t,  is  independent  of 
the  position  of  the  centres  of  gravity  of  the  vessels,  G,  g,  and 
also  of  the  position  of  the  centres  of  gravity,  E,  e,  in  the  lines 
WD,  wd.  If  the  distances  of  GE,  ge,  should  be  equal,  since  the 
angles  of  inclination  from  the  upright,  or  EGR,  egr ,  are  equal 
by  the  supposition,  it  follows  that  the  sines  of  those  angles  to 
equal  radii  must  be  equal,  or  ER  =  er.  Subtracting,  therefore, 
ER  from  ET,  and  e  r  from  e  t ,  the  remaining  lines  RT,  r  t , 
must  be  equal,  or  G  Z  =  g  %.  The  stability,  therefore,  of  a 
vessel,  the  sides  of  which  are  inclined  to  an  angle  under  the 
water’s  surface,  is  equal  to  the  stability  of  the  vessel  of  which 
the  sides  are  inclined  to  an  angle  which  is  above  the  water’s 
surface :  the  breadth  at  the  water-line,  and  the  other  condi¬ 


tions,  being  the  same  in  both  vessels. 

This  proposition  is  not  confined  to  the  case  here  demon- 


f 


*  Fig*  9-  Seepage  ziz. 


t  Fig.  12.  See  page  2x2. 
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strated,  being  equally  true,  whatever  figure  be  given  to  the  sides; 

and  whether  they  are  plane  or  curved,  provided  the  sides  under 

* 

the  water-line  in  one  vessel  are  similar  and  equal,  and  similarly 
disposed,  in  respect  of  the  water-line,  to  the  sides  of  the  other 
vessel  above  the  water-line.  QC,  HO,  (fig.  13.)  represent  the 
sides  of  a  vessel  projecting  outward  above  the  water-line,  and 
inclined  inward  under  the  water-line.  Suppose  the  vessel  to 
be  inclined  from  the  upright  through  any  given  angle,  and  let 
CH  be  supposed  drawn  inclined  to  the  line  BA  at  the  given 
angle,  and  cutting  off  the  area  ASH  equal  to  the  area  SBC : 
when  the  vessel  is  inclined,  the  water's  surface  will  coincide 
with  the  line  CH. 

Let  the  sides  QC,  OH,  be  conceived  to  revolve  round  the  line 
BA  as  an  axis,  through  180°;  the  position  of  the  sides  will  be  re¬ 
versed,  as  represented  in  fig.  14:  the  sides  which  projected  out¬ 
ward  above  the  water-line  (fig.  13.)  equally  project  outward  un¬ 
der  the  water-line  in  fig.  14.  and  are  similarly  situated  in  respect 
to  the  water-lines  BA,  ba.  In  like  manner,  the  sides  which  are 
inclined  inward  under  the  water-line,  in  fig.  13.  are  equally  in¬ 
clined  inward  above  the  water-line  in  fig.  14.;  and  are  also  simi¬ 
larly  situated  in  respect  to  that  line.  If  M,  I,  are  the  centres  of 
gravity  of  the  areas  ASH,  BSC,  and  m ,  i,  the  centres  of  gravity 
of  the  areas  ash,  bsc ,  as  in  the  former  cases,  and  perpendicular 
lines  be  drawn  through  them,  ML,  IK,  and  ml,  ik ;  by  argu¬ 
ments  similar  to  those  which  were  used  to  demonstrate  the  pre¬ 
ceding  proposition,  it  will  be  evident  that  the  lines  KL,  k  l,  are 
equal;  also  that  the  areas  ASH,  BSC,  ash,  bsc,  are  all  equal: 
and,  by  proceeding  to  construct  the  measures  of  stability  corre¬ 
sponding  to  the  two  cases,  it  will  appear  that  GZ  =  gz  ;  the 
weight  of  both  vessels,  and  consequently  the  entire  volumes  im¬ 
mersed  under  water,  being  the  same.  The  conclusion  is,  that,  the 
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other  conditions  remaining  the  same,  if  the  position  of  the  sides 
should  be  reversed,  in  the  manner  described  in  the  proposition, 
the  stability,  at  equal  angles  of  inclination,  will  remain  the  same. 

It  may  be  proper  in  this  place  to  remark,  that  the  metacentric 
curve,  described  by  M.  Bouguer,*  and  M.  Clairbois,-^  and  ap¬ 
plied  to  the  preceding  cases,  does  not  appear  to  have  any  relation 
to  the  stability  of  vessels,  except  in  the  single  point  where  the 
curve  intersects  the  vertical  axis ;  and  therefore  can  be  applica¬ 
ble  only  in  the  case  when  the  angle  of  the  vessel  s  inclination 
from  the  upright  is  evanescent.  Let  FBC,  DAH,  (fig.  15.)  repre¬ 
sent  the  sides  of  a  vessel,  BA  coinciding  with  the  water’s  sur¬ 
face  when  the  vessel  floats  upright :  bisect  BA  in  S,  and  draw 
ISE  perpendicular  to  BA.  Let  E  be  the  centre  of  gravity  of  the 
volume  immersed.  Suppose  the  vessel  to  be  inclined  through 
a  very  small  angle  AS  d,  so  that  the  water  s  surface  shall  now 
coincide  with  the  line  ba ;  and  let  the  centre  of  gravity  of  the 
volume  immersed  be  Q.  Through  Q,  draw  the  line  QWz  per¬ 
pendicular  to  ba,  intersecting  the  line  IE  in  the  point  W.  This 
point  is  called  by  M.  Bouguer  the  metacentre.  One  of  the  prin¬ 
cipal  properties  of  this  point  is,  that  whenever  the  centre  of  gra¬ 
vity  of  the  vessel  is  situated  beneath  it,  any  where  in  the  line  WE, 
(suppose  at  G,)  the  vessel  will  float  permanently,  with  the  line 
IE  vertical;  but  that,  if  the  centre  of  gravity  is  placed  above  the 
metacentre,  suppose  at  g,  the  vessel  will  overset,  from  that  po¬ 
sition  ;  for,  drawing  GZ,  gz ,  perpendicular  to  Qz,  if  the  vessel 
should  be  inclined  through  a  small  angle  AS  a ,  so  as  to  immerse 
the  portion  of  the  side  A  a ,  the  force  of  pressure  acting  in  the 
direction  of  the  line  QZ,  to  turn  the  vessel  round  an  axis  passing 
horizontally  through  G,  will  elevate  the  parts  adjacent  to  A,  so  as 
to  restore  the  upright  position  :  whereas,  if  the  centre  of  gravity 

#  Traile  du  Navire,  />.  270.  +  Cl atrbois,  p.  289,  et  seq. 
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should  be  placed  above  the  metacentre,  suppose  at  g ,  the  same 
force  of  the  fluid's  pressure,  by  turning  the  vessel  round  an  axis 
passing  through  g,  must  immerse  further  the  portion  of  the  side 
A  a;  and  this  immersion,  being  continued,  will  cause  the  vessel  to 
overset.  Another  property  of  this  point  has  been  demonstrated 
by  M.  Euler,  *  and  other  authors ;  which  is,  that  when  the 
angles  of  a  vessel’s  inclination  are  evanescent,  or  very  small, 
the  effect  of  stability,  to  restore  the  vessel  to  the  upright  po¬ 
sition,  will  be  as  the  sine  of  the  angle  of  inclination  GWZ  -f 
and  the  line  WG  jointly :  at  the  same  small  angles  of  incli¬ 
nation,  the  stability  of  different  vessels  will  be  in  proportion 
to  the  line  WG,  or  distances  of  the  metacentre  above  the 
centre  of  gravity. 

Let  the  curve  EQ  q  (Tab.  XI.  fig.  lfi.)  represent  the  line  traced 
by  the  successive  centres  of  gravity  of  the  immersed  volumes, 
while  the  vessel  is  inclined  from  the  upright  through  any  angle 
ASH.  M.  Bouguer  demonstrates,  that  a  tangent  to  this  curve  in 
any  point  Q,  will  be  parallel  to  the  water’s  surface  CH,  corre¬ 
sponding  to  that  point :  if,  therefore,  through  any  two  adjacent 
points  Q  and  q,  in  the  curve  EQ  q,  lines  QM,  q  N,  are  drawn  per¬ 
pendicular  to  the  lines  CH,  c  h,  respectively,  the  intersection  of 
those  lines  in  the  point  X  will  be  the  centre  of  curvature,  and 
XQ,X  q,  will  be  the  radii  of  a  circle,  which  has  the  same  cur¬ 
vature  with  the  curve  EQ  in  the  point  Q.  For  the  same  rea¬ 
sons,  the  line  WE  (fig.  15,  16.)  is  the  radius  of  a  circle  which 
has  the  same  curvature  with  the  curve  EQ  in  the  point  E.  The 
point  W  has  been  denominated  the  metacentre  corresponding 
to  the  upright  position  of  the  vessel,  when  the  line  WGE  is 
perpendicular  to  the  water’s  surface.  M.  Bouguer  denomi- 

*  Theory  of  the  Construction  of  Vessels,  chap.  8.  book  i.  f  To  radius  i. 
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nates  the  point  X  the  metacentre  corresponding  to  the  position 
when  the  vessel  has  been  inclined  from  the  upright  through  the 
angle  ASH ;  and  the  curve  WX  is  termed  the  metacentric 
curve,  being  the  line  traced  by  the  successive  metacentres,  or 
intersections,  of  the  lines  QM,  q  N,  drawn  perpendicular  to  the 
lines  in  which  the  vessel  is  intersected  by  the  water  s  surface, 
while  it  is  gradually  inclined.  Consequently,  according  to  this 
construction,  the  metacentric  curve  WX  is  the  evolute,  of 

which  the  curve  E Qq  is  the  involute. 

The  construction  and  properties  of  the  metacentric  curve 
being  a  subject  of  geometrical  reasoning,  considered  purely  as 
such,  are  liable  neither  to  ambiguity  nor  error ;  but,  on  what 
grounds  these  properties  are  applied  to  measure  the  stability  of 
vessels,  or  to  estimate  their  security  from  oversetting,  when 
much  inclined  from  the  upright,  is  not  explained  by  M.  Bou- 
guer,  M.  Clairbois,  or  any  other  author  I  have  had  an  op¬ 
portunity  of  consulting :  yet  the  opinions  expressed  by  these 
authors  on  the  subject  in  question,  have  been  adopted  by  many 
persons  as  established  principles ;  and,  being  of  some  import¬ 
ance  in  the  practice,  as  well  as  theory,  of  naval  architecture,  it 
cannot  be  thought  superfluous  to  pay  some  farther  attention  to 

them. 

M.  Bouguer,*  having  demonstrated  the  property  of  the  me¬ 
tacentre,  which  gives  security  from  spontaneously  oversetting, 
to  a  vessel,  whenever  the  centre  of  gravity  is  situated  beneath 
it,  proceeds  to  observe,  that  his  theorem,  being  founded  on 
supposing  the  angles  of  the  vessel’s  inclination  as  evanescent, 
or  extremely  small,  such  as  a  vessel  may  experience  in  smooth 
water,  cannot  be  relied  on  for  ascertaining  the  safety  of  ships, 

*  Traite  du  Navire,  p.  269. 
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when  agitated  by  the  winds  and  waves  in  open  sea,  where  the 
inclinations  from  the  upright  must  often  become  considerable. 
In  order  to  extend  the  application  of  his  theorem  to  the  larger 
angles  of  inclination,  he  proposes  to  examine  whether  the  me¬ 
tacentre  ascends  or  descends  as  the  vessel  is  gradually  inclined.* 
Toeffect  this, the  curve  line  E  Qq  (fig.16.)  is  to  be  traced,  by  find¬ 
ing  the  successive  centres  of  gravity  of  the  volumes  immersed 
while  the  vessel  is  inclined  ;  and,  from  this  curve  the  metacen- 
tric  curve  WX  is  to  be  defined :  the  point  where  the  metacentric 
curve  meets  the  vertical  axis  in  W,  is  the  metacentre  corre¬ 
sponding  to  the  position  when  the  vessel  floats  upright  and 
quiescent.  He  observes,  that  if  the  metacentre  X  ascends  from 
its  original  position  W,  while  the  vessel  is  inclined  gradually 
from  the  perpendicular,  the  vessel  will  be  secure  from  overset¬ 
ting  ;  but  will  be  insecure,  if  that  point  should  descend  while 
the  vessel  is  inclined.  No  demonstration  of  this  proposition  is 
given,  either  by  M.  Bouguer,  or  by  M.  Clairbois,  who  un¬ 
dertakes  to  explain  the  principles  delivered  in  this  chapter  of 
M.  Bouguer's  work,  'f  If  the  proposition  has  been  suggested 
by  some  analogies  which  subsist  between  the  construction  of 
the,  lines  EW,  QX,  and  other  lines  similarly  drawn,  they  will 
be  insufficient  to  establish  the  truth  of  it.  The  analogies  are 
such  as  the  following.  W  being  the  metacentre,  and  E  the 
centre  of  gravity  of  the  volume  displaced,  when  the  vessel  floats 
upright,  WE  is  the  radius  of  curvature  to  the  curve  EQ  q ,  at 
the  point  E ;  X  being  also  the  metacentre,  constructed  accord¬ 
ing  to  the  method  which  has  been  described,  when  the  vessel 
has  been  inclined  through  an  angle  ASH,  and  Q  the  centre  of 
gravity  of  the  corresponding  volume  immersed ;  XQ  is  the 

*  Traits  du  Navire,  p.  271.  f  Clairbois  sur  V Architecture  Navale,  p.  289,  et  seq. 
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radius  of  curvature  of  the  curve  EQ  at  the  point  Q.  Also,  EW  is 
perpendicular  to  the  waters  surface  AB,  when  the  vessel  floats 
upright ;  and  XQ  is  perpendicular  to  the  water’s  surface,  when 
the  vessel  is  inclined  through  the  angle  ASH.  When  the  vessel 
floats  upright,  the  stability  is  measured  by  the  sine  of  inclina¬ 
tion  and  the  line  GW  jointly ;  and  therefore  the  angle  of  in¬ 
clination  being  given,  will  be  measured  by  the  line  GW,  and 
will  depend  in  some  ratio  or  proportion  on  the  line  EW,  when 
GE  remains  the  same,  or  when  G  is  made  to  coincide  with  E. 

The  question  is,  whether  the  stability,  when  the  vessel  is 
inclined  to  the  angle  ASH,  will  depend  in  a  similar  degree  on 
the  line  QX  ?  Respecting  the  supposed  analogy  it  may  be  re¬ 
marked,  that  one  condition  absolutely  necessary  to  establish  it 
is  wanting  ;  namely,  the  centre  of  gravity  G  ought  to  be  situ¬ 
ated  in  the  line  XQ ;  but  it  is  considerably  distant  from  that 
line,  being  placed  in  the  vertical  axis  of  the  vessel  \\  GE.  This 
material  difference  in  the  conditions  corresponding  to  the  two 
cases,  is  sufficient  to  destroy  all  inference  from  analogy,  even 
if  arguments  of  this  kind  could  be  admitted,  in  geometrical 
subjects,  to  supply  the  place  of  demonstration.  It  is  not  diffi¬ 
cult  to  shew  geometrically,  in  what  position  and  circumstances 
of  the  vessel  the  line  XQ  will  be  the  correct  measure  of  its 
stability.  Suppose  that,  by  any  alteration  in  the  distribution  of 
the  ballast  or  lading,  the  centre  of  gravity  should  be  removed 
from  the  line  WGE  to  the  line  XGQ,  the  vessel  will  float  per¬ 
manently  with  the  line  XQ  perpendicular  to  the  horizon,  and 
the  mast  WE  will  be  inclined  to  it  at  the  angle  =  ASH. 
Since  XQ  is  the  radius  of  curvature  of  the  curve  EQ  at  the 
point  Q,  and  is  also  perpendicular  to  CH,  the  point  X  will  be 
the  true  position  of  the  metacentre,  corresponding  to  the  float- 
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Ing  position  of  the  vessel,  when  the  centre  of  gravity  is  situated 
out  of  the  vertical  axis  in  the  line  XQ,  and  0  is  the  centre  of 
gravity  of  the  volume  displaced.  The  measure  of  stability,  when 
the  inclination  is  any  small  angle,  will  be  the  sine  of  that  angle 
and  the  line  XG  jointly ;  comparing,  therefore,  the  stability  of 
the  vessel  when  the  centre  of  gravity  is  situated  in  the  line 
WGE,  with  the  stability  when  the  centre  of  gravity  is  in  the 
line  XGQ,  the  proportion  of  the  twro  stabilities,  at  equal  small 
angles  of  inclination,  will  be  as  the  line  WG  is  to  the  line  XG; 
if  the  centre  of  gravity  G  should  coincide  with  the  point  E  in 
the  first  case,  and  with  the  point  Q  in  the  latter  case,  a  con¬ 
dition  often  adopted  by  M.  Bouguer,  the  stabilities  will  be  in 
the  proportion  of  the  lines  WE  to  XQ,  or  in  a  triplicate  ratio 
of  the  lines  BA,  CH. 

Such  is  the  result  of  the  examination  proposed,  from  which 
the  only  inference  is,  that  while  the  centre  of  gravity  remains 
situated  in  the  vertical  axis  WE,  (the  position  it  occupies  in 
vessels  of  every  description,)  the  line  XQ  cannot  be  assumed 
to  measure  or  estimate  the  stability  and  security  of  a  vessel  at 
sea,  when  inclined  to  the  larger  angles  from  the  upright.  M. 
Clairbois,  to  illustrate  the  principles  of  M.  Bouguer,  adopts 
two  instances,  which  are  the  same  with  Case  vi.  (fig.  g.)  and 
Case  vii.  (fig.  12.)  in  these  pages.  In  the  former  case,  the  sides 
coincide  with  those  of  an  isosceles  wedge;  the  breadth  BA  at  the 
water-line  being  the  base,  and  the  angle  BWA  situated  under 
the  water’s  surface.  As  the  vessel  thus  formed  is  gradually  in¬ 
clined  from  the  perpendicular,  he  shews,*  that  the  curve  traced 
by  the  centre  of  gravity  of  the  successive  volumes  immersed  is 
an  hyperbola.  Of  this  curve  he  calculates  the  successive  radii 


*  Clairbois,  p.  291.  295. 


2 46  Mr.  Atwood’s  Disquisition  on 

of  curvature,  which  he  demonstrates  to  increase  continually 
with  the  inclination  of  the  vessel :  he  shews,  that  the  centres  of 
curvature  thus  found,  or  successive  metacentres,  according  to  M. 
Bouguer’s  construction,  ascend  as  the  vessel  is  inclined;  a  cir¬ 
cumstance  which,  according  to  his  principle,  imparts  security 
from  oversetting.  On  the  contrary,  in  the  other  instance,  when 
the  sides  of  a  vessel  are  inclined  to  an  angle  which  is  above  the 
water’s  surface, (fig.  12.)  from  a  similar  mode  of  reasoning  he  con¬ 
cludes,  that  the  metacentre  descends  as  the  vessel  is  more  and 
more  inclined ;  which,  according  to  his  proposition,  would 
endanger  th»  safety  of  the  vessel,  when  inclined  to  considerable 
angles. 

This  determination  is  evidently  inconsistent  with  the  solu¬ 
tions  of  Case  vi.  and  vn.  preceding,  by  which  it  appears,  that 
the  stability  acting  to  restore  vessels  thus  constructed  to  the 
upright  position,  under  the  conditions  that  have  been  stated, 
will  be  precisely  the  same  at  all  equal  inclinations  from  the 
upright,  whether  the  sides  are  inclined  at  an  angle  beneath  or 
above  the  water-line ;  all  the  other  conditions  being  the  same 
in  both  cases. 

The  solution  of  these  questions  being  connected  with  a  prin¬ 
ciple  of  some  consequence  in  the  practice  of  naval  architecture, 
the  preceding  observations  have  been  offered  with  a  view  of 
stating  distinctly  the  opinions  which  are  contradictory  to  the 
solutions  of  Case  vi.  and  vii.  referring  to  the  authors  who  have 
treated  on  the  subject,  in  order  that  a  judgment  may  be  formed 
by  persons  conversant  in  naval  architecture,  whether  the  pro¬ 
positions  advanced  by  M.  Bouguer  and  M.  Clairbois,  or  the 
solutions  of  Case  vi.  and  Case  vn.  here  given,  may  be  relied 
on,  as  founded  on  the  genuine  principles  of  geometry  and  me¬ 
chanics  ;  for  error  must  exist  on  one  side  or  the  other. 
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But,  until  the  demonstrations  of  the  Cases  vi.  and  vii.  are 
shewn  to  be  erroneous,  and  reasons  are  produced  in  support  of 
M.  Bouguers  propositions,  which  he  has  delivered  without 
any  demonstration,  it  may  be  allowable  to  suppose  that  his  opi¬ 
nions  are,  in  these  particular  instances,  ill  founded. 

The  same  principles  are  extended  by  M.  Bouguer*  to  ex¬ 
press  a  general  value  of  the  distance  between  the  metacentre, 
and  the  centre  of  the  immersed  part  of  the  ship,  when  inclined  to 

any  angle :  this  distance  he  affirms  to  be  — - ;  f  in 

which  expression  y  and  v  are  the  parts  of  the  total  ordinate  of 
the  water-section,  (when  the  vessel  is  inclined,)  at  the  distance 
x ,  measured  on  the  longer  axis  from  the  initial  point ;  the  pro¬ 
portion  of  y  and  v  being  determined  by  a  line  drawn  parallel 
to  the  axis  through  the  centre  of  gravity  of  the  section ;  and  p 

is  put  for  the  volume  immersed. 

When  the  centre  of  gravity  is  situated  in  the  line  QX,  (fig.  16.) 
and  the  angle  of  inclination  very  small,  the  point  of  intersec¬ 
tion  of  the  lines  CH,  c  h,  will  bisect  the  ordinate  CH  :  in  this 
case  the  vessel  floats  permanently  with  the  line  QX  vertical,  and 
consequently  with  the  line  WE,  or  plane  of  the  masts,  inclined 
to  the  horizon  at  the  angle  ASH.  But  the  line  QX,  consist¬ 
ently  with  the  preceding  observations,  cannot  be  applied  to 
measure  the  stability  or  security  from  oversetting  of  a  ship, 
when  the  centre  of  gravity  is  placed  in  the  line  WE ;  that  is, 
in  the  plane  of  masts  which  divides  the  vessel  into  two  parts 
perfectly  similar  and  equal ;  the  only  situation  which  the  centre 
of  gravity  can  occupy,  according  to  any  mode  of  construction 
hitherto  practised. 

*  Traite  du  Navire,  p.  273. 

f  No  demonstration  is  given  by  M.  Bouguer  of  this  proposition. 
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A  few  remarks  may  be  added  in  this  place  concerning  a 
theorem  delivered  by  M.  Bouguer,* * * §  for  measuring  the  stabi¬ 
lity  of  vessels  when  inclined  to  evanescent  angles  from  the 
upright.  The  theorem  is  this  :  “  When  the  lengths  of  vessels 
“  are  the  same,  the  stabilities  are  as  the  cubes  of  the  breadths.” 
This  theorem  seems  at  first  view  to  stand  independent  -of, 
and  not  to  require,  any  subsequent  explanation :  the  author 
immediately  applies  it  to  the  discussion  of  some  points  respect¬ 
ing  the  stability  of  vessels.  If  any  person,  relying  on  the  au¬ 
thor  for  the  truth  of  this  theorem,  should  only  pay  attention 
to  the  proposition  as  it  is  here  expressed,  he  would  entertain 
an  opinion  on  the  subject  of  stability  which  is  altogether  erro¬ 
neous.  M.  BouGUER,-f  in  a  subsequent  page,  gives  a  satisfac¬ 
tory  account  of  the  limitations  and  restrictions  under  which 
the  theorem  in  question  is  to  be  understood.  He  observes,  that 
a  restriction  ought  to  be  applied  to  the  conditions  of  this  pro¬ 
position,  in  order  to  insure  the  exact  correctness  of  it ;  which 
is,  that  the  whole  weight  of  the  vessel  shall  be  concentered  in 
the  centre  of  gravity  of  the  displaced  volume;  a  condition 
which  may  be  deemed  amongst  the  most  extreme  cases  that 
can  be  devised,  and  such  as  is  rarely  known  to  exist.  J  The 
vessel’s  centre  of  gravity  not  being  supposed  coincident  with 
the  centre  of  the  displaced  volume;  M.  Bouguer§  gives  the 
true  measure  of  stability  when  the  angles  of  inclination  are 

*  Trade  du  Navire,  p.  299.  f  Ibid.  p.  299  and  300. 

J  In  vessels  of  burden,  the  freights  of  which  consist  principally  of  iron,  or  other 
metallic  bodies,  or  blocks  of  stone,  the  vessel’s  centre  of  gravity  may  be  so  depressed 

as  to  coincide  with,  or  even  to  be  situated  under,  the  centre  of  the  immersed  volume. 
But  such  a  disposition  causes  many  inconveniences  in  the  ship’s  sailing  ;  and  is  never 
adopted  when  it  is  possible  to  raise  the  centre  of  gravity  to  a  higher  position. 

§  Traite  du  Navire,  p.  300. 
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evanescent;  the  only  objection  to  which  is,  that  it  stands  in 
the  author’s  page  as  being  explanatory,  and  illustrative  of  a 
proposition  before  delivered  :  whereas,  it  is  in  fact  the  real  pro¬ 
position  for  measuring  the  horizontal  stability  of  vessels ;  the 
proposition  it  is  intended  to  explain  being  a  particular  case  of 
it,  and  requiring  a  condition  which  scarcely  ever  takes  place 
in  the  practice  of  constructing  and  adjusting  ships  for  sea. 

CASE  VIII. 

The  sides  of  a  vessel  are  parallel  to  the  masts  above  the 
water-line,  (fig.  17.)  and  project  outward  beneath  it. 

In  the  second  Case,  (fig.  4.)  the  sides  project  outward  above 
the  water-line,  and  are  parallel  to  the  masts  under  it.  In 
Case  vm.  the  disposition  and  form  of  the  sides  are  the  reverse  of 
the  form  according  to  Case  11.  If,  therefore,  the  angle  of  pro¬ 
jection  of  the  sides  under  the  water,  according  to  Case  vm. 
should  be  equal  to  the  angle  at  which  the  sides  project  above 
the  water,  according  to  Case  11.  the  other  conditions  being  the 
same,  the  stabilities*  of  the  two  vessels  will  be  equal,  at  all 
equal  inclinations  from  the  quiescent  position.  The  solution 
of  this  case  must  of  consequence  be  precisely  the  same  with 
the  solution  of  case  ii.  and  need  not  be  here  repeated. 

CASE  IX. 

The  sides  of  a  vessel  are  parallel  to  the  masts  above  the 
water-line,  (fig.  18.)  and  are  inclined  inward  beneath  it. 

In  this  case,  the  position  of  the  sides  is  the  reverse  of  that 
which  is  described  in  Case  in.  (fig.  6.)  If,  therefore,  the  angles 
at  which  the  sides  are  inclined  inward,  according  to  Case  ix. 

*  Proposition  subjoined  to  Case  vii.  page  237. 
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under  the  water-line,  should  be  equal  to  the  angle  at  which  the 
sides  are  inclined  inward  above  the  water-line,  according  to 
Case  iii.  all  the  other  conditions  being  the  same,  the  stabilities 
of  the  two  vessels  will  be  equal,  at  all  equal  inclinations  from 
the  upright.  The  solution  of  Case  ix.  is  therefore  to  be  derived 
from  that  of  Case  iii. 


CASE  X. 

The  sides  of  a  vessel  coincide  with  the  surface  of  a  cylinder, 
the  vertical  sections  being  equal  circles. 

Let  QBOAH  (fig.  19.)  represent  a  vertical  section  of  the 
vessel.  The  surface  of  the  water  coincides  with  the  line  BA, 
when  the  vessel  floats  upright.  Suppose  the  vessel  to  be  in¬ 
clined  from  the  quiescent  position,  through  an  angle  ASH,  so 
that  the  water’s  surface  shall  intersect  the  vessel  s,  when  in- 
dined,  in  the  line  CH.  Bisect  the  line  BA  in  D,  and  the  line 
CH  in  Y;  and,  through  the  points  D  and  Y,  draw  OD,  FY, 
perpendicular  to  the  lines  BA,  CH,  respectively,  and  meet¬ 
ing,  when  produced,  in  the  point  M,  which  is  the  centre  of 
the  circle.  The  angle  ASH  is  the  inclination  of  the  vessel  from 
the  perpendicular ;  and,  being  the  inclination  of  the  lines  BA, 
CH,  which  are  perpendicular  to  the  lines  OM,  FM,  respec¬ 
tively,  the  inclination  of  the  lines  OM,  FM,  or  the  angle 
DMF,  will  be  equal  to  the  angle  ASH.  Let  E  be  the  centre  of 
gravity  of  the  area  BOA,  representing  the  volume  displaced, 
when  the  vessel  floats  upright,  and  quiescent.  In  the  line  MF, 
take  MO  equal  to  ME ;  Q  will  be  the  centre  of  gravity  of  the 
area  CFH,  representing  the  volume  displaced  when  the  vessel 
is  inclined.  Let  G  be  the  centre  of  gravity  of  the  vessel ;  and, 
through  E,  draw  ET  perpendicular  to  MF ;  and,  through  G, 
draw  GZ  perpendicular  to  MF,  intersecting  that  line  in  the 
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point  Z :  GZ  is  the  measure  of  the  vessel's  stability.  For,  since 
Q  is  the  centre  of  gravity  of  the  volume  immersed,  when  the 
vessel  is  inclined,  and  the  line  MF  is  drawn  through  it,  per¬ 
pendicular  to  the  water's  surface  CH,  QM  will  be  the  direction 
in  which  the  pressure  of  the  fluid  acts,  to  turn  the  vessel  round 
an  axis  passing  through  G ;  and  GZ,  being  the  perpendicular 
distance  of  this  line  from  the  centre  of  gravity,  will  be  the 
measure  of  the  vessel's  stability. 

Let  the  sine  of  the  angle  of  the  vessel’s  inclination  ASH,  or 
OMF,  be  represented  by  the  letter  s  to  radius  =  1 :  by  the 
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properties  of  the  circle  ME  =  ■  A 

r  r  3  X  area  BOA 

therefore,  BA  be  made  =  t ,  ME  = 

_  t3  s 

12  x  area  BOA  ’ 


BA3 


12  xarea  BOA 


if, 


12  xarea  BOA  5 


and  ET 


The  area  representing  the  volume  displaced  is  here  con¬ 
sidered  as  entirely  circular :  but  if  it  should  be  of  that  form 
only  to  the  extent  of  the  sides  *AH,  BC,  the  remaining  part  of 
the  area  being  of  any  other  figure,  and  the  whole  area  un¬ 
der  water  should  be  denoted  by  V,  the  line  ET  will  be 


t3  s 

12  x  area  BOA 


area  BOA 

x  — y — ,  or  E  T 


t3  s 

I2V“* 


Let  GE  be  denoted 


by  d ;  then  ER  =  ds,  and  RT,  or  the  measure  of  the  vessel's 
stability  f  GZ  =  - ds. 


*  Proposition  and  observations  in  pages  213,  214. 

t  In  this  expression  for  the  measure  of  stability,  s  is  the  sine  of  the  angle  of  the 
vessel’s  inclination,  whatever  be  its  magnitude:  this  value,  for  the  stability  of  vessels 
which  have  a  circular  form,  is  the  same  with  that  which  M.  Bouguer  gives  for  ves¬ 
sels  of  any  form,  when  the  angles  of  inclination  are  evanescent,  the  breadths  at  the 
water-line  being  —  t,  and  the  other  conditions  the  same ;  from  which  circumstance, 
the  following  remarkable  conclusion  is  inferred :  if  the  measure  of  stability  should  be 
calculated  for  finite  angles  of  inclination,  by  the  rule  M.  Bouguer  has  given  for  the 
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Let  t  =  100,  s  —  sin.  150  to  rad.  =  1.  d  =  13,  V  =  3600. 
According  to  these  conditions,  GZ  =  2.63.  If,  therefore,  the 
vessel’s  weight  should  be  1000  tons,  the  stability  will  be  equi¬ 
valent  to  the  weight  of  1000  tons,  acting  to  turn  the  vessel  at 
the  distance  of  2.63  from  the  axis  passing  through  G,  or  equi¬ 
valent  to  a  weight  of  52.5  tons,  acting  at  a  distance  of  50  from 
the  axis. 

CASE  XI. 

The  vertical  sections  of  a  vessel  are  terminated  by  the  arcs 
of  a  conic  parabola. 

Let  the  parabola  BLA  (fig.  20.)  represent  a  vertical  section 
of  a  vessel,  floating  with  the  axis  DL  perpendicular  to  BA, 
which  coincides  with  the  water’s  surface.  G  is  the  centre  of 
gravity  of  the  vessel.  Suppose  a  ship,  so  formed,  to  be  inclined 
from  the  upright  through  a  given  angle  MOI.  The  breadth 
BA,  and  depth  from  the  water-line,  DL,  being  given,  it  is  re¬ 
quired  to  construct  the  measure  of  the  vessel’s  stability. 

The  principal  parameter  being  given  from  the  conditions  of 
the  construction,  from  the  vertex  L  set  off  LF,  equal  to  a  fourth 
part  of  the  parameter :  F  is  the  focus  of  the  parabola.  In  the 
line  LF,  take  LI  to  LF,  as  the  tangent  of  the  given  angle 
MOI  to  radius ;  and,  in  the  line  LI,  take  LX  to  LI,  in  the 
same  proportion  of  the  tangent  of  the  angle  MOI  to  radius. 
Through  the  point  X,  draw  XV  perpendicular  to  XL,  inter¬ 
secting  the  curve  in  the  point  V ;  set  off  LN  equal  to  XL : 

join  NV,  which  produce  indefinitely,  in  the  direction  NVW ; 

* 

angles  of  inclination  that  are  evanescent,  the  stability  of  all  vessels,  at  equal  inclina¬ 
tions,  thus  calculated,  whatever  be  their  forms,  would  be  the  same  as  if  the  vertical 
sections  were  circular ;  the  breadths  at  the  water-line,  position  of  the  centres  of  gravity, 
and  other  elements,  being  the  same. 
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NW  is  a  tangent  to  the  curve  in  the  point  V :  through  the 
point  V,  draw  VK  parallel  and  equal  to  DL ;  and,  through  the 
point  K,  draw  CH  parallel  to  NW:  let  DL  be  divided  into  five 
equal  parts,  and  let  LE  be  taken  equal  to  three  of  those  parts : 
make  VQ  equal  to  LE ;  and  through  Q  draw  Pr  perpendicular 
to  NW ;  through  G  draw  GZ  perpendicular  to  rP :  GZ  is  the 
measure  of  the  vessel's  stability,  when  inclined  from  the  upright 
through  the  given  angle  MOL  The  demonstration  follows. 
Through  E,  draw  ET  perpendicular  to  rP ;  and,  through  G, 
draw  GR  parallel  to  rP ;  let  the  parameter  of  the  curve  be  de¬ 


wherefore 

But 

therefore 

and 


noted  hyp. 

By  the  construction,  LX  :  LI  :  :  LI :  LF  : :  tang.  MOI  to  rad, 
therefore  -  LX  :  LF  :  :  tang.*  MOI :  rad.*  and 
and  -  LX  :  4LF  : :  tang.1  MOI  :  4rad.* 

By  the  properties  of  the  curve, 

LX:  XV::  XV  :  4LF 

LX  :  4LF  :  :  LX1  :  XV1. 

LX :  4LF  :  :  tang.1  MOI  :  4  rad.1 
LX1:  XV1:  :  tang.1  MOI  :  4rad.4 
LX  :  XV  :  :  tang.  MOI  :  2  rad. 
or,  since  LX  =  -§XN 
iXN :  XV  :  :  tang.  MOI  :  2  rad. 

XN  :  XV  : :  tang.  MOI :  rad.  but,  by 
XN  :  XV  :  :  tang.  XVN  :  rad. 
consequently  tang.  XVN  is  equal  to  the  tangent  of  MOI  to  the 
same  radius;  and  therefore  the  angle  XVN  is  equal  to  the 
angle  MOI,  or  the  given  angle  of  the  vessel's  inclination  from 
the  upright.  Moreover,  since  it  appears  from  the  construction, 
that  the  angle  XVN  is  equal  to  the  angle  NrP,  NrP  is  equal 
to  the  vessel's  inclination  from  the  upright,  and  because  the 


or 

the  construction, 
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line  BA  is  parallel  to  XV,  and  the  line  CH  parallel  to  NW, 
by  the  construction,  it  follows,  that  the  angle  ASH  is  equal 
to  the  angle  XVN;  wherefore  the  angle  ASH  is  also  equal  to 
the  angle  MOI,  or  the  given  angle  of  inclination  from  the 
upright.  VK  being  parallel  to  DL,  and  therefore  a  diameter  ot 
the  curve  to  the  point  V,  and  CH  being  drawn  parallel  to 
NVW,  which  is  a  tangent  to  the  curve  in  the  point  V,  it 
follows,  that  VK  bisects  the  line  CH  in  the  point  K ;  KH 
therefore  will  be  an  ordinate  to  the  diameter  VK :  and,  since 
VK  is  by  construction  equal  to  DL,  and  DL,  VK,  are  ab¬ 
scissas  of  the  segments  BLA,  CVH,  respectively,  it  is  known, 
from  the  properties  of  the  figure,  that  the  area  of  the  segment 
BLA  is  equal  to  the  area  of  the  segment  CVH ;  and  conse¬ 
quently  the  area  of  the  figure  ASH  will  be  equal  to  the  area  of 
the  figure  BSC.  And  since,  when  the  vessel  floats  upright,  the 
line  AB  coincides  with  the  water  s  surface,  and  the  area  of 
the  segment  ALB  is  equal  to  the  area  of  the  segment  CVH, 
it  follows,  that  when  the  vessel  is  inclined  from  the  perpendi¬ 
cular,  through  an  angle  ASH,  equal  to  the  given  angle  MOI, 
the  surface  of  the  water  will  intersect  the  vessel  in  the  line  CH. 
Moreover,  since  LE  is  to  LD  as  3  to  5,  by  the  construction,  and 
VO  is  to  VK  in  the  same  proportion  of  3  to  5,  by  the  proper- 
ties  of  the  figure,  E  is  the  centre  of  gravity  of  the  area  BLA, 
and  Q  is  the  centre  of  gravity  of  the  area  CVH,  which  repre¬ 
sents  the  total  volume  displaced,  when  the  vessel  is  inclined 
through  an  angle  ASH,  or  MOI ;  and  the  line  rQP  being,  by 
construction,  drawn  perpendicular  to  the  water's  surface  CH, 
will  be  a  vertical  line  passing  through  the  centre  of  gravity  Q  ot 
the  volume  displaced  CVH  :  and  GZ,  drawn  through  the  centre 
of  gravity  G,  perpendicular  to  this  line,  will  be  the  measure  of 
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the  vessel’s  stability,  when  inclined  from  the  perpendicular 
through  the  given  angle  MOI. 

From  the  preceding  construction  and  demonstration,  a  pro¬ 
perty  of  stability  is  inferred,  which  may  be  expressed  in  the 
following  proposition. 

If  the  vertical  sections  of  a  vessel  are  terminated  by  the  arcs 
of  a  conic  parabola,  and  the  sides  of  another  vessel  are  parallel  to 
the  plane  of  the  masts,  both  above  and  beneath  the  water-line, 
the  stabilities  of  the  two  vessels  will  be  equal  at  all  equal  in¬ 
clinations  from  the  upright,  if  the  breadths  at  the  water-line 
BA,  and  all  the  other  conditions,  are  the  same  in  both  cases. 

It  is  thus  demonstrated  : 

For  brevity,  let  the  angle  of  inclination  from  the  upright, 
or  the  angle  ASH,  be  denoted  by  the  letter  S ;  let  BA  ==  t , 
and  LD  =  a  :  rad.  =  1. 

From  the  preceding  construction  and  demonstration,  it  ap¬ 
pears  that  XV  :  XN  :  :  1  :  tang.  S,  and  by  the  properties 
of  the  figure  -jXN  :  XV  :  :  XV  :  p ,  joining  these 


ratios  -  1 

Wherefore 

and 

also,  since 


:  2  :  :  XV  :  p  x  tang.  S. 

XV  =  -ft  *  tan£-  s 
2  9 

XL  =  -  LN  ; 

P  4 

XV  :  NV  :  :  cos.  S  :  l, 

NV  =  xv  —  p  *  tang- s  . 

COS.  S  2  X  cos.  S  ’ 

=  VK  =  a,  and  LE  =  VQ 


and  because  LD  =  VK  —  n  T  v  —  vn  —  JL 
and  the  angle  VQP  =  ASH  =  MOI,  it  follows  that 

VP 


3 a  x  sin.  S 


and  therefore 


NP  =  NV  +  VP  = 


^X  tang.  S  ,  3  ax  sin.  S  # 


2  x  cos.  S 


+ 
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therefore,  rN —  .  c 

1  sin.S 

and 


NP  p 


2  X  COS.*  S 


,3 a  p  x  sec.*  S  ,  3 a 

'  S  2  5  * 


Lr  =  rN  -  LN  =  ^11  +  Jf- _  t£2&* ; 


or 


and,  since  LE  =  ~—9 

rp>  _  p  X  sec*  S  __  p  X  tang.* 

2  4 

rE  =  x  sec.1  S  +  l,  and,  since  the  angle 

4 


ErT  =  S,  ET  =  p  X  S1-—  x  sec.*  S  +  1, 

4 

or  ET  =  p  x  tang'--  x  cos.  S  +  sec.  S. 

4 

This  is  the  value  of  the  line  ET,  when  the  area  represent¬ 
ing  the  volume  immersed  is  terminated  throughout  by  the 

parabolic  arc,  the  said  area  being  =  -^-or  yxBAxDL; 

but,  if  that  form  should  extend  to  the  sides  AH,  BC,  only,  the 
remaining  part  of  the  volume  immersed  being  of  any  other 
figure,*  and  this  entire  volume  should  be  of  any  magnitude 

V,  the  value  of  ET  corresponding  will  be  p  x  —  x 

x  cos.  S  -f-  sec.  S,  or  ET  = 1  X^yS-~  x  cos.  S  +  sec.  S.  And, 
since  ER  =  ix  sin.  S,  TR,  or  the  measure  of  the  ves¬ 


sel’s  stability,  GZ  =  **  x  cos.  S  +  sec.  S  —  d  x  sin.  S ; 

precisely  the  same  quantity  which  measures  the  stability  at 
the  angle  of  inclination  S,+  when  the  sides  are  parallel  to  the 
masts  above  and  beneath  the  water-line :  a  coincidence  not  a 
little  remarkable,  and  such  as  would  not  probably  have  been 
supposed  to  exist,  except  from  the  evidence  of  demonstration. 
From  this  proposition  it  is  inferred,  that  if  the  sides  of  a 


f  Case  i.  page  216. 


•  See  pages  213,  214  . 
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vessel  coincide  with  the  arcs  of  the  conic  parabola,  and  the 
sides  of  another  vessel  coincide  with  the  arcs  of  another  conic 
parabola,  whatever  be  the  form  thereof,  varying  according  ta 
the  parameter,  the  weights  of  the  vessels,  breadths  at  the 
water-line,  and  the  other  conditions  being  the  same  in  both 
cases,  the  stabilities  of  the  two  vessels,  at  all  equal  angles  of 
inclination,  will  be  equal.  If,  for  instance,  the  forms  of  two 
vessels  should  be  such  as  are  represented  in  Tab.  XII.  fig.  21. 
and  fig.  22.  the  weights  and  other  conditions  being  the  same, 
the  stabilities  of  each  of  these  vessels  will  be  equal  to  that  of  a 
vessel  PBQFAK,  the  sides  of  which  are  plane  surfaces,  parallel 
to  the  masts. 

The  propositions  immediately  preceding,  relate  to  the  conic 
or  Apollonian  parabola :  they  have  been  inserted,  with  a  view 
of  establishing  and  extending  the  theory  of  stability.  It  may 
also  be  remarked,  that  the  sides  of  vessels  are  in  some  instances 
constructed  nearly  of  these  forms;  for  the  same  reasons,  it 
may  be  not  altogether  useless,  to  examine  on  what  principle  the 
stability  of  vessels  is  to  be  investigated,  when  the  forms  of  the 
sections  are  parabolic  curves  of  the  higher  orders,  such  as  are 
represented  in  fig.  23.  The  line  cBCO  is  a  conic  or  Apollonian 
parabola,  JBDO  is  a  cubic,  and  <?BEO  a  biquadratic  parabola. 

f  BFO  (fig.  23.)  is  a  parabola  of  8  dimensions,  and  g*BGO 
a  parabola  of  30  dimensions,  which  are  drawn  from  a  geome¬ 
trical  scale,  in  order  to  give  a  true  representation  of  the  forms 
of  these  curves. 

The  general  equation,  determining  the  relation  between  the 
abscissae  and  ordinates  of  any  parabola,  of  the  dimensions  n ,  is 
y*—pn-i  x  xy  if  the  ordinates  are  drawn  perpendicular  to  the 
axis  of  the  curve;  and  y  =  a  -f  px  -f-  qxx  -j-  +  vx*> 

mdccxcviii.  L  1 
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if  the  ordinates  are  drawn  parallel  to  the  axis ;  y  and  x  signi¬ 
fying  the  ordinate  and  corresponding  abscissa ;  the  other  let¬ 
ters  denoting  constant  or  invariable  quantities,  to  be  determined 
by  the  properties  of  the  figures.  In  these  figures,  it  is  observ¬ 
able,  that  the  breadths  toward  the  vertex  O,  are  always  greater 
in  the  curves  which  are  of  the  higher  dimensions ;  and,  as  the 
dimensions  are  continually  increased,  the  figure  approaches 
more  nearly  to  a  rectangular  parallelogram/  with  which  it 


*  The  radius  of  curvature  of  the  conic  parabola  at  the  vertex  (fig.  23.)  is  half  the 
principal  parameter ;  but,  in  all  the  parabolas  of  the  higher  orders,  the  radius  of  cur¬ 
vature  at  the  vertex  is  infinite.  Suppose  x  to  represent  the  abscissa,  or  distance  of  the 
ordinate  3/  from  the  vertex,  measured  along  the  axis  of  the  curve  :  as  *  increases  from 
o,  the  radius  of  curvature  decreases  till  it  becomes  a  minimum,  and  then  increases :  a 
difficulty  seems  to  arise  respecting  the  magnitude  and  variation  of  the  radius  of  cur¬ 
vature,  when,  the  dimensions  being  increased  sine  limite,  the  form  of  the  curve  ap¬ 
proaches  continually,  and  ultimately  coincides  with,  the  rectangular  parallelogram.  If 
the  equation  of  the  curve  bey  —  pn  *  x  x,  where p  represents  the  parameter,  the 
radius  of  curvature  of  the  curve  at  the  extremity  of  an  ordinate  y,  of  which  the 


2  n  —  2  2  n  — 2 


abscissa  is  will  be  found  -py  - £xJLJL±LJ. !___,  which  quantity 


n  x  n  —  i  xp  71  x  x  n 


is  a  minimum  when  x  —  p  x 


vature  itself,  or  r  —  p  x 


n—z 

2» - 2 

2 n3 —  w1 

consequently,  the  least  radius  of  cur- 


^  3 


3«— 3 

a 

n  —  2 

n —  1  2M3—  ?ix 

X 


2  n 


n—2 


_ ,  J  ancb  when  n  is  increased  sine 


2  »■ —  2 


limite,  the  abscissa  corresponding  to  the  least  radius  of  curvature  0rr  =  Av  1 

_  ’  V~xn 

and  the  least  radius  itself,  or  r-py  121,  both  of  which  quantities  are  evanescent, 

shewing  that  if  the  dimensions  of  the  parabola  are  increased  sine  limite,  the  curvature 
at  the  extremity  of  the  ordinate,  when  the  abscissa  =  o,  is  infinite,  the  radius  of  cur¬ 
vature  being  nothing,  as  it  ought  to  be,  at  the  point  H  of  the  parallelogram  BHOD. 
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ultimately  coincides,  when  the  dimensions  are  increased  sine 
limite.  This  extreme  case  has  relation  to  the  subject  of  stabi¬ 
lity  :  for,  whatever  may  be  the  effect  of  giving  to  the  sides  of 
ships  the  forms  of  the  several  higher  orders  of  parabolas,  it  is 
certain,  that  as  the  dimensions  of  these  curves  are  increased, 
the  stability  will  approach  to  that  which  is  the  consequence  of 
making  the  sides  parallel  to  the  masts ;  but  it  has  been  shewn, 
that  when  the  sides  coincide  with  the  form  of  a  conical  para- 


considered  as  a  parabolic  curve  of  infinite  dimensions,  the  two  portions  of  the  cuive 
BH,  HO,  (fig.  23.)  being  inclined  at  a  right  angle,  when  coincident  with  the  sides  of  a 
rectangular  parallelogram :  but,  since  the  curvature  is  nothing  at  the  vertex  O,  the  ab¬ 
scissa  being  then  ~  o,  and  before  the  abscissa  has  increased  to  any  finite  line,  the  cur¬ 
vature  at  the  extremity  of  the  corresponding  ordinate  OH  is  infinite;  and  since  the  cur¬ 
vature  between  the  points  O  and  H  must  necessarily  pass  through  all  the  intermediate 
gradations  of  magnitude,  it  becomes  a  question  to  define  the  abscissa  and  correspond¬ 
ing  ordinate,  when  the  radius  of  curvature  is  a  finite  line :  2dly,  when  it  becomes  eva¬ 
nescent;  and,  lastly,  when  it  is  again  infinitely  great.  By  referring  to  the  preceding 
expressions  for  the  abscissa  and  corresponding  radius  of  curvature,  it  is  found,  that  if 

p  represents  the  parameter,  and  x  is  made  —  (the  number  n  denoting  the  dimen¬ 

sions  of  the  curve,)  when  n  is  increased  sine  limite,  the  radius  of  curvature  will  be 


greater  than  any  line  that  can  be  assigned  :  and  such  is  the  curvature  of  any  portion  ot 

i) 

the  line  OH,  between  the  points  O  and  H.  2dly,  if  x  is  rr  ~"n~>  the  radius  of  cur¬ 
vature  will  be  rr  p,  the  ordinate  approximating  to  equality  with  the  line  OH.  3dly, 

 P 


if  x  —  — — ,  the  radius  of  curvature  will  be  smaller  than  any  finite  line  :  and,  lastly, 
n 

if  x  —  p,  or  any  finite  line,  the  radius. of  curvature  will  be  greater  than  any  assignable 
line  :  which  conclusions  are  immediately  inferred  from  the  equation  expressing  the 


2  n  —  2 


2  n  —  2 


radius  of  curvature,  or  r=  p  X 


■l  .  n  1  n 

nz  x  x  -f  p 


n  —  1  n  — '3 


when  the  number  of  di- 


n  x  n —  1  x  p  n  X  x 


mensions  n  is  increased  sine  limite ,  these  successive  changes  in  the  radius  of  curvature 
taking  place  while  the  abscissa  x  is  increased  from  o  to  any  finite  magnitude. 
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bola*,  the  stability  -f-  is  the  same  as  when  the  sides  are  plane 
surfaces,  parallel  to  the  plane  of  the  masts.  It  is  inferred  that 
if  the  sides  of  a  vessel  are  formed  to  coincide  with  a  parabola 
of  the  lowest,  and  the  sides  of  another  vessel  with  a  parabolic 
curve  of  the  highest  dimension,  all  the  other  conditions  being 
the  same,  the  stabilities  of  the  two  vessels  will  be  equal  in 
these  two  extreme  cases. 

In  proceeding  to  ascertain  the  stability  of  vessels,  the  verti¬ 
cal  sections  of  which  coincide  with  any  parabolic  curve,  the 
rigid  strictness  of  geometrical  inference  cannot  be  well  pre¬ 
served,  when  the  oblique  segments  are  objects  of  consideration, 
on  account  of  the  complicated  properties  of  the  figures.  J  But, 
in  these  and  similar  cases,  methods  of  approximation  may  be 
employed,  by  which  the  stability  corresponding  to  any  given 
figure  of  the  sides  may  be  inferred,  to  a  degree  of  exactness 
exceeding  any  that  can  be  necessary  in  practice.  These  me¬ 
thods  of  approximation  are  either  such  as  are  required  for  the 
mensuration  of  curvilinear  areas,  or  geometrical  constructions 
which  exhibit  the  lineal  measures  of  stability  not  strictly  and 
rigidly  true,  but  approaching,  as  nearly  as  may  be  desired,  to 
the  true  and  correct  measures. 

The  methods  of  approximation  to  be  used  for  the  quadra¬ 
ture  of  curvilinear  spaces,  are  founded  on  Sir  Isaac  Newton’s 
discovery  of  a  theorem,  by  which,  from  having  given  any 

*  Case  xx.  pages  255,  256. 

t  The  comparative  stability,  in  this  and  similar  observations,  is  understood  to  im¬ 
ply,  that  the  vessels  are  inclined  at  equal  angles  of  inclination  from  the  upright,  all 
the  other  conditions  (the  shape  of  the  sides  excepted)  being  the  same. 

X  The  areas  of  any  parabolic  segments,  either  direct  or  oblique,  are  geometrically 
quadrable,  but,  in  the  oblique  segments,  the  positions  of  the  centres  of  gravity  are  not 
determinable  generally  by  direct  methods. 
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number  of  points  situated  in  the  same  plane,  he  could  ascertain 
the  equation  to  the  curve  which  would  pass  through  them  all : 
and,  by  means  of  this  equation,  was  enabled  to  express  the 
ordinate  in  the  curve,  corresponding  to  an  abscissa  of  any 
given  length,  as  well  as  the  area  intercepted  between  any  two 
of  the  ordinates.  This  discovery  the  author  himself  considered 
amongst  his  happiest  inventions.  Amongst  the  various  uses  of 
this  theorem,  that  of  determining  by  approximation  the  areas 
of  curvilinear  spaces  is  not  the  least  considerable:  for,  by 
this  means,  the  fluents  of  fluxional  quantities,  not  discoverable 
by  any  known  rules  of  direct  investigation,  are  found,  to  a  de¬ 
gree  of  exactness  fully  sufficient  for  any  practical  purpose,  and 
with  very  little  trouble  of  computation. 

Mr.  Stirling,  in  his  treatise  intitled  Methodus  differ entialis, 
has  inserted  a  table  for  measuring  curvilinear  spaces  termi¬ 
nated  by  parabolic  curves,  from  having  given  3,  5,  7,  or  9  equi¬ 
distant  ordinates,  and  the  abscissae  on  which  they  are  erected. 
The  measures  of  the  areas  thus  obtained  are,  under  certain 
conditions  hereafter  stated,  not  approximations,  but  geometri¬ 
cally  and  strictly  correct :  the  approximate  values  of  curvili¬ 
near  spaces,  in  general,  are  obtained  from  finding  the  correct 
areas  terminated  by  parabolic  lines  which  nearly  coincide  with 
the  said  curves,  by  passing  through  the  extremities  of  the  same 
ordinates. 

The  subjoined  table  contains  Mr.  Stirling’s  rules  for  ex¬ 
pressing  the  areas  of  curvilinear  spaces,  from  the  conditions 
which  have  been  mentioned ;  also  additional  rules  for  measuring 
the  areas  which  are  included  between  the  extremes  of  2,  4,  6', 
or  8  equidistant  ordinates  :  the  whole  of  this  table  has  been  re¬ 
computed  and  verified. 
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Number  of  equi¬ 
distant  ordinates. 

2 


Table  of  Areas. 


Areas. 


3 

4 

I 

5 

6 

7 

8 

9 


A  -f-  4  B 
6 

A  +  3B 

8 


xR 

x  R 


7A-F32B4-  12C 

IS 

19  A  -f  75  B  4.  50C 
288 


R 


x  1 


xR 


41  A  4-  216B  4-  27  C  4-  272D 
840 


R 


36799  A  4-  175273  B  4-  64827  C  4-  146461  D  u 
846720  * 

989  A  4-  5888  B  —  928  C  4-  10496  D  —  4540  E 
28350  ' 


R 


In  this  table,  the  letter  A  denotes  the  sum  of  the  first  and 
last  ordinate  of  the  number  opposite  to  it  in  the  first  column  : 
B  is  the  sum  of  the  second  and  last  but  one :  C  is  the  sum  of 
the  third  and  last  but  two,  and  so  on.  The  extreme  letter,  sup¬ 
pose  D,  (as  in  the  rule  opposite  8  ordinates,)  is  the  sum  of  the 
two  middle  ordinates,  if  the  number  of  ordinates  is  even;  or  the 
extreme  letter,  suppose  D,  (as  in  the  rule  opposite  7  ordinates,) 
is  the  middle  ordinate  alone,  if  the  number  of  ordinates  is  odd. 
R  is  the  entire  length  of  the  abscissa,  which  is  always  equal  to 
the  common  interval  between  the  ordinates,  multiplied  by  the 
number  of  ordinates  diminished  by  unity. 

Let  the  area  to  be  measured  be  terminated  by  the  curve  line 
ABCD,  &c.  (Tab.  XIII.  fig.  24.):  A' I'  is  an  abscissa,  on  which 
a  number  of  equidistant  ordinates  AA',  BB',  CC',  &c.  are  erected 
at  right  angles.  If  ABCD,  &c.  represents  a  parabolic  line  of  any 
dimension,  suppose  n, the  relation  between  the  ordinates  and  ab- 
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scissae  being  expressed  by  the  equation  y  =  a  p  *  +  qxz-\-tx\ 
&c.  ux%  (in  which  case,  the  ordinates  are  drawn  parallel  to 
the  axis  of  the  curve, )  a  measure  of  the  area  contained  between 
the  extremes  of  n  -f-  1  ordinates  will  be  obtained  with  geome¬ 
trical  exactness,  by  computing  from  the  rule  in  the  table  which 
is  opposite  the  number  of  ordinates  n  - f-  1,  supposing  the  table 
to  extend  to  that  number :  but  if,  as  it  usually  happens  in  cases 
which  practically  occur,  that  the  nature  of  the  curve  is  un¬ 
known,  or  the  conditions  in  other  respects  different  from  those 
which  are  required  for  the  mensuration  of  the  area  with  perfect 
correctness,  it  becomes  a  question,  which  particular  rule  in  the 
table  should  be  adopted  for  inferring  an  approximate  value  of 
the  area,  since  an  exact  quadrature  is  not  obtainable.  For  this 
purpose,  there  are  several  reasons  for  preferring  the  rules  oppo¬ 
site  the  number  of  ordinates  2,  3,  and  4  to  the  others,  which 
require  a  greater  number  of  ordinates ;  the  common  distance 
between  them  being  the  same.  In  the  first  place,  the  rules 
here  pointed  out  are  far  less  troublesome  in  the  application ;  a 
circumstance  which  ought  to  have  weight,  although  of  less  im¬ 
portance  than  another  consideration,  which  is,  that  the  results 
derived  from  these  rules,  particularly  from  the  two  latter,  will 
in  general  approximate  as  nearly  to  the  true  value,  sometimes 
more  nearly,  than  those  which  are  obtained  by  calculating 
from  the  other  more  complicated  theorems,  unless  the  curve 
should  happen  to  be  such  as  admits  of  being  correctly  measured 
by  any  of  the  rules  requiring  a  greater  number  of  ordinates ; 
a  circumstance  not  likely  to  occur  in  practical  mensurations. 

Let  it  be  proposed  to  measure  by  approximation  any  curvi¬ 
linear  space  AATIA  (fig.  24.)  For  brevity,  let  the  successive 
ordinates  AA',  BB7,  CC7,  &c.  be  denoted  by  the  letters  a,  b,  c„ 
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&c.  respectively;  also,  let  the  common  distance  between  the  or- 

# 

dinates  (fig.  23.)  or  A'B'  =  B'C'  =  C'D'  be  ==  r :  according 
to  the  theorem  for  measuring  the  area  contained  between  two 

ordinates,  or—  x  R,  the  curve  line  AB  is  supposed  to  coincide 

with  the  right  line  AB  which  joins  the  extremities  of  it ; 
the  space  measured  by  this  rule  is  the  trapezium  AA'B'BA; 
and,  since  A  =  a  -f  b,  and  R  =  r,  the  area  of  the  trapezium,  or 

—  xR~tf4-6x-. 

2  1  2 

According  to  the  rule  opposite  3  ordinates,  the  curve  line 
ABC  is  supposed  to  coincide  with  a  portion  of  the  conic  para¬ 
bola,  the  axis  of  which  is  parallel  to  the  ordinates.  And  since, 

by  this  rule,  the  area  =  A  -f-  4B  x  in  which  expression 
A  =  a  -f-  c,  B  =  6,  and  R  =  2  r;  by  substituting  these  values, 
the  area  AA' C' C A  =z  a  -{■  /^h  c  x  If  the  curve  ABC 

should  actually  be  a  portion  of  the  conic  parabola,  the  given 
ordinates  being  parallel  to  the  axis  of  the  curve,  the  area 
AA'C'CA  will  be  measured  by  this  rule  with  exactness  abso¬ 
lutely  perfect ;  and,  the  more  nearly  the  curve  which  terminates 
the  area  approaches  to  the  form  of  the  conic  parabola,  the  more 
nearly  will  the  result  of  calculating  by  this  rule  approximate  to 
the  true  value  of  the  area.  But  it  is  evident,  that  since  in  this 
approximation,  the  arc  of  a  conic  parabola  is  drawn  through  the 
points  A,  B,  C,  being  the  same  points  which  terminate  the  or¬ 
dinates  of  the  given  curve,  the  difference  between  the  parabolic 
area  and  that  which  is  given  must,  in  most  (except  extreme) 
cases,  be  next  to  an  insensible  quantity,  when  applied  to  prac¬ 
tical  mensuration. 

In  the  mensuration  of  areas  by  the  rule  opposite  4  ordinates. 
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a  parabolic  curve  line  is  supposed  to  be  drawn  through  the 
points  A,  B,  C,  D,  of  the  3d  dimension,  such  as  the  arc  of  a  cubic 
parabola,  the  ordinates  of  which  are  parallel  to  the  axis  of  the 
curve,  and  the  area  terminated  by  this  curve  line  is  assumed 
to  approximate  to  the  given  area  A  A'  D'DA  :  by  this  rule,  the 

area  =  A  -{-  3  B  x in  which  expression  A  =  a  -f-  d,B=  b  -j-c, 
and  R  =  3  r,  which  being  substituted  for  their  respective  values, 
the  area  AA'  D'DA  =  d-| -  3b  %c  -\-  d  y. 

In  order  to  bring  these  rules  into  a  form  convenient  for  prac¬ 
tical  use,  let  it  be  proposed  to  measure  the  area  AA'G'GA  (fig. 
24.)  intercepted  between  the  extremes  of  7  ordinates. 

1st.  Suppose  the  right  lines  AB,  BC,  CD,  &c.  to  be  assumed, 
instead  of  the  curve  lines  AB,  BC,  CD,  &c.  as  terminations  of 
the  space  to  be  measured:  then  the  area  AA'G'GA  will  be 
equal  to  the  sum  of  six  trapeziums ;  AA'B'B,  BB'C'C,  CC'D'D 
and  so  on. 

The  area  of  the  trapezium  AA'B'B  =  tf  -(-  b  x  by  the 
rule  opposite  2  ordinates :  by  the  same  rule,  the  area  of  the 
trapezium  BB'C'C  ==  b  -|-  c  x  h.  •  the  area  of  the  trapezium 

CC'D'D  =  c  +  d  x  r- ,  and  so  on.  By  adding  these  six  sepa¬ 
rate  areas,  the  sum  will  be  the  area  of  the  space  AA'G'GA 

=  a  +  2&-f-2c-}"2^+2*  +  2/ +  £■*“•  The  law  of  con¬ 
tinuation  for  a  greater  number  of  ordinates  is  obvious.  This 
rule  is  precisely  the  same  with  that  which  is  given  by  M. 
Bouguer,  in  his  work  entitled  “  Traite  du  Navire”*  under 
a  form  somewhat  different :  his  rule  is  this  ;  from  the  sum  of 
all  the  ordinates  subtract  \  of  the  sum  of  the  first  and  last ;  the 
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result  multiplied  into  the  common  distance  between  the  ordi¬ 
nates  will  be  the  exact  area  of  the  figure,  considered  as  con¬ 
sisting  of  trapezia,  and  an  approximate  value  of  the  curvilinear 
area  in  which  the  said  trapezia  are  inscribed.  This  rule  he  pro¬ 
fesses  not  to  be  a  very  correct  approximation,  but  such  as  may 
be  deemed  sufficient  for  most  practical  mensurations.  It  must 
be  acknowledged,  that  in  mensurations  independent  of  others, 
the  errors  arising  from  this  rule  are  often  not  considerable, 
(in  many  cases  they  are  very  small;)  but,  considering  that  in 
naval  mensurations,  areas  obtained  by  approximation  are  ne¬ 
cessarily  the  data  from  which  other  results  are  to  be  inferred, 
also  by  approximation,  a  doubt  may  arise  whether  the  errors 
thus  accumulated  may  not,  in  some  cases,  become  too  great ; 
at  least  it  may  not  be  improper  to  be  provided  with  rules  which 
may  be  relied  on,  as  approximating  more  nearly  to  the  true 
measures  of  areas. 

Let  the  same  area  be  measured  by  the  rule  opposite  3  ordi¬ 
nates,  according  to  which  it  is  supposed  that  the  curve  line 
ABC  coincides  with  the  arc  of  the  conic  parabola.  By  this 

rule,  the  area  AA/C/CA=  a  +  4  b  c  x  also  the  area 

CC'E'EC  =  and  the  area  EE'G'GE 

=  e  +  4  f+g*  ■j :  adding  these  three  areas  together,  the 

sum  is  the  area  AA'G'GA  =  a  ^  b 2  c -{■  4,  cl 2  e 4 f-\-g 

r 

X 

3 

This  rule  is  the  same  with  that  which  Mr.  Simpson  has  de¬ 
monstrated  in  his  Essays,  page  109,  from  the  properties  of  the 
conic  parabola,  perhaps  not  noticing  that  it  was  to  be  found  in 
Mr.  Stirling’s  table  of  areas. 
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Mr.  Chapman,  an  eminent  author  on  the  subject  of  naval 
architecture,*  applies  this  theorem  to  naval  mensurations,  as  a 
substitute,  and  certainly  an  useful  one,  to  the  less  perfect  rules 
which  are  employed  for  this  purpose,  in  the  works  of  M.  Bou- 
guer  and  other  authors.  The  example  by  which  Mr.  Chapman 
illustrates  the  use  of  this  rule  is  the  same  with  that  which  is 
given  in  Mr.  Simpson's  Essays. 

This  approximation  to  the  measures  of  areas  being  applicable 

*  The  following  observation  on  this  theorem  is  inserted  in  the  Report  from  the 
Committee  of  the  French  Royal  Marine  Academy,  who  were  appointed  to  examine 
the  translation  of  Mr.  Chapman’s  Treatise  on  Naval  Architecture,  by  M.  Vial 
de  Clairbois  ;  this  report  is  prefixed  to  the  French  edition  of  Mr.  Chapman’s 
work. 

“  Ce  celebre  constructeur  commence  par  donner  une  nouvelle  methode  de  calcul  de 
"  deplacement,  qui  sans  etre  beaucoup  plus  longue  que  celle  que  l’on  emploie  com- 
**  munement,  donne  un  resultat  infiniment  plus  exact.  On  considere  ordinairement 
<c  les  parties  curvilignes  des  plans  de  flottaisons,  ou  de  gabarits,  entre  les  extremites 
“  des  ordonnees,  comme  des  droites;  M.  Chapman  les  regarde  comme  des  parties 
“  paraboliques ;  et,  de  la  nature  de  cette  section  conique,  et  du  trapeze,  il  tire  une 

expression  sur  laquelle  il  fonde  un  calcul  assez  simple,”  &c. 

A  comparison  of  the  results  derived  from  this  rule,  and  from  that  which  is  em¬ 
ployed  by  M.  Bouguer,  does  not  seem  to  confirm  the  opinion  of  the  very  superior 
exactness  which  the  committee  here  attribute  to  the  former  rule :  that  it  is  more  exact 
there  is  no  doubt,  especially  when  the  curvature  is  at  all  irregular  in  respect  to  its  varia¬ 
tion,  and  the  results  inferred  are  data  on  which  other  computations  are  to  be  founded ; 
but,  in  many  of  the  cases  which  occur  in  practical  mensurations,  the  latter  rule  ap¬ 
proximates  to  the  required  results  sufficiently  near  the  truth,  as  will  appear  by  the 
instances  in  the  subsequent  pages.  The  expression  “  une  nouvelle  methode”  can¬ 
not  be  understood  to  mean  a  rule  of  computation  newly  invented,  but  one  which 
Mr.  Chapman  has  first  applied  to  naval  mensurations.  In  this  sense,  the  theorem 
inserted  in  the  265th  and  268th  pages  of  these  papers  would  be  entitled  to  the  appel¬ 
lation  of  a  new  method but  it  has  already  been  shewn,  that  the  three  rules  here 
described,  and  employed  in  the  computations  which  follow,  are  only  particular  cases 
©f  the  general  method  demonstrated  in  the  works  of  Sir  I.  Newton,  Stirling,  « 
Sjmpson,  and  other  authors. 
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only  when  the  number  of  given  equidistant  ordinates  is  odd, 
to  obtain  the  area  when  the  number  of  ordinates  is  even,  an¬ 
other  rule,  to  be  employed  either  singly,  or  in  conjunction  with 
the  former,  may  be  selected  from  Mr.  Stirling’s  table  of  areas. 
It  is  that  which  stands  opposite  4  ordinates. 

Let  it  be  proposed  to  measure  the  area  AA'G'GA.  Accord- 

ing  to  this  rule,  the  area  A  A7  D'DA  =  a  +  3^  +  3^  +  ^x-g* 

also  the  area  DD'G'GA  =  d  -f-  $e  +  3/  -f-  g  *  ^ 
these  two  areas  being  added  together,  the  sum  will  be  the  area 

AA'G'GA  =  a  +  36+3C  +  2^  +  3e  +  3i  +  ^  x 
When  the  number  of  given  equidistant  ordinates  is  small,  these 
theorems  will  be  most  conveniently  used  in  the  forms  here  given; 
but,  when  the  ordinates  are  numerous,  the  trouble  of  arithme¬ 
tical  computation  will  be  considerably  abridged,  by  employing 
them  according  to  the  general  rules  inserted  underneath. 

These  theorems  for  approximating  to  the  values  of  areas,  may 
be  applied,  with  advantage,  to  the  integration  of  fluxional  quan¬ 
tities,  the  fluents  of  which  cannot  be  obtained  by  direct  methods; 
or,  if  obtained,  requiring  very  long  and  troublesome  calculations.* 
Suppose  z  to  represent  the  abscissa  of  a  curve,  on  which  the  or- 

»  On  this  principle,  the  rules  of  approximation  here  given  are  applicable  to  deter¬ 
mine  the  positions  of  the  centres  of  gravity,  both  of  areas  and  solid  space*.  If  y  is  put 
to  represent  the  ordinate  erected  perpendicular  to  an  abscissa,  at  the  distance  z  from  the 
initial  point  thereof,  the  fluent  of  yzz  (fig.  24.)  will  be  the  sum  of  the  products  ari¬ 
sing  from  multiplying  each  ordinate  into  the  small  increment  z,  and  also  into  the  dis¬ 
tance  z  from  the  initial  point.  And,  since  the  area  intercepted  between  the  ordinates 
A  A' and  y  is  the  fluent  of  yz,  it  follows,  that  the  distance  of  the  centre  of  gravity 
of  this  curvilinear  space  from  the  ordinate  AA',  measured  on  the  abscissa  AT',  is 

—  ffunt  yZ--^  The  approximate  values  of  these  fluents  are  obtained  from  the  Rules  1.  1 1. 
fluentyz 
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dinates  (expressed  by  Z,  a  general  term  or  function  of  z),  a,  b ,  c, 
d ,  are  erected  at  right  angles,  and  at  intervals  each  of  which 

is  =  r,  so  that  when  z  =  o,Z  =  a:  when  z  =  r,  Z  =  b:  when 
z  =  2  r,  Z  =  c,  and  so  on.  If  innumerable  ordinates  or  values 
of  Z  be  supposed  drawn  between  each  of  those  which  are  given, 
at  the  common  very  small  interval  z,  the  sum  of  the  products 
arising  from  multiplying  each  of  the  ordinates  into  the  incre¬ 
ment  z,  that  is,  the  fluent  of  Zz,  will  be  found,  by  approxima¬ 
tion,  according  to  the  three  following  rules ;  which  may  be  not 
improperly  termed,  rules  for  approximating  to  the  integral  va¬ 
lues  of  fluxional  quantities^  According  to 

rule  i. 

Fluent  ofZ£  =  P  —  -j  x  r; 
in  which  expression, 

P  =  the  sum  of  all  the  ordinates  a  -f  b  c  -j-  d,  &c. 

S  =  the  sum  of  the  first  and  last  ordinate. 

r  =  the  common  distance  between  the  ordinates. 

RULE  II. 

Fluent  ofZ£  =  S-]-4P-(-2Q  x~; 
in  which  expression, 

S  =  the  sum  of  the  first  and  last  ordinate. 

P  =  the  sum  of  the  2d,  4th,  6th,  8th,  &c.  ordinate. 

Q  =  the  sum  of  the  3d,  5th,  7th,  9th,  &c.  ordinate,  (the  last 
excepted. ) 

r  =  the  common  distance  between  the  ordinates. 


and  in.  j  and  the  positions  of  the  centres  of  gravity  are  thus  determined  according  to 
the  methods  of  computation  employed  in  the  subsequent  pages.  The  position  of  the 
centre  of  gravity  in  solid  bodies,  is  determined  by  a  similar  application  of  these  rules. 
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RULE  III. 

Fluent  ofZij==S  +  2P  +  3Q  x  y ; 
in  which  expression, 

S  =  the  sum  of  the  first  and  last  ordinate. 

P  =  the  sum  of  the  4th,  7th,  10th,  13th,  &c.  ordinate,  (the  last 
excepted. ) 

Q  =  the  sum  of  the  2d,  3d,  5th,  6th,  8th,  9th,  &c.  ordinate. 

r  =  the  common  distance  between  the  ordinates. 

It  is  to  be  observed,  that  the  first  of  these  rules  approximates 
to  the  fluent,  whatever  be  the  number  of  given  ordinates.  The 
second  rule  only  requires  that  the  number  of  ordinates  shall  be 
odd.  To  apply  the  third  rule,  it  is  necessary  that  the  number 
of  ordinates  given  shall  be  some  number  in  the  progression  4, 
7,  10, 13,  &c.  that  is,  the  number  of  ordinates  must  be  a  mul¬ 
tiple  of  3  increased  by  unity.  But,  in  every  case,  the  approxi¬ 
mate  fluent  may  be  obtained,  either  from  the  Rule  11.  or  the 
Rule  hi.  or  by  employing  both  rules  conjointly. 

Before  these  theorems  are  applied  to  practical  mensurations 
in  naval  architecture,  it  may  be  satisfactory  to  examine,  by  a 
few  trials,  to  what  degree  of  exactness  they  approximate  to  the 
correct  values  of  curvilinear  spaces.  This  will  be  known,  if  the 
area  of  some  curve,  which  is  exactly  quadrable  by  other  geome¬ 
trical  rules,  be  measured  by  them.  Such  as  a  parabolic  figure  of 
which  the  equation  is  y8  =  p7  x,  x  being  the  abscissa  coincident 
with  the  axis,  and  y  the  corresponding  ordinate  perpendicular 
to  it. 

The  semi-area  of  this  parabola  (fig.  25,  26.)  is  known  to 

be- a: y  x  — ;  and  the  curve  is  termed  a  parabola  of  8  dimen¬ 
sions. 
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OD  is  an  abscissa,  being  a  portion  of  the  axis  of  this  curve, 
and  the  parameter  is  assumed  =  OD.  If,  therefore,  an  ordi¬ 
nate  BD,  or  DA,  is  drawn  through  the  point  D  perpendicu¬ 
lar  to  DO;  the  lines  DB,  DO,  and  DA,  will  all  be  equal. 
Let  BD  be  divided  into  10  equal  parts,  *  considered  in  this  in¬ 
stance  as  an  abscissa,  on  which,  at  the  points  of  division,  the 
several  ordinates  are  erected  perpendicular  to  BD,  denoted  in 
the  figure  by  the  letters  a ,  b ,  c,  d ,  &c.  If  BA  is  assumed  =100 
equal  parts,  DB,  DO,  and  DA,  are  each  =  50,  and  the  common 
interval  between  the  ordinates  =  5;  the  numerical  values  of 
the  successive  ordinates  a ,  b,  c,  &c.  are  expressed  in  the  an¬ 
nexed  table. 

According  to  the  Rule  1.  making 
the  sum  of  all  the  ordinates,  or  P 
=  466'.  1341,  the  sum  of  the  first  and 
last  ordinate,  or  S  =  50  :  r  =  5  =  the 
common  distance  of  the  ordinates. 

The  area  BDO  =  P  —  —  x  r 

2 

=  2205.670 

,  5ox?ox8 

correct  area  =  - — -  =  2222.222 

9  ' _ 

Difference  -f  or  error  of 

the  approximation  =  16.552 

*  Any  line  being  assumed  in  a  curve  as  an  abscissa,  lines  drawn  parallel  to  each 
other,  and  intercepted  between  the  abscissa  and  the  curve,  are  termed  ordinates.  To 
exemplify  these  rules  for  approximating  to  the  areas  of  curvilinear  spaces,  it  was  ne¬ 
cessary  to  consider  the  ordinates  as  being  drawn  in  some  cases  parallel,  and  in  others 
perpendicular,  to  the  axis. 

f  It  must  not  be  concluded,  from  this  instance,  that  the  errors  in  measuring  cur¬ 
vilinear  areas  by  the  Rule  i.  will  be  usually  so  great  as  16  parts  in  2222.  In  applying 
the  Rule  1.  to  this  parabolic  space,  the  quick  variation  of  curvature  in  some  parts  of 
the  curve,  causes  the  space  so  measured  to  deviate  more  from  the  truth  than  would 
happen  in  ordinary  cases,  such  as  commonly  occur  in  practical  subjects.  If,  instead  of. 


a 

=  50.0000 

b 

=  50.0000 

c 

=  4 9-9999 

d 

=  499967 

e 

=  49-96  72 
=  49-8o47 

f 

g 

=  49.1602 

h 

=  47.1175 

i 

=  41.6113 

k 

=  28.4766 

l 

=  0.0000 

bum  01  all  the 

ordinates 

=  466.1341 
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If  the  same  area  is  measured  by  the  Rule  n.  the  process  will 
be  as  underneath : 

Sum  of  all  the  ordinates  -  =  466.1341 

Sum  of  the  first  and  last,  or  S  =  50.0000 
Sum  of  the  2d,  4th,  6th,  &c.  or  P  =  225.3955 

S  +  P  =  275.3955  275-3955 

Sum  of  the  3d,  5th,  7th,  &c.  (except  the  last)  or  Q=  190.7386 
andrbeing  =  5,  the  area  BDO  =  S4-4P  +  2O  x-y-  =  2221.  765 

Correct  area  -  =  2222.222 

Difference  or  error  of  the  approximation  =  .457 

Let  the  same  area  be  measured  by  the  Rule  in.  the  area 

DOKI,  between  the  two  ordinates  a  and  b ,  being  =  5  x  50 

=  250,  the  remaining  area,  from  the  ordinate  b  to  the  ordinate 
l  =  o,  will  be  obtained  from  the  following  computation  : 

The  sum  of  all  the  ordinates  =  416.1341 
Sum  of  the  first  and  last,  reckoning 

b  the  first,  and  the  last  /  =  o  or  S  =  50.0000 
Sum  of  the  4th,  7th,  10th,  &c.  [b  being 

the  1st.)  or  P  -  -  =  97.0847  147.0847 

Sum  of  the  2d,  3d,  5th,  6th,  &c.  from  b,  or  Q  =  269.0494 

the  total  area  —  DBO,  (fig.  25.)  a  portion  of  it,  which  is  contained  between  the  ordi¬ 
nates  a  and  g ,  should  be  measured,  the  area,  computed  from  either  of  the  three  rules, 
would  deviate  very  little  from  the  truth,  as  appears  from  the  following  results. 

Areas  contained  between  the  ordinates  a  and  g. 


computed  by 

Rule  1. 

Rule  11. 

Rule  hi. 

Areas 

1496.74 

i497->7 

i497-x3 

Correct  area 
Difference  or  error  of 
approximation . 

1497. 20 

1497.20 

1497.20 

.46 

•°3 

.07 

If  the  rule  in  the  table  of  areas  opposite  7  ordinates  should  be  applied  to  measure 
the  area  between  the  ordinates  a  andg-,  (fig.  *5.)  the  result  would  be  geometrically 
correct. 
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And,  since  r  =  5,  the  area  between  the  ordinates 

b  and  /  =S-f2P-f3Qxj  -  =  1971.220 

Area  IKOD  between  the  ordinates  a  and  b  =  250.000 

area  BDO  =  2221.220 

Correct  area  BDO  -  -  =2222.222 

Difference  or  error  of  the  approximation  =  1.002 

In  applying  these  rules,  it  is  necessary  to  observe,  that  if 
the  ordinates  are  drawn  perpendicular  to  the  axis  of  the  curve, 
whenever  the  area  to  be  measured,  or  any  part  of  it,  is  adjacent 
to  the  vertex  O,  the  area  found  by  these  rules  will  be  the  least 
exact :  in  such  cases,  it  will  be  requisite  to  assume  an  abscissa 
near  the  vertex  O,  perpendicular  to  the  axis  :  by  erecting  equi¬ 
distant  ordinates  upon  it,  parallel  to  the  axis,  the  area  will  be 
found,  with  the  same  exactness  as  in  the  other  cases,  which  will 
appear  by  the  following  computations. 

DOA  (fig.  2 6.)  is  a  semiparabola,  similar  and  equal  to  DOB. 

Let  the  line  DO  =  50  be  divided  into  10  equal  parts,  each 
=  5 ;  and,  through  the  points  of  division,  let  the  succes¬ 
sive  ordinates  6,  c ,  d ,  &c.  be  drawn  perpendicular  to  DO: 
according  to  the  preceding  observations,  if  the  entire  area  DOA 
should  be  computed  by  either  of  the  three  rules,  the  result 
would  be  less  exact  than  in  the  former  cases.  To  obtain  an 
approximate  value  of  the  area,  sufficiently  near  the  truth,  a  por¬ 
tion  of  the  area  adjacent  to  the  vertex  O,  suppose  XEO,  is  to 
be  separately  computed.  If  OX  be  =  10,  the  line  XE  will 
=  40.8890,  which  being  divided  into  six  equal  parts,  each  of 
them  will  =  6.815 :  let  the  ordinates  p ,  q}  s ,  t ,  &c.  be  erected  at 
the  points  of  division,  perpendicular  to  XE  : 

N  n 
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p 

=  10.0000 

q 

=  10.0000 

s 

=  9-9985 

t 

=  9.9805 

u 

=  7-675° 

V 

=  9.6100 

w 

=  0.0000 

_ _ 

=  57.2640 

From  these  ordinates,  the  area  OXE 
is  found  by  the  Rule  n.  to  be 
159  8390  x  =  363.101. 


For  obtaining  the  area  DAXE,  the  ordinates  a ,  b ,  ct  d ,  &c. 
erected  on  the  abscissa  DX,  are  as  expressed  underneath : 


a 

= 

50.000 

b 

49.346 

c 

— — 

48.624 

d 

1  ■  i  ■■  ■ 

47.820 

e 

— 

46.907 

f 

— 

45851 

g 

44*59° 

h 

— — 

43Q14 

i 

— 

40.889 

Sum  of  all  the 

ordinates 

— 

417'°41 

k 

— 

37-495 

l 

0.000 

The  area  DAXE,  between  the  ordi¬ 
nates  a  and  i,  is  found  by  the  Rule  11. 
to  be  -  =  1858.760 

The  area  between  the  or¬ 
dinate  i  and  l,  before  found  =  363. 10 1 

*  Entire  area  DO  A  =2221.861 

Correct  area  -  =2222.222 

Difference  or  error  of  the 
approximation  -  =  .361 


*  If  the  area  between  the  ordinate  a  and  i  had  been  computed  by  the  Rule  i.  the 
result  would  have  been  nearly  the  same. 

Area  between  the  ordinates  a  and  i,  by  Rule  i,  is  -  1857.98 
Area  between  the  ordinates  i  and  l,  before  found,  is  363.10 

Entire  area  DOA  -  -  —2221.08 

Correct  area  -  -  -  —  2222.22 


Difference  or  error  of  the  approximation 
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If  the  total  area  DOA  (fig.  26.)  should  be  measured  by  one 
computation,  suppose  from  Rule  ir.  the 
Area  would  be  found  -  -  =2176.875 

Correct  area  -  -  -  =  2222.222 

Difference  or  error  of  the  approximation  -  =  45.347 

If  this  area  should  be  computed  according  to 
the  Rule  1.  the  error  of  the  approximation  will  be 
found  -----=  74.54 

It  is  easily  shewn,  that  these  errors,  which  are  far  from  in¬ 
considerable,  arise  almost  wholly  from  the  mensuration  of  the 
area  OXE,  (fig.  26.)  adjacent  to  the  vertex  O.  For,  by  measur¬ 
ing  that  area,  according  to  the  Rule  11.  from  three  ordinates 
/  =  o,  k  =  37.495,  i  =  40.889,  the  area  is  found  to  be  3 18. 1 15 
Whereas  the  correct  area  OXE  =  iox  40.889  x  J-  =  3^3-457 

Difference  or  error  from  computing  the  area  OXE 
by  Rule  11.  -  -  -  -  =  45.342 

Scarcely  differing  from  =  45.347 

which  was  found  to  be  the  error  from  computing  the  entire 
area  DOA  by  this  rule. 

If  the  area  between  the  ordinates  a  and  k  be  measured  by 
the  Rule  111.  it  is  found  to  be  -  -  =  2055.390 

Area  between  the  ordinate  k  and  /,  by  the  proper¬ 
ties  of  the  figure,  is  =  37.4 95  x  5  x  -§-  -  =  166.640 

Entire  area  DOA  -  =  2222.030 

Correct  area  -  -  =  2222.222 

Difference  or  error  of  this  approximation  =  .192 

From  these  computations  it  is  evident,  that  the  rules  here 
given,  when  employed  with  attention  to  the  necessary  limita- 
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tions  and  restrictions,  will  approximate  to  the  measures  of 
areas,  to  a  degree  of  exactness  fully  sufficient  for  naval  men¬ 
surations  ;  and  further,  will  be  useful  in  determining  by  ap¬ 
proximation  the  integral  values  of  fluxional  quantities  in  ge¬ 
neral,  especially  those  which  occur  in  the  investigation  of 
practical  subjects. 


CASE  XII. 

Still  supposing  the  vertical  sections  of  a  vessel  to  be  equal 
and  similar  figures,  let  BOA  (fig.  2  7.)  represent  one  of  these 
sections ;  the  figure  being  either  a  curve  of  the  higher  dimen¬ 
sions,  or  a  curve  not  formed  according  to  any  geometrical  law, 
of  which  the  lengths  of  the  ordinates,  and  of  any  other  lines 
given  in  position,  are  supposed  to  be  measurable,  and  given  in 
quantity :  the  angle  at  which  the  vessel  is  inclined  from  the 
upright,  and  the  other  necessary  conditions  being  known,  it  is 
required  to  find,  by  geometrical  construction,  a  line  which 
shall  approximate  nearly  to  the  measure  of  the  vessel’s  sta¬ 
bility. 

is£  Method. 

BA  represents  the  intersection  of  the  water’s  surface  when 
the  vessel  floats  upright:  bisect  BA  in  the  point  D;  and, 
through  D,  draw  the  line  NDM  inclined  to  the  line  BA  at  an 
angle  ADM,  equal  to  the  given  angle  of  the  vessel’s  inclina¬ 
tion  :  let  the  area  of  the  figure  ADM  b,  also  the  area  of  the 
figure  BDNc,  be  found  by  means  of  the  rules  which  have  been 
described  :  suppose  the  area  ADM&  to  be  greater  than  the  area 
BDNc,  and  let  E  represent  the  difference  between  them :  from 
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the  point  D,  in  the  line  DA,  set  off  a  line  *  DS  =  rr-r — • : 

1  ’  NMx sin.  ADM 

a  line  CSH,  drawn  through  the  point  S,  parallel  to  NM, 
will  cut  off  the  area  ASH/.?  A,  very  nearly  equal  to  the  area 
BSCcB;  (fig.  27.)  consequently,  when  the  vessel  is  inclined 
to  the  given  angle,  the  water's  surface  will  intersect  the  vessel 
in  the  line  CSH.  (Tab.  XIV.  fig.  28.)  Draw  the  lines  AH,  BC. 
Let  M  and  I  be  the  centres  of  gravity  of  the  triangles  ASH,  BSC, 
respectively ;  through  M  and  I,  draw  M  /,  \k,  perpendicular  to 
CH  ;  through  hyf  the  centre  of  gravity  of  the  area  A/jH,  draw 
h  U  perpendicular  to  SH;  and,  through  c ,  the  centre  of  gravity  of 
the  area  BcC,  draw  cR  perpendicular  to  CH  :  in  the  line  l  U, 
take  l  L  to  LU  as  the  area  AH/>  is  to  the  area  ASH/j  ;  and,  in  the 
line  £R,  take  £K  to  £R  as  the  area  BcC  is  to  the  area  BSCc. 
Let  G  be  the  centre  of  gravity  of  the  vessel ;  and  let  E  be  the 
centre  of  gravity  of  the  displaced  volume  when  the  vessel  floats 


*  Let  the  area  ASH&  be  supposed  equal  to  the  area  BSCc,  (fig.  27.)  and  make  either 
of  them  rr  A.  Let  the  space  DMHS  be  denoted  by  M,  and  the  space  NDSC  by  N  : 
then  the  area  ADM  b  will  approximate  very  nearly  to  the  quantity  A  -f  M,  and  the 
area  BDN  to  A  —  N.  The  difference  of  these  areas  will  be  M  -j-  N,  which  is  equal  to 

E 

the  area  NMHC  rr  E  —  MN  x  DY  ;  and,  consequently,  DY  —  ;  and,  because 

DY  :  DS  :  :  sin.  DSY,  or  ADM  to  radius,  it  will  follow  that  DS  —  -—7 — ? - - - 

MNxsin.  ADM 

f  In  these  small  curvilinear  spaces,  it  will  be  sufficient  to  assume  the  positions  of  the 
centres  of  gravity  by  estimation,  on  a  supposition  that  the  curve  coincides  with  the 
arc  of  a  common  parabola ;  in  which  case,  the  centre  of  gravity  is  situated  at  the  dis¬ 
tance  of  ■§•  of  the  abscissa  from  the  ordinate,  or  chord  which  joins  the  extremities  of 
the  curve.  The  position  of  the  abscissa  is  determined  by  drawing  chords  parallel  to 
the  given  chord,  and  by  drawing  a  line  through  the  points  which  bisect  the  several 
chords.  But,  when  the  curvilinear  spaces  AH&  are  extremely  small,  as  represented  in 
this  figure,  (fig.  28.)  no  sensible  difference  in  the  result  will  ensue,  whether  the  line 
hU  is  drawn  through  the  centre  of  gravity  of  this  curvilinear  space,  or  through  any 
other  point  which  is  adjacent  to  that  centre. 


cjyS  Mr.  Atwood’s  Disquisition  on 

upright.  Through  the  point  E,  draw  EV  parallel  and  equal  to 
KL :  and,  in  EV,  take  ET  to  EV  as  the  area  ASH  b  is  to  the 
area  representing  the  entire  volume  displaced :  through  G, 
draw  GU  parallel  to  CH ;  and,  through  T,  draw  TZ  perpendi¬ 
cular  to  GU,  intersecting  the  line  GU  in  the  point  Z.  GZ  is 
the  measure  of  the  vessel’s  stability. 

2  d  Method. 

Let  BOA  (fig.  29. )  be  the  given  vertical  section  of  a  vessel,  in¬ 
tersected  by  the  water’s  surface  BA  when  floating  upright.  G  is 
the  vessel’s  centre  of  gravity :  E  is  the  centre  of  gravity  of  the  vo¬ 
lume  displaced  in  the  upright  position.  Let  the  area  BOA  be  mea¬ 
sured  by  eitherof  the  three  Rules,  suppose  Rule  1.;  and  through  D, 
the  bisecting  points  of  BA,  draw  NDM  inclined  to  the  line  BA 
in  the  angle  ADM,  equal  to  the  given  inclination  of  the  vessel 
from  the  upright.  Let  the  area  NOAM  be  measured,  by  erecting 
equidistant  ordinates  on  the  line  MN.  If  the  area,  so  found,  is 
equal  to  the  area  BOA,  the  area  DBN  will  be  equal  to  the  area 
ADM.  But,  if  they  are  unequal,  let  the  difference  be  represented 
by  E,and  from  D,  toward  the  largest  of  the  areas,  suppose  ADM, 

set  offDS  =  NM  x!.Aom  ’  and>  through  S,  draw  CSH  pa- 
rallel  to  NM.  The  area  ASH b  will  approximate  to  equality 
with  the  area  BSCc ;  and,  consequently,  when  the  vessel  is  in¬ 
clined  through  the  given  angle  ASH,  it  will  be  intersected  by 
the  water’s  surface  in  the  line  CH.  On  the  line  HC,  let  the 
equidistant  ordinates  a,  b,  c,  d,  &c.  be  erected  perpendicular  to 
CH ;  and  let  the  common  interval  between  the  ordinates  be 
=  r.  Let  the  measure  of  the  area  CLFK  be  obtained,  and  let 
m  be  the  centre  of  gravity  of  this  area :  through  the  point  m, 
draw  mP  perpendicular  to  CH :  let  each  of  the  successive 
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given  ordinates  be  multiplied  into  its  perpendicular  distance 
from  the  ordinate  a.  The  terms  resulting  will  be  a  x  o,  b  x  r, 
c  x  2r,  &c. ;  let  these  terms  be  added  together,  and 

half  the  sum  of  the  first  and  last  term  being  subtracted  from 
the  amount,  let  the  result  be  denoted  by  the  letter  C ;  Cr  —  area 
CLFK  x  KP  will  be  the  sum  of  the  products  arising  from  mul¬ 
tiplying  each  evanescent  area  QX  into  its  distance  QK  from 
the  first  ordinate  a.  In  the  line  KH,  set  off  a  line  KI* 

__  Cr~  ar!a£^^xK.^.t  Through  the  point  I,  draw  IT  perpen¬ 
dicular  to  CH ;  and,  through  the  vessel’s  centre  of  gravity  G, 
draw  GZ  perpendicular  to  IT.  GZ  is  the  measure  of  the  ves¬ 
sel’s  stability,  when  it  is  inclined  from  the  upright  through  the 
angle  ASH. 

In  the  cases  which  have  preceded,  the  vertical  sections  of 
vessels,  or  segments  of  vessels,  are  assumed  as  equal  and  similar 
figures :  whereas,  in  reality,  the  form  and  magnitude  of  the 
sections  are  gradually  changed,  according  as  they  intersect  the 
longer  axis  at  a  greater  or  less  distance  from  the  head  or  stern. 
The  solutions  of  the  preceding  cases,  and  the  principles  therein 
established,  may  be  next  applied  to  investigate  the  stability  of 
vessels,  taking  into  consideration  the  form  and  magnitude  of 
each  particular  section  intersecting  the  longer  axis  at  right 
angles,  and  at  equal  distances;  taking  into  account  also,  by 
the  methods  which  have  been  described,  all  the  sections  inter¬ 
mediate  between  those  which  are  given,  that  may  be  conceived 
to  intersect  the  axis  at  a  very  small  common  interval. 


*  Since  the  Rule  i.  is  employed  in  obtaining  the  value  of  the  quantity  Cr,  accord¬ 
ing  to  this  computation,  the  area  CO  AH  ought  to  be  measured  by  the  same  rule ;  in 
which  case,  the  line  KI  will  be  determined  nearly  with  the  same  exactness  as  by  either 
of  the  Rules  n.  or  in. 
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CASE  XIII. 

The  longer  axis  of  a  vessel  is  supposed  to  be  divided  into  a 
given  number  of  equal  parts,  and  vertical  sections  to  pass 
through  the  several  points  of  division,  intersecting  the  axis  at 
right  angles  :  the  form  and  magnitude  of  each  particular  sec¬ 
tion  being  given,  with  the  common  distance  between  them, 
the  positions  of  the  centres  of  gravity  of  the  vessel,  and  of  the 
volume  displaced,  and  the  distance  of  the  water-section  from 
the  keel,  being  known,  it  is  required  to  construct  the  measure 
of  the  vessel’s  stability,  when  it  is  inclined  from  the  upright 
through  a  given  angle. 

Let  QBOAW  (Tab.  XV.  fig.  30. )  represent  any  vertical  section 
of  a  vessel ;  suppose  it  to  be  the  greatest  or  principal  section  :  BA 
is  the  breadth  of  this  section  at  the  water-line,  when  the  vessel 
floats  upright :  let  CH  represent  the  line  which  coincides  with 
the  water’s  surface,  when  the  vessel  is  inclined  from  the  up¬ 
right  through  the  given  angle  ASH.  From  the  nature  of  the 
conditions,  it  is  sufficiently  evident  that  the  point  S,  in  any  in¬ 
dividual  section,  will  not  be  determined  on  the  same  principle 
by  which  the  position  of  that  point  was  fixed  according  to 
the  former  solutions ;  that  is,  by  making  the  area  ASH  equal 
to  the  area  BSC ;  because,  the  volume  immersed,  and  that 
which  is  caused  to  emerge  in  consequence  of  the  vessel’s  in¬ 
clination,  will  not  now  be  proportional  to  these  areas,  as 
they*  are  on  a  supposition  that  the  vertical  sections  are  similar 
and  equal  figures.  But,  in  the  present  case,  the  vertical  sections 
being  different,  both  in  form  and  magnitude,  the  water’s  sur- 


*  See  page  210. 
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face,  intersecting  the  vessel  in  a  plane  passing  through  the  line 
CH,  when  the  vessel  is  inclined,  will  so  divide  the  areas  of  the 
several  sections,  that  although  the  area  ASHZ>  may  ot  be  equal 
to  the  area  BSC  c ,  in  any  of  the  vertical  sections,  yet  the  volume 
immersed,  corresponding  to,  and  included  between,  the  areas  of 
the  figures  ASH/j,  taken  from  the  head  to  the  stern  of  the  ship 
shall  be  equal  to  the  emerged  volume  which  is  included  between 
the  areas  BSC*:,  in  the  several  sections.  Suppose  the  breadth 
of  any  section  at  the  water-line*  to  be  denoted  by  BA,  and  to 
be  bisected  in  the  point  D.  A  vertical  plane  passing  through 
the  vessel's  longer  axis  and  the  centre  of  gravity  G,*f  and  divi¬ 
ding  the  ship  into  two  parts  perfectly  similar  and  equal,  will 
pass  through  the  points  D,  in  all  the  sections :  this  plane  may 
be  termed  the  plane  of  the  masts.  It  is  easily  shewn,  that  at 
whatever  distance  DS,  from  the  middle  point  D,  the  plane  of 
the  water's  surface,  passing  through  the  lines  CH,  intersects 
the  line  DA  in  any  one  section,  when  the  vessel  is  inclined 
through  the  angle  ASH,  it  will  intersect  the  line  DA  at  the 
same  distance  from  the  middle  point  D  in  all  the  other  sec¬ 
tions  ;  that  is,  the  distance  DS  will  be  the  same  in  all  the 
sections :  for,  by  the  supposition,  the  vessel  is  inclined  round 
the  longer  axis,  and  consequently,  the  intersection  of  the  two 
planes,  passing  through  the  lines  BA  and  CH,  will  be  parallel 

/-  •  /**-•!'  i  •  ■-  'V  •  i  ‘  ^  i  '  ‘  .  j- 

*  The  same  letters  which  are  used  to  denote  the  several  lines,  in  this  vertical  section, 
must  be  understood  to  represent  the  lines  similarly  drawn  in  each  of  the  other  sections. 
In  the  present  instance,  BA  does  not  represent  the  breadth  at  the  water’s  surface,  of  the 
principal,  or  any  other  individual  vertical  section,  but  represents  generally  that  breadth, 
in  any  of  the  sections  that  may  be  referred  to. 

f  Represented  by  the.  point  G  projected  on  the  plane  BOA.  The  centre  of  gravity 
E  is,  in  like  manner,  here  represented  by  projection  on  the  same  plane. 
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to  the  longer  axis,  and  therefore  parallel*  to  a  line  drawn 
through  all  the  points  D,  from  one  extremity  of  the  vessel  to 
the  other ;  the  several  lines  DS  are  the  perpendicular  distances 
of  these  parallel  lines,  and  are  consequently  all  equal.  In  the 
next  place,  it  is  requisite  to  determine  the  magnitude  of  the 
line  DS,  according  to  the  given  conditions:  whatever  be  the  po¬ 
sition  of  the  points  S,  if  lines  CH  are  drawn  through  S,  in  each 
of  the  sections,  inclined  at  an  angle  to  the  line  BA,  equal  to 
the  given  angle  of  the  vessel’s  inclination,  the  same  plane  will 
pass  through  all  the  lines  CH.  It  is  required  to  ascertain  at 
what  distance  DS,  from  the  points  D,  the  plane  CH,  coinciding 
with  the  water’s  surface  when  the  vessel  is  inclined,  must  pass, 
so  as  to  cut  off  a  volume  on  the  side  ASH/?,  being  the  volume 
immersed,  which  shall  be  equal  to  the  volume  in  the  side 
BSCc,  which  has  emerged  from  the  water,  in  consequence  of 
the  vessel’s  inclination. 

In  each  section,  through  the  middle  point  D,  draw  a  line 
NDW,  inclined  to  BA  at  an  angle  ADW,  equal  to  the  given 
angle  of  the  vessel’s  inclination ;  the  same  plane  will  pass 
through  the  lines  NDW,  in  all  the  sections.  By  the  methods 
which  have  been  described,  let  the  area  of  the  figure  ADW b 
be  measured  in  each  section ;  from  these  equidistant  areas,  the 
solid  contents  of  the  volume  between  the  two  planes  DAf  and 
DW,  and  the  side  of  the  vessel  intercepted,  may  be  inferred  by 

*  The  points  D  being  coincident  with  the  water’s  surface,  a  line  passing  through 
them  must  be  horizontal ;  and  being,  by  the  supposition,  situated  in  the  same  plane 
with  the  longer  axis,  must  therefore  be  parallel  to  it. 

f  Since  the  same  plane  passes  through  the  lines  DA,  drawn  coincident  with  the 
water’s  surface  in  all  the  sections,  this  plane  may  be  supposed  projected  into  the  line 
£)A  on  the  plane  DOA.  For  similar  reasons,  the  line  DW  represents  the  plane  which 
passes  through  all  the  lines  DW  in  all  the  sections. 
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computing  according  to  the  Rules  ir.  and  hi.;  suppose  this 
volume  to  be  denoted  by  the  letter  P,  and  the  volume  contained 
between  the  planes  DB,  DN,  and  the  side  of  the  vessel,  found 
by  similar  operations,  to  be  denoted  by  the  letter  Q.  Let  the 
area*  of  the  section  of  the  vessel  passing  through  the  lines 
NDW  be  measured,  from  having  given  the  lines  NW  in  all 
the  sections  from  the  head  to  the  stern,  and  let  this  area  be 
put  =  R.  If  the  volumes  P  and  Q  should  be  unequal,  P  being 
the  greatest,  in  the  line  DA,  set  off,  in  each  section,  a  line  DS 

=  - — If  a  plane  CSH  be  drawn  passing  through  all 

the  points  S,  and  inclined  to  the  plane  BA  at  the  given  angle  of 
the  vessel’s  inclination,  the  solid  contents  of  the  volume  between 
the  planes  SA,  SH,  and  the  intercepted  side  of  the  vessel,  will 
approximate  to  equality  with  the  volume  contained  between  the 
planes  SB,  SC,  and  the  intercepted  side  of  the  vessel.  Since, 
therefore,  the  water’s  surface  coincides  with  the  plane  BA  when 
the  vessel  is  upright,  when  it  is  inclined  round  the  longer  axis, 
through  the  given  angle  ASH,  the  water's  surface  will  inter¬ 
sect  the  vessel  in  the  direction  of  a  plane  passing  through  the 
lines  CH,  in  all  the  sections. 

Let  the  solid  contents  of  the  volume  immersed,  or  emerged, 
by  the  inclination,  be  denoted  by  the  letter  A. 

In  the  section  QBOAW,  let  M  be  the  centre  of  gravity 
of  the  triangle  ASH,  and  let  h  be  the  centre  of  gravity  of  the 
curvilinear  area  AH/j;  also,  let  I  be  the  centre  of  gravity  of 
the  triangle  BSC,  and  let  c  be  the  centre  of  gravity  of  the 
curvilinear  area  BCc*;  through  these  points,  draw  the  lines 

•  That  is,  the  area  of  the  section  coinciding  with  the  water’s  surface,  when  the  ves¬ 
sel  is  inclined  to  the  given  angle. 
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Ml,  bU,  \k,  cR,  perpendicular  to  CH;  and,  in  the  line  /U, 
take  a  line  /L,  which  is  to  /U  as  the  curvilinear  area  AH h  is 
to  the  area  ASHZ>.  Through  the  points  S,  in  all  the  sections, 
let  a  line  F f  be  drawn  perpendicular  to  SH  ;  the  same  plane 
will  pass  through  all  these  lines.  LS  will  be  the  distance  of  the 
centre  of  gravity  of  the  area  ASHZ>  from  the  plane  F  f.  The 
products  arising  from  multiplying  each  area  ASHZ>  into  the 
distance  SL,  of  its  centre  of  gravity,  from  the  plane  F/,  are  to  be 
calculated  in  all  the  sections ;  from  which  products,  by  means 
of  the  Rules  *  i.  n.  and  hi.  the  sum  of  the  products  arising  from 
multiplying  each  evanescent  solid,  of  which  the  base  is  the 
area  ASH  b,  and  the  thickness  a  small  increment  of  the  axis, 
into  the  distance  SL  of  its  centre  of  gravity  from  the  plane 
F f,  will  be  obtained.  The  sum  of  these  products,  divided  by 
the  solid  contents  of  the  volume  immersed  A,  will  be  the 
distance  of  the  centre  of  gravity  of  that  volume  from  the  ver¬ 
tical  plane  F /.  Suppose  this  distance  to  be  equal  to  the  line  * 
SQ:  let  thed  istance  PS,  of  the  centre  of  gravity  of  the  vo¬ 
lume  emerged,  or  BSCc,  from  the  plane  F/,  be  found  from 
similar  computations ;  the  line  P Q  will  be  the  distance  of  the 
centres  of  gravity  of  the  volumes  ASHZ>,  BSCc,  estimated 
in  the  direction  of  the  line  CH,  perpendicular  to  the  plane 

F/ 

The  solid  contents  of  the  entire  volume  displaced  by  the  ship,, 
are  to  be  obtained  from  the  areas,  either  of  the  vertical  or  hori¬ 
zontal  sections. 

*  Whenever  the  Rules  x.  n.  and  in.  are  referred  to.  It  is  meant  that  the  compu¬ 
tation  is  to  be  made  from  one  or  more  of  these  rules,  according  to  the  number  of  or¬ 
dinates  given,  or  as  other  circumstances  may  direct, 

|  See  Appendix, 
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The  ordinates  drawn  in  the  several  sections  being  set  down 
in  regular  order,  the  area  of  any  horizontal  section  is  to  be 
found  from  the  corresponding  series  of  ordinates,  by  means  of 
the  Rules  11.  and  in.  and,  by  the  same  rules,  from  the  areas  of 
the  horizontal  sections  so  determined,  the  solid  contents  of  the 
total  volume  immersed  are  to  be  inferred ;  some  allowance  be- 
ing  made  for  the  irregular  parts  of  the  volume  adjacent  to  the 
head  and  stern,  if  attention  to  these  additional  volumes  should 
be  thought  necessary.  That  part  of  the  volume  which  is  con¬ 
tained  between  the  keel  and  the  nearest  horizontal  area,  is  ob¬ 
tained  by  first  finding  the  area  of  each  vertical  section  between 
the  keel  and  nearest  ordinate :  from  these  areas,  by  means  of 
the  Rules  11.  and  in.  the  solid  contents  of  the  volume  between 
the  keel  and  nearest  horizontal  section  will  be  measured,  and  is 
to  be  added  to  the  volume  before  found,  which  is  contained  be¬ 
tween  the  two  extreme  horizontal  sections. 

Let  the  solid  contents  of  the  displaced  volume  be  denoted 
by  V. 

From  the  areas  of  the  horizontal  sections,  and  the  common  in¬ 
terval  between  them,  the  distance  DE,  of  the  centre  of  gravity  of 
the  volume  immersed,  from  the  water-section,  is  to  be  obtained 
by  means  of  the  Rules  it.  and  hi.;  by  finding  the  sum  of  the  ' 
products  arising  from  multiplying  each  evanescent  solid,  of 
which  the  base  is  any  horizontal  section,  and  the  thickness  a 
small  increment  of  the  vertical  axis,  into  that  small  increment, 
also  into  its  distance  from  the  water-section  :  the  sum  of  these 
products,  being  divided  by  the  solid  contents  of  the  volume  dis¬ 
placed,  will  be  the  distance  DE,  of  the  water-section,  from  the 
centre  of  gravity  of  that  volume. 

The  position  of  the  vessel’s  centre  of  gravity  G,  depends. 
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partly  on  the  construction  and  equipment  of  the  vessel,  and 
partly  upon  the  distribution  of  the  lading  and  ballast,  which 
circumstances  therefore  determine  the  distance  GE,  or  the  dis¬ 
tance  between  the  centre  of  gravity  of  the  vessel,  and  that  of  the 
displaced  volume. 

These  several  conditions  having  been  determined,  the  con¬ 
struction  of  the  vessel’s  stability  will  be  as  in  the  former  cases. 
Through  the  point  E,  draw  the  line  EV  parallel  and  equal  to 
the  line  PQ ;  and,  in  EV,  take  ET  to  EV  as  the  volume  im¬ 
mersed  by  the  inclination  is  to  the  entire  volume  displaced  ;  01 
as  A  to  V.  Through  the  centre  of  gravity  G,  draw  GU  parallel 
to  CH,  and  through  the  point  T  draw  TZ  perpendicular  to  GU. 
GZ  is  the  measure  of  the  vessel’s  stability,  when  inclined  from 

the  upright  through  the  angle  ASH. 

The  weight  of  the  vessel  and  lading  is  found  from  the  fol¬ 
lowing  proportion:*  as  1  cubic  foot  is  to  V,  the  volume  dis¬ 
placed,  so  is  ~  part  of  a  ton  to  the  vessel’s  weight,  which  will 

v 

therefore  be  =  —  ton. 

35 

The  arithmetical  operations  required  for  ascertaining  the  sta- 

*  According  to  Mr.  Cotes,  (Hydrostatics,  page  73,)  the  specific  gravity  of  sea 
water  is  =  x. 03,  when  that  of  fresh  water  is  =  1.  And,  since  the  weight  of  a  cubic  foot 
of  rain  water  is  1000  oz.  or  pounds  avoirdupois,  it  will  follow,  that  the  weight  of 
a  cubic  foot  of  sea  water  is  62.5x1 .03  =  64.375  pounds  avoirdupois.  Mr.  Ch  ap  m  a  n, 
in  his  Treatise  on  the  Method  of  finding  the  proper  Area  of  the  Sails  for  Ships  of  the 
Line,  infers  the  weight  of  an  English  cubic  foot  of  sea  water  to  be  63.69  pounds  avoir¬ 
dupois.  If  an  average  between  these  results  be  taken,  the  weight  of  a  cubic  foot  of 
sea  water  will  be  very  nearly  64  pounds  avoirdupois  ;  and  the  weight  of  35  cubic  feet 
of  sea  water  will  be  almost  exactly  one  ton.  According  to  the  tables  published  by  M. 
Brisson,  the  specific  gravity  of  sea  water  is  1.0263,  when  that  of  rain  water  is  1.  By 
computing  from  this  specific  gravity,  the  weight  of  a  cubic  foot  of  sea  water  will  be 
64.14  pounds  avoirdupois.  64  pounds  avoirdupois  is  assumed  as  the  average  weight, 
in  the  ensuing  computations. 
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bility  of  vessels,  by  the  methods  here  described,  are  far  from  dif¬ 
ficult,  although  they  necessarily  extend  to  some  length;  in 
order  to  give  an  illustration  of  these  rules,  by  applying  them  to 
a  particular  vessel,  I  obtained,  by  favour  of  Messrs.  Han  dal  l 
and  Brent,  eminent  constructors,  a  draught  expressing  the  form 
and  dimensions  of  a  large  ship,*  built  for  the  service  of  the 
East  India  Company.  According  to  this  draught,  the  vessel  is 
divided  into  33  vertical  segments,  by  34  sections,  intersecting 
the  longer  axis  at  right  angles,  and  at  a  common  distance  of 
5  feet.-f 

The  lengths  of  the  ordinates  entered  in  the  annexed  table  J 
sufficiently  define  the  form  and  magnitude  of  each  of  the  34 
vertical  sections ;  it  will  not  therefore  be  necessary  to  represent 
their  figures  by  separate  drawings,  since  the  constructions  and 
calculations  founded  on  them,  for  inferring  results  in  any  one 
section,  are  similar  to  those  which  are  required  in  the  other 
sections. 

The  greatest  or  principal  section,  which,  according  to  this 
draught,  intersects  the  longer  axis  at  about  60  feet  from  the 
1st  section  adjacent  to  the  head,  is  represented  by  the  figure 
BAO  (fig.  31. ) :  BA  is  the  breadth  at  the  water-line  =  43.16’ 
feet.  BA  is  bisected  in  the  point  D ;  and  DO,  drawn  through 
D  perpendicular  to  BA,  is  the  distance  of  the  keel  from  the 

•  The  ship  Cuff nells. 

f  Mr.  Brent,  jun.  obligingly  took  the  trouble,  at  my  request,  of  delineating  each 
of  these  sections  on  a  large  scale,  and  likewise  of  drawing  and  measuring  the  equidis¬ 
tant  ordinates  necessary  for  calculating  the  areas  thereof,  together  with  such  additional 
lines  as  are  required  for  constructing  the  measure  of  the  vessel’s  stability,  according  to 
the  principles  delivered  in  the  preceding  pages. 

%  See  Appendix. 
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water-section  =  22.75  feet.  The  line  DR  =  22  feet,  is  divided 
into  11  equal  parts,  and,  through  the  points  of  division,  12  ordi¬ 
nates*  are  drawn,  parallel  to  the  line  BA,  at  the  common  dis¬ 
tance  of  2  feet. 

The  vessel  is  supposed  to  be  inclined  round  the  longer  axis, 
at  an  angle  of  30°,  and  the  line  NDW  is  drawn  through  the 
point  D,  inclined  to  BA,  at  an  angle  ADW=  30°:  proceeding 
according  to  the  solution  which  has  been  given,  by  measuring 
the  line  DW  =  22 .6  feet,  DA  =21.58  feet,  the  area  of  the 

triangle  ADW  =  =  121.92  square  feet.  Also,  by 

mensuration,  the  line  WA  =  1 1 .55  ■  this  line  being  divided 
into  six  equal  parts,  of  1.925  each,  if  ordinates  are  drawn  at 
the  points  of  division,  perpendicular  to  the  line  WA,  they  are 
found  to  be  as  here  stated. 

By  computing  according  to  the 
Rule  11.  from  the  7  ordinates  given, 
of  which  the  two  extremes  are  =  o, 
the  area  of  the  curve  space  AW  h 
—  2.95,  which  being  added  to  the 
area  ADW=  121.92,  the  area  of 
the  entire  figure  ADW/j  =124.87. 
By  similar  calculations,  the  area 
of  the  figure  BDN  c  is  found  to  be 
=  133.68. 

The  areas  of  the  figures  ADW h 
and  BDN  c,  being  measured  in 
each  of  the  34  vertical  sections, 
are  found  to  be  as  follows. 


•  The  numerical  measures  of  these  lines  are  inserted  in  the  table  of  ordinates ;  (see 
Appendix  0  the  numbers  are  entered  in  the  l  ath  vertical  section.  It  is  not  necessary 

to  express  them  in  the  figure. 


Ordinates. 

Numbers.  Products. 

Pts.  of  a  Foot. 

a  =  0.00 

1 

0.00 

b  =  0.15 

4 

0.60 

c  =  0.30 

2 

0.60 

d  —  0.43 

4 

1.72 

e  =  0.38 

2 

0.76 

/  =  0.23 

4 

0.92 

g  =  0.00 

1 

0.00 

Sum  4.60 
t.  common  interval 
=  .642 ;  and  the  area 

AW  h  -  4-C  x 

.642 

=  2.95 

the  Stability  of  Ships. 


Vertical 

Sections 

Areas  of  the 
Figures 

ADW  b 

Square  Feet. 

Areas  of  the 
Figures 

BDN  c 

Square  Feet. 

1 

42.86 

23.61 

2 

81.53 

58.92 

3 

100.80 

86.80 

4 

114.16 

105.27 

5 

121.56 

115.70 

6 

121.75 

120.90 

7 

123.47 

125-36 

8 

125.20 

129.82 

9 

I24.87 

131.04 

10 

I24.54 

132.27 

1 1 

I24.69 

i33-97 

12 

I24.87 

133.68 

13 

I24.87 

133.68 

14  * 

I24.87 

133.68 

15 

124.82 

133-42 

16 

12478 

133-17 

*7 

124.20 

132-85 

18 

124.62 

132-33 

]9 

1  23-91 

i3105 

20 

123.21 

139-57 

21 

121.06 

127.48 

22 

118.91 

125.40 

23 

II7.5O 

122.66 

24 

1  3  6. 1 0 

119-93 

25 

114.01 

1 16.88 

26 

111.91 

1 13.83 

27 

108.96 

109.81 

28 

106.01 

105.80 

2  9 

101.82 

9892 

3° 

97-24. 

91-71 

3i 

92.41 

79-95 

32 

86.31 

66.06 

33 

81.60 

48.20 

34 

68.35 

17.92 

3767-77 

3700.84 
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The  vertical  sections  intersect  the 
longer  axis  at  a  common  interval  of  5 
feet.  By  computing,  according  to  the 
Rule  hi.  from  the  areas  of  the  34  figures 
ADW  h  here  given,  together  with  the 
common  interval  of  5  feet,  a  result  will 
be  obtained,  which  approximates  very 
nearly  to  the  solid  contents  of  the 
volume  between  the  planes  DA,  DW, 
and  the  intercepted  side  of  the  vessel, 
throughout  the  entire  length  of  it. 

Making,  therefore,  according  to 
Rule  hi.  the  sum  of  the  first  and  last 
area  -  -  ==  S  =  111.21 

And  the  sum  of  the  4th, 

7th,  10th,  13th,  &c. 

area  (except  the  34th,)  =  P  =  1 167.58 

S  -f*  P  =  1278.79 
Sum  of  all  the  areas  -  =  3767.77 

Sum  of  the  2d,  3d,  5th, 

6th,  &c .  areas  -  =  O  =  2488.98 

Solid  contents  of  the  volume  between 
the  planes  DA,  DW,  and  the  intercept¬ 
ed  side  of  the  vessel  =  S-h2P-h3^ 
x  y  =  18587.5  cubic  feet. 

From  the  34  areas  of  the  figures 
BDN  c,  as  entered  in  the  table,  by  com¬ 
puting  according  to  the  Rule  in.  the 
solid  contents  are  obtained,  of  the  vo¬ 
lume  between  the  planes  DB,  DN,  and 

Pp 
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the  intercepted  side  of  the  vessel :  for,  observing  the  notation 
already  described,  and  applied  to  the  areas  BDNc. 

S  =  41.53 

P  =  1188.83 
O  =  2470.48 

The  solid  contents  of  the  volume  between  the  planes  DB, 
DN,  and  the  intercepted  side  of  the  vessel, 

is==  S  2  P  +  3  Q  *  T  =  i8432 
Volume  between  the  planes 
DA,  DW,  and  the  inter¬ 
cepted  side  of  the  vessel  =18587 

Difference  -  =  155  cubic  feet. 

The  area  of  the  section  passing  through  all  the  lines  CDW, 
is  found  from  having  these  lines  given  by  mensuration,  and  the 
common  interval  of  5  feet  between  them.  This  area  is  =  7106 
square  feet.  The  distance  DY  *  between  the  plane  NW  and  the 
plane  CH,  which  coincides  with  the  water-section,  when  the 

vessel  is  inclined  30°  from  the  upright,  is  =  =  .022  parts 

of  a  foot,  and  the  distance  DSf  =  =  -°44  Parts  of  a  foot> 

or  little  more  than  \  an  inch  :  a  quantity  of  which  it  is  unne¬ 
cessary  to  take  any  account  in  this  construction.  ^ 

When, therefore,  the  vessel  is  inclined  from  the  perpendicular, 
through  an  angle  of  30°  round  the  longer  axis,  the  water  s  sur-,. 
face  will  pass  through  the  middle  point  D  of  the  line  BA,  in  all 

*  Page  283.  f  Ibid. 

X  The  form  of  the  sides  above  and  beneath  the  water  line,  in  this  vessel,  causes  the 
points  D  and  S  almost  to  coincide  ;  but,  in  vessels  differently  formed  the  distance  of 
these  points  is  often  considerable.  The  present  instance  points  out  the  method  of  con¬ 
structing  the  line  DS,  as  distinctly  as  if  it  was  of  greater  magnitude. 
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the  sections ;  the  volume  immersed,  by  the  inclination  on  the 
sideADW,  being  equal,  in  a  practical  sense,  to  the  volume  which 
emerges  on  the  side  BDN.  Let  each  or  either  of  these  volumes 
be  denoted  by  the  letter  A=  18509  cubic  feet,  being  the  ave¬ 
rage  value  between  18432  and  18587.  Through  the  points  D,  in 
all  the  sections,  draw  lines  Yf  perpendicular  to  the  lines  NW ; 
the  same  plane  passes  through  all  the  lines  F /:  in  the  next 
place,  the  distance  between  the  centres  of  gravity  of  the  volumes 
immersed,  and  caused  to  emerge,  in  consequence  of  the  vessel's 
inclination,  estimated  in  the  direction  of  a  line  NW,  perpendicu¬ 
lar  to  the  plane  F/,  is  to  be  obtained.  To  effect  this,  the  line 
D  /*,  in  the  principal  section,  is  found  by  mensuration  to  be 
=  13.8,  /U  =  7.03;  and  the  area-f*  AW h  =  2.95.  The  area 
ADW h  has  been  found  =  124.87.  J  Wherefore,  according  to 

the  preceding  solution,  the  distance  /  L  =  — =  0.17, 

which  being  added  to  the  line  D  /  =  13.8,  the  sum  will  be  DL 
=  13.97,  aRd  the  product  arising  from  multiplying  this  line 
into  the  area  ADW/j  will  be  13.97  x  124.87  =  1742.  Similar 
products  being  obtained,  arising  from  multiplying  the  several 
areas  ADW h  into  the  perpendicular  distances  of  their  centres 
of  gravity  from  the  plane  F f,  also  the  several  products  arising 
from  multiplying  the  areas  BDN c  into  the  perpendicular  dis¬ 
tances  of  their  centres  of  gravity  from  the  plane  Yf,  in  each  of 
the  34  vertical  sections,  the  results  will  be  as  expressed  in  the 
adjacent  table. 

*  The  point  M  is  the  centre  of  gravity  of  the  triangle  ADW,  as  in  the  general 
construction  and  solution  :  I fol  is  drawn  through  M,  perpendicular  to  NW  :  the  line 
IL  is  found  according  to  the  method  described  in  the  same  general  solution. 

f  Page  288.  %  Ibid. 
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29s 


Vertical 

Sections 

Products  on 
the  Side 

ADH  b 

Products  on 
the  Side 

BDC  c 

1 

359 

143 

2 

929 

562 

3 

12  69 

1010 

4 

1522 

1342 

5 

1683 

*5  42 

6 

1 699 

i66g 

7 

1723 

17  66 

8 

1747 

1853 

9 

1739 

1873 

10 

1731 

1892 

11 

1736 

1 912 

12 

1742 

193 1 

13 

1742 

193 1 

14 

1742 

193 1 

1 5 

1727 

193° 

16 

17*3 

^29 

17 

1724 

*9A5 

18 

1736 

1901 

19 

17*9 

1866 

20 

1702 

1832 

21 

1660 

1798 

22 

1618 

1764 

23 

1591 

i7°5 

24 

i564 

1646 

25 

15 16 

i584 

2  6 

1468 

1522 

27 

14^5 

1434 

28 

1363 

1346 

29 

1290 

1220 

3° 

ii99 

1088 

31 

1114 

881 

32 

1010 

(>73 

33 

9*9 

4 1o 

34 

708 

102 

50119 

49908 

Suppose  the  volume  immersed,  by  the 
inclination  on  the  side  ADW  h ,  to  be  di¬ 
vided  into  very  thin  laminae,  or  solids,  the 
bases  of  which  are  the  areas  of  the  succes¬ 
sive  figures  ADH  b,  and  the  thickness  a 
small  increment  of  the  longer  axis ;  by  ap¬ 
plying  the  Rule  111.  to  the  products  in  the 
adjacent  table,  corresponding  to  the  figures 
ADW  bf  we  shall  obtain  the  sum  of  all 
the  products,  arising  from  multiplying  each 
of  these  thin  solids  into  the  perpendicular 
distance  of  its  centre  of  gravity  from  the 
plane  F/  =  S-f  2  P+3Q  x-j-  =  254367; 
which  sum  of  products  being  divided  by 
the  solid  contents  of  the  said  volume,  or 
18509,  be  the  distance  DQ,  of  the 
centre  of  gravity  of  the  volume  ADW  b 

from  the  plane  F /  =  =  13.78 ;  and, 

by  a  similar  calculation,  the  distance  DP 
from  the  plane  F /,  of  the  centre  of  gravity 
of  the  volume  on  the  side  BDN  c ,  caused 
to  emerge  by  the  inclination,  will  be 

=  i3-54  =  DP'  £ 

The  sum  of  these  two  lines,  DQ  +  DP, 

or  PQ,  will  be  =  27.32  feet,  which  is  the 
distance  of  the  centres  of  gravity  of  the 
volumes  immersed  and  emerged,  in  con¬ 
sequence  of  the  vessel’s  inclination,  esti- 
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mated  in  the  direction  of  the  line  NW,  perpendicular  to  the 
plane  F f :  let  the  line  PQ  be  denoted  by  the  letter  b. 

The  solid  contents  of  the  entire  volume  displaced  are  next 
to  be  measured,  from  having  first  obtained  the  areas  of  the  12 
horizontal  sections,  intersecting  the  vertical  axis  at  the  common 
interval  of  2  feet,  and  dividing  the  immersed  volume  into  1 1 
horizontal  segments.  The  areas  of  the  several  horizontal  sec¬ 
tions  are  measured  by  Rule  in.  from  having  given  the  ordinates 
drawn  in  the  said  sections,  parallel  to  the  water’s  surface  from 
head  to  stern,  at  the  common  interval  of  5  feet. 

The  mensuration  of  the  area  of  the  horizontal  section  12, 
which  coincides  with  the  water’s  surface,  from  the  ordinates 
entered  in  the  annexed  *  table,  is  as  follows  : 


According  to  the  Rule  hi. 

S  =  23.73 
P  =  206.41 

Q  =  444-05 

the  area  of  half  the  horizontal  section 

12  =  S+2P  +  3Q  x  “jr  =  33l6-3. 
and  the  total  area  of  the  horizontal 
section  12  =  6633.6  square  feet. 

The  areas  of  the  12  horizontal  sec¬ 
tions,  computed  by  Rule  in.  from  the 
ordinates,  as  expressed  in  the  table 
inserted  in  the  Appendix,  are  as  fol¬ 
lows. 


*  See  Table  of  Ordinates,  in  the  Appendix. 


Vertical 

Sections 

Ordinates  of 
the  Hori¬ 
zontal  Sec¬ 
tion  1:. 
Feet. 

Vertical 

Sections 

Ordinates  of 
the  Hori¬ 
zontal  Sec¬ 
tion  12. 
Feet. 

1 

IO.78 

19 

2  I.48 

2 

l6.00 

20 

2I.32 

3 

18.4O 

21 

21.22 

4 

19.84 

22 

2  1.05 

5 

20.54 

23 

20.82 

6 

20.94 

24 

20.61 

7 

21.20 

25 

2O.44 

8 

21  38 

26 

20.15 

9 

21.48 

27 

19-85 

10 

2I.5O 

28 

1958 

11 

2I.56 

29 

19-25 

12 

21.58 

30 

18.77 

13 

2I.56 

31 

l8.21 

.  *4 

2  1.56 

S2 

i7-52 

15 

21.56 

33 

16.5° 

16 

21.55 

34 

12.95 

17 

18 

21-53 

21.51 

674.19 
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Water- 

Lines. 

Areas  of  the 
Horizontal 
Sections. 

Square  Feet. 

12 

6633.6 

11 

6568.4 

IO 

64993 

9 

6324.O 

8 

6238.O 

7 

594,8.8 

6 

56^7- 8 

5 

5353-4 

4 

4906.6 

3 

4298.6 

2 

3417-° 

1 

925-° 

62800.5  . 

The  solid  contents  of  the  volume  between  the 
sections  1 2  and  2,  is  measured  by  the  Rule  11.  by 
making:  the  sum  of  the  12th  and  2d  areas  =  S 
the  sum  of  the  11th,  9th,  7th,  5th,  and  3d,  =  P 
the  sum  of  all  the  other  areas  -  =  Q 

the  common  interval  between  the  areas  being 
two  feet. 

The  solid  contents  of  the  volume  between 

.  2 

the  sections  12  and  2,  is  S-j-4P  +  2Q.xlT 

=  113791-2  cubic  feet. 

The  contents  of  the  volume  between  the  sec¬ 
tion  2  and  1,  may  be  obtained  by  the  Rules  11. 
and  hi.  For,  by  the  Rule  in.  the  contents 
•tions  4  and  1,  is  found  to  be  =21733.8 

By  Rule  11.  the  contents  between  the  sections 
4  and  2  is  -  = 

Contents  between  the  sections  2  and  1 
Contents  between  the  sections  1 2  and  2 


=  4721.8 

=  113791*2 


Contents  between  the  sections  12  and  1  =  118513.0 

To  the  volume  thus  determined,  the  contents  of  the  space 
between  the  horizontal  section  1  and  the  keel,  are  to  be  added. 
To  measure  this  volume,  the  areas  must  be  first  obtained  of 
the  34  vertical  sections  which  are  included  between  the  first 
ordinate  in  each  vertical  section  and  the  keel ;  which  areas  are 
found,  by  the  methods  of  mensuration  already  described,  to  be 

as  in  the  annexed  table. 
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Vertica 

Section 

Areasbetween 
the  first  Ordi- 
1  nate  and  the 
Keel. 

SquareFeet. 

1 

2 

0 

3 

4 

2.4 

5 

.  2.8 

6 

46' 

7 

5-6 

8 

6.6 

9 

7-4 

10 

9  3 

11 

10.5 

12 

10.5 

*3 

10.5 

H 

10.5 

10.5 

16' 

10.5 

17 

9.8 

18 

9-2 

*9 

8.5 

20 

8.0 

21 

6. 0 

22 

5-3 

23 

4.8 

24 

43 

25 

3-7 

26 

3° 

27 

2.4 

28 

1-9 

2  9 

1.6 

30 

i-4 

3i 

1.2 

32 

1.1 

33 

1.0 

34 

1.0 

’75-9 

Applying  the  Rule  in.  to  these  areas,  and 
making  the  common  distance  between  them 
=  r  =  5  feet,  the  solid  contents  between  the 
first  horizontal  section  and  the  keel  is  found  to 

beS  +  2P-]-3Qx  =  871.0  feet.- 

Contents  between  the  horizontal  sec-  Feet 
tions  12  and  1  118513.0 

Contents  between  the  first  section  at 

the  keel*  -  871.0 

Total  contents  of  the  volume  immersed 
between  the  first  and  thirty-fourth 
vertical  section  -  -  -  119384.0 

Let  this  volume  be  represented  by  the  letter  V. 

By  the  preceding  computations,  the  line  PO 
=  b  was  found  =  27.32,  and  the  volume 
immersed  by  the  vessel's  inclination,  or  A  = 
18509.  From  these  determinations,  the  line 
ET  is  inferred;  for,  according  to  the  general- 
theorem, 

as  V  :  A  :  :  b  :  ET  or 
119384  18509  27.32  4.23 
wherefore  ET  =  4.23.. 

*  The  rules  here  employed  for  measuring  the  volume  displaced, 
cannot  be  applied  to  the  irregular  parts  of  the  vessel,  adjacent  to 
the  head  and  stern,  without  constructing  and  measuring  the  or¬ 
dinates  by  which  their  forms  are  defined  :  the  same  observation 
applies  to  the  mensuration  of  the  body  of  the  keel  and  of  the 
rudder.  But,  as  these  additional  volumes  bear  a  small  proportion 
to  the  entire  volume  displaced,  they  may  be  determined  by  an 
estimate  founded  on  the  draught  of  the  vessel,  sufficiently  near 
the  truth,  without  taking  the  trouble  of  a  more  rigorous  calcu¬ 
lation  by  equidistant  ordinates. 
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To  infer  the  measure  of  stability  from  this  value  of  the  line  ET, 
it  will  be  necessary  to  have  given  the  distance  GE,  between  the 
centre  of  gravity  of  the  vessel,  and  the  centre  of  gravity  of  the 
volume  of  water  displaced.  The  position  of  this  latter  centre  is 
regulated  entirely  by  the  form  and  dimensions  of  the  body  under 
water ;  and,  on  this  account,  is  to  be  considered  as  a  point  abso¬ 
lutely  fixed,  in  respect  of  the  water-section,  or  other  given  plane. 
But  the  position  of  the  vessel’s  centre  of  gravity  being  regulated, 
partly  by  the  construction  and  equipment  of  the  vessel,  and 
partly  by  the  distribution  of  the  lading  and  ballast,  can  be  as¬ 
sumed  on  the  ground  of  supposition  only;  unless  in  cases  where 
the  position  of  this  point  has  been  actually  ascertained.  In 
some  vessels,  the  distance  GE  has  been  measured,  and  found 
equal  to  about  |  part  of  the  greatest  breadth  at  the  water-line : 
without  knowing  what  the  real  distance  of  the  two  centres  of 
gravity  G  and  E  may  be,  in  the  ship  of  which  the  dimensions 
are  here  given  as  subjects  of  calculation,  the  distance  GE  may 
be  estimated  (merely  for  the  purpose  of  exemplifying  the  pre¬ 
ceding  rules)  at  jr  of  the  breadth  BA,  or  — —  =  5-39-  Con¬ 
sequently,  the  inclination  of  the  vessel  from  the  upright  being 
go°,  GE  x  sin.  30°  =  ^-=  2 .69  =  ER :  which  being  sub¬ 
tracted  from  ET  =  4-23>  whl  leave  TR  or  GZ  =:  1.53  feet, 
the  measure  of  the  vessel’s  stability,  when  inclined  round  the 
longer  axis  through  an  angle  of  30°. 

The  solid  contents  of  the  volume  displaced  being  119384 
cubic  feet,  the  weight  of  the  vessel  and  contents  will  be  equal  to 
that  of  1 1 9384  cubic  feet  of  sea  water ;  which,  allowing  35  cubic 
feet  to  each  ton,  will  amount  to  3410  tons.  According  to  this 
determination,  the  force  of  stability  to  turn  the  vessel  round  the 
longer  axis,  when  inclined  from  the  upright  through  an  angle 
of  30°,  is  a  force  of  3410  tons,  acting  at  a  distance  of  1.53  feet 
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from  the  axis;  which  force  is  equivalent  to  a  weight  or  pressure* 
of  241  tons,  acting  at  a  distance  of  21.58,  or  half  the  breadth 
at  the  water-line  from  the  axis. 

In  this  computation,  the  distance  GE,  between  the  centres  of 
gravity  G  and  E,  has  been  assumed  without  considering  the 
absolute  position  of  these  points,  in  respect  to  the  water-section 
or  keel.  But  the  distance  DE,  or  OE,  ought  to  be  known,  since 
the  point  E  being  fixed  in  the  same  vessel,  when  the  weight  is 
given,  and  the  centre  of  gravity  G  being  within  certain  limits 
moveable,  the  adjustment  of  this  centre,  by  means  of  the  lading 
and  ballast,  will  be  better  regulated,  if  the  position  of  the  point 
E  be  first  ascertained :  the  distance  DE  will  be  found  from 
having  given  the  areas  of  the  12  horizontal  sections,  and  the 
contents  of  the  volume  between  the  section  1  and  the  keel. 

Suppose  the  areas  of  12  horizontal  sections  of  the  vessel  to 
be  given,  as  they  are  expressed  in  page  294 ;  let  the  displaced 
volume  be  conceived  divided  into  laminae,  or  very  thin  solids, 
of  which  the  bases  are  the  areas  of  the  successive  horizontal  sec¬ 
tions,  and  the  thickness  a  small  increment  of  the  vertical 
axis.  The  sum  of  the  products  arising  from  multiplying  each 
of  these  segments  into  its  perpendicular  distance  from  the  sec¬ 
tion  12,  also  a  similar  sum  of  products  for  the  solid  contents 
adjacent  to  the  keel,  will  be  found  from  the  computation 
subjoined. 

*  This  equivalent  weight  is  not  here  supposed  to  be  counterbalanced  by  the  wind, 
which  probably  never  acts  with  sufficient  force  to  keep  a  vessel  of  this  weight  inclined 
permanently  from  the  upright  to  so  great  an  angle.  But  the  measure  of  force  which 
acts  to  turn  the  vessel  round  the  longer  axis,  when  inclined  to  this  angle  of  30°,  is 
precisely  that  which  is  here  stated,  according  to  the  given  conditions. 

mdccxcviii.  *  Q  q 
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Water- 
lines,  or 
horizontal 
Sections. 

Areas  of  the 
horizontal 
Sections. 
Square  feet. 

Distances 
from  the 
Section 
12. 

Products  of  each 
area,  multiplied 
into  its  distance 
from  the  Section 
12. 

Numbers  for 
computing 
according  to 
the  Rule  n. 

Products. 

12 

6633.6 

O 

00000.0 

1 

1 1 

6568.4 

2 

13136.8 

4 

53547-2 

IO 

6499-3 

4 

25997-2 

2 

51994-4 

9 

6324.O 

6 

37944-° 

4 

I51776.O 

8 

6238.O 

8 

49904.C) 

2 

99808. 

7 

5948-8 

10 

59488.0 

4 

237952- 

6 

5687.8 

12 

68253.6 

2 

136507.2 

5 

5353-4 

14 

74947-6 

4 

299790-4 

4 

4906.6 

16 

78505.6 

1 

78505.6 

r- 

Sum  of  the  products  = 

II08880.8 

The  common  interval  between  the  sections  being  2  feet,  the 
sum  of  all  the  products  arising  from  multiplying  each  thin 
horizontal  segment  contained  between  the  section  12  and  4, 
into  its  distance  from  the  water-section,  will  be  4  of  1108880.8 


=  739253>  by  the  Rule  11 ' 


4 

4906.6 

16 

3 

4298.6 

l8 

2 

34i  7-° 

20 

1 

925-0 

22 

Numbers  for 
computing 
according  to 
Rule  111. 


78505.6 

1 

78505.6 

77374-8 

3 

232124.4 

6834O.O 

3 

205020.0 

20350.0 

1 

20350.0 

536000.0 

Sum  of  the  products  arising  from  multiplying  each  thin 
horizontal  segment  between  the  section  4  and  1,  into  its  distance 
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from  the  section  12,  =  x  536000,  by  the  Rule  in.  =s  402000 
Sum  of  the  products  between  section  12  and  4  =  739253 

*  The  contents  of  the  volume  between  the  keel  and 
the  ordinate  1,  multiplied  into  the  distance  of  its 
centre  of  gravity  from  the  section  12  -  =  19465 

Sum  of  the  products  arising  from  multiplying  each - — 

horizontal  evanescent  solid  into  its  distance  from 
the  water-section  -  =  1160718 

The  sum  of  products,  thus  found,  divided  by  the  entire  vo¬ 
lume  displaced,  will  be  the  distance  of  the  centre  of  gravity  of 
that  volume  from  the  water-section,  or 

=  -7 T$T  =  9'7224  feet- 


If  the  distance  between  the  centres  of  gravity  G  and  E 
should  be  assumed  -J-  of  the  breadth  BA  at  the  water-line,  or 
5.39  feet,  this  distance  being  subtracted  from  9.22  feet,  will 
be  the  distance  of  the  vessel’s  centre  of  gravity  beneath  the 
water-section,  or  DG  ==  3.83  feet. 

To  determine  the  limiting  point  or  metacentre  W,  above 
which  if  the  centre  of  gravity  G  should  be  raised  the  vessel 
will  overset,  it  is  only  necessary  to  compute,  by  means  of  the 


Rule  11.  or  hi.  the  value  of  the  line  EW  =  Fluent°fvEAi *1 : 
where  z  represents  any  portion  of  the  longer  axis  :  AB  =  the 
breadth  of  the  water-section,  at  the  distance  z  from  the  initial 
point  where  the  mensuration  commences  :  z  =  a  small  incre¬ 
ment  of  %  :  V  =  the  solid  contents  of  the  volume  displaced. 

By  computing  the  cubes  of  each  ordinate  of  the  water-section, 


drawn  at  the  common  interval  of  5  feet,  as  represented  in  the 


*  Equal  to  the  sum  of  the  products  arising  from  multiplying  each  thin  horizontal 
segment  between  the  section  i  and  the  keel,  into  its  distance  from  the  water-section. 
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table*  of  ordinates,  the  total  sum  of  these  cubes  is  =  276573.21 
Cube  of  the  1st  ordinate,  or  10.78  =  1252.73 

Cube  of  the  34th  ordinate,  or  12.95  =2171.75 

Sum  S  =  3424.48 
Sum  of  the  cubes  of  the  4th,  7th, 

10th,  &c.  28th,  and  31st  =  P  =  88628.41 


92052.89 


S+P 


Sum  of  the  cubes  of  the  2d,  3d,  5th,  6th,  & c.  32d, 

33d  =  Q  "  "  “  ~ 

S  +  2P  +  3Q  =  734242.26,  this  sum  x  15, 

will  be  =  fluent  of  BA3x  z  =  11,013,633.9  ;  and 


184520.32 


=  7.688  feet. 


In  this  vessel,  the  centre  of  the  immersed  volume  E  is  9.72 
feet  beneath  the  waters  surface;  it  follows,  that  the  meta¬ 
centre  will  be  2.03  feet  beneath  the  waters  surface. 

The  total  weight  of  a  vessel  and  contents  is  inferred  from 
knowing  the  volume  of  water  displaced  by  the  vessel,  the  solid 
contents  of  which  space  have  been  calculated  in  the  preceding 
pages,  from  the  areas  of  the  12  horizontal  sections  intersecting 
the  vertical  axis  at  a  common  interval  of  2  feet.  By  similar 
calculations,  we  may  determine  the  several  weights  of  tonnage 
which  will  cause  the  vessel  to  sink  to  any  different  depths,  esti¬ 
mated  by  the  horizontal  line  or  section  which  is  coincident 
with  the  water’s  surface. 

The  solid  contents  of  the  volume  included  between  the  ho¬ 
rizontal  sections  12  and  9,  is  found,  by  the  Rule  111.  to  be  39120 
cubic  feet;  displacing  a  weight  of  water  (allowing  35  feet  to 


*  See  Appendix. 


301 


the  Stability  of  Ships. 

a  ton)  of  1117.6  tons:  the  volume  between  the  sections  11  and 
9,  is  found,  by  the  Rule  11.  to  be  =  25926,  displacing  741  tons 
of  water:  the  volume  between  the  sections  12  and  11  will 
therefore  displace  a  weight  =  377  tons. 

By  similar  computations,  the  following  results  are  obtained. 


From  the 

Difference 

Difference 

water-section. 

of  tonnage. 

From 

of  tonnage. 

12  tO  11 

377  tons. 

12 

to 

11 

377  tons. 

11  to  10 

374 

12 

to 

10 

751 

10  to  9 

367 

12 

to 

9 

1118 

9  to  8 

357 

12 

to 

8 

147  5 

8  to  7 

348 

12 

to 

7 

1823 

7  to  6 

333 

12 

to 

6 

2156 

If  any  one  of  the  adjustments  determining  the  stability  of 
a  vessel  should  be  altered,  the  several  other  conditions  on 
which  that  power  depends,  will  most  commonly  experience 
corresponding  changes,  the  effects  of  which  it  is  not  easy  to 
estimate,  without  some  reference  to  the  theory  of  stability.  If 
the  weight  of  the  Cuffnells  and  contents  should  be  diminished 
751  tons  ;  or  rather  if  another  vessel,  constructed  in  all  respects 
like  the  Cuffnells,  should  be  loaded  by  751  tons  less  weight,  the 
following  changes  will  take  place,  by  which  the  stability  is 
principally  affected ;  one  of  which  is  additive  to,  and  the  others 
subtractive  from,  the  stability  of  the  vessel. 

1st.  The  section  of  the  water  will  be  nearer  to  the  keel  by  4 
feet ;  so  to  coincide  with  the  horizontal  section  10  instead 
of  12. 

The  centre  of  gravity  of  the  displaced  volume  will  be  nearer  to 
the  keel  than  before  by  -  -  2.19  feet* 

Admitting,  therefore,  in  the  first  instance,  the 
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centre  of  gravity*  of  the  vessel  and  contents 
to  remain  at  the  same  distance  from  the  keel, 
the  distance  of  that  centre  from  the  centre  of 
the  displaced  volume  will  be  increased  by  2.19  feet 
and  this  change  will  operate  to  diminish  the  sta¬ 
bility. 

2dly.  The  total  weight  being  less,  will  have  the 
effect  of  diminishing  the  stability,  in  the  pro¬ 
portion  of  -  -  -  3410  to  2  660 

3dly.  The  breadths  of  the  vessel  at  the  water¬ 
line  are  less  than  before,  being  the  double 
ordinates  in  the  horizontal  •f  section  10,  instead 
of  those  in  the  horizontal  section  12.  By  this 
change,  the  stability  will  also  be  diminished. 

4,thly.  The  volume  displaced  being  less,  in  con¬ 
sequence  of  the  diminished  tonnage,  in  the 
proportion  of  2660  to  3410,  the  stability  will 
be  augmented  by  this  change;  not  in  the 
proportion  of  2660  to  3410,  but  in  a  propor¬ 
tion  considerably  greater;  yet  not  sufficient  to 
counterbalance  the  effect  of  the  alterations  by 
which  the  stability  is  diminished :  on  the 

*  Let  the  distance  of  the  centre  of  gravity  of  any  body,  or  system  of  bodies,  from  a 
given  plane,  be  denoted  by  the  letter  D  :  if  weights  are  taken  away  from  different 
parts  of  the  system,  in  such  a  proportion  that  the  sum  of  the  products  arising  from 
multiplying  each  removed  weight  into  its  distance  from  the  given  plane,  divided  by 
the  sum  of  the  removed  weights,  may  be  equal  to  the  distance  D,  the  distance  of  the 
centre  of  gravity  of  the  remaining  weights,  from  the  same  plane,  will  also  be  the  dis¬ 
tance  D  :  that  is,  the  distance  of  the  common  centre  of  the  whole  system,  from  the 
given  plane,  will  not  be  affected  by  the  removal  of  any  portion  of  the  weights,  ac¬ 
cording  to  the  conditions  here  described, 
f  See  Appendix. 
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whole,  these  alterations  will  diminish  the  sta- 
bility  of  the  vessel,  when  inclined  to  a  given 
small  angle,  in  the  proportion  of  about  *  -  100  to  67 

In  this  estimate,  the  vessel’s  centre  of  gravity  has 
been  supposed  to  remain  at  the  same  distance 
from  the  keel  at  which  it  was  situated  in  the 
CufFnells,  and  consequently  more  remote  from 
the  centre  of  the  displaced  volume  by  2.19  feet: 
suppose  the  vessel’s  centre  of  gravity  to  be  de¬ 
pressed  2.19  feet,  by  altering  the  distribution 
of  the  lading  and  ballast,  so  as  to  be  at  the 
same  distance  from  the  centre  of  the  displaced 
volume,  as  in  the  CufFnells  ;  the  effect  of  this 
alteration  will  be  entirely  additive  to  the  sta¬ 
bility,  which  will  be  increased  in  the  propor¬ 
tion  of  47  to  100. 

An  increase  in  the  proportion  of  47  to  100,  com¬ 
bined  with  a  diminution  in  the  proportion  of 
100  to  67,  is,  on  the  whole,  an  increase  of 
stability,  in  the  proportion  of  47  to  67,  or  about-)-  7  to  10 
It  might  be  difficult  to  depress  the  vessel’s  centre  of  gravity 

*  The  subject  of  these  observations  being  the  relative  stabilities  of  the  two  vessels, 
they  are  supposed  to  be  inclined  from  the  upright  to  the  same  angle,  which  may  be 
assumed  of  any  magnitude,  either  great  or  small:  the  latter  supposition  is  here 
adopted,  which  is  well  suited  to  the  purpose  of  general  illustration.  But  nothing  can 
be  inferred  from  these  results,  respecting  the  stabilities,  when  the  angles  of  inclination 
are  considerable  ;  which  are  to  be  obtained  from  computations  founded  on  the  methods 
which  have  been  described  in  the  preceding  pages. 

f  This  proportion  might  have  been  immediately  inferred  from  one  computation 
only  ;  but,  by  calculating  the  effects  of  diminishing  the  vessel’s  weight  separately,  the 
increase  and  diminution  of  stability,  arising  from  the  alteration  of  the  several  con¬ 
ditions,  are  more  distinctly  expressed. 
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through  so  great  a  space  as  2.19  feet;  and  the  increase  of 
stability  which  would  ensue  from  it,  may  perhaps  not  be  ne¬ 
cessary.  If  it  should  be  required  that  the  stability  of  the  ves¬ 
sel,  when  the  weight  is  diminished  751  tons,  shall  be  just  equal 
to  that  of  the  Cuffnells,  this  will  be  effected  by  adjusting  the 
centre  of  gravity  lower  than  its  original  position,  by  only  .97 
parts  of  a  foot. 

These  determinations  relate  to  the  vessel’s  stability  in  respect 
to  the  longer  axis.  But  the  position  of  the  shorter  axis,  round 
which  the  ship  revolves  in  pitching,  and  of  the  vertical  axis, 
round  which  it  is  caused  to  turn  by  any  horizontal  force  not 
passing  through  the  vertical  axis,  will  also  experience  some 
change  in  consequence  of  diminishing  the  vessel’s  weight.  For 
the  centre  of  gravity  of  the  volume  displaced,  being  necessarily 
in  the  same  vertical  line  with  the  vessel’s  centre  of  gravity 
when  it  floats  quiescent,  fixes  the  position  of  the  latter  point,  in 
respect  to  the  ship’s  length,  when  floating  on  an  even  keel. 
And  since  the  alteration  of  the  water-section,  of  4  feet  in 
height,  causes  the  centre  of  gravity  of  the  displaced  volume  to 
approach  nearer  to  the  head  of  the  vessel  by  about  \  a  foot, 
both  the  shorter  horizontal  axis  and  vertical  axis  of  the  vessel 
'  must  experience  the  same  change  of  position  :  the  former  al¬ 
teration  affects  the  motion  of  the  vessel  in  pitching,  and  the 
latter  somewhat  increases  the  action  of  the  rudder  in  turning 
the  ship,  and  also  affects  the  motion  of  the  vessel,  in  turning  to 
and  from  the  wind,  by  causes  independent  of  the  rudder.* 

These  observations  point  out  the  alterations  of  stability,  in 

*  By  altering  the  distance  of  the  centre  of  gravity  from  the  points  of  application,  in 
the  longer  axis,  at  which  the  water’s  resistance  and  force  of  the  wind,  when  not  exactly 
balanced,  act  on  the  vessel. 
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consequence  of  diminishing  the  tonnage  of  the  vessel,  without 
entering  into  any  consideration  how  far  such  changes  are,  on 
the  whole,  beneficial  or  otherwise. 

It  is  here  necessary  to  observe,  that  the  force  of  stability 
and  the  measure  of  it,  the  subject  of  investigation  in  the  pre¬ 
ceding  pages,  is  wholly  independent  of  the  water’s  resistance, 
which  co-operates  with  the  vessel’s  stability  only  while  it 
is  inclining,  and  wholly  ceases  as  soon  as  the  vessel  has  at¬ 
tained  to  the  greatest  inclination,  at  which  it  is  supposed 
permanently  to  remain  in  a  state  of  equilibrium ;  the  inclining 
force  being  exactly  balanced  by  the  force  of  stability.  This 
observation  will  obviate  any  difficulty  that  might  possibly 
occur  from  the  principle  stated  in  page  213;  which  is,  that 
if  the  shape  of  the  zone  WHFC,  (fig.  1  and  2.)  comprehend¬ 
ing  that  portion  of  the  sides  of  a  vessel  which  may  be  im¬ 
mersed  under,  and  may  emerge  above,  the  water’s  surface, 
should  be  the  same  in  two  vessels,  the  stability  will  be  the  same 
at  all  equal  angles  from  the  upright,  whatever  shape  be  given 
to  the  form  of  the  volume  immersed,  which  is  situated  beneath 
the  said  zone,  provided  the  vessels  be  in  other  respects  similarly 
constructed  and  adjusted  :  if,  for  instance,  the  keel  of  one  ves¬ 
sel  should  be  very  deep  under  the  body  of  the  vessel,  the  keel 
of  the  other  being  of  the  ordinary  dimensions,  the  deeper  keel 
will  oppose  an  increased  resistance  to  the  inclination  of  the  ves¬ 
sel  only  while  it  is  inclining,  so  as  make  it  heel  slower;  but 
will  not  alter  the  angle  of  permanent  inclination  caused  by  a 
given  force  of  the  wind,  or  other  uniform  power;  which  incli¬ 
nation  depends  entirely  on  the  stability,  which  has  been  deter¬ 
mined  in  the  preceding  pages,  and  has  no  relation  to  the  resist- 
mdccxcviil  R  r 
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ance  of  the  water,  which  arises  from  the  vessel's  motion  round 
its  longer  axis. 

The  object  of  the  preceding  propositions,  and  inferences 
founded  on  them,  has  been  rather  to  establish  general  prin¬ 
ciples,  which  may  be  of  use  in  forming  plans  of  construction, 
than  to  investigate  what  modes  of  construction  are  the  most 
advantageous  ;  a  discussion  more  extensive  than  would  be  con¬ 
sistent  with  the  subject  here  proposed  to  be  considered,  which 
relates  to  the  stability  of  vessels  only. 

The  practice  of  navigation  requires  the  co-operation  of  many 
qualities  in  vessels,  the  laws  and  powers  of  which,  considered 
as  acting  either  separately  or  conjointly,  it  is  the  employment 
of  theory  to  investigate.  In  respect  to  the  construction  ol 
ships,  it  is  obvious  that  no  one  of  the  component  qualities  can 
be  regulated,  without  paying  attention  to  all  the  others ;  be¬ 
cause,  by  increasing  or  diminishing  any  of  the  powers  ol  action, 
the  others  are  commonly  more  or  less  influenced.  It  has  been 
shewn,  by  the  propositions  demonstrated  in  these  pages,  that 
there  are  many  practical  methods  by  which  the  stability  ol 
vessels,  at  any  given  angle  from  the  upright,  may  be  aug¬ 
mented  ;  a  circumstance  which  gives  to  the  constructor  great 
choice  of  means  for  regulating  this  power,  according  to  the 
particular  service  for  which  the  ship  is  designed ;  for  it  is  not 
every  mode  that  will  be  advantageous.  The  several  varieties  of 
form  and  adjustment  by  which  stability  is  increased,  may  be 
so  unskilfully  combined,  that,  in  consequence  of  the  very 
means  used  to  obtain  that  essential  quality,  either  the  ship 
shall  not  steer  well,  or  shall  drift  too  much  to  leeward,  or  shall 
be  liable  to  sudden  and  irregular  motions  in  rolling,  by  which 
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the  masts  are  endangered ;  or  those  angular  oscillations  of  the 
ship  shall  be  performed  round  an  axis  situated  so  much  beneath 
the  water’s  surface,  that  the  motion  of  rolling  shall  be  excessive 
and  laborious.  It  is  the  proper  use  of  theory,  or  right  principle, 
whencesoever  derived,  so  to  adapt  the  means  to  the  end  pro¬ 
posed,  that  the  required  stability  shall  be  imparted,  without 
producing  inconveniences  of  any  kind,  or  such  only  as  are 
unavoidable,  and  are  the  least  prejudicial :  the  same  observa¬ 
tion  applies  to  the  other  qualities  of  vessels.  By  duly  com¬ 
bining  the  whole,  ships  are  constructed  so  as  to  fulfil  the  pur¬ 
poses  of  navigation. 

—  wu  Ofchi  ;H  4-  '‘I  f  “-‘IV, rC.;  Oi'snis  odt  nanT 
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APPENDIX. 


Note  to  the  Investigation ,  Pages  232,  233. 

/  .  s/ 1  —  tang.4  \  F  X  tang.4  S 

s/s.ne  O  x  sine  P  =  -v  sec.  x  secTs  ~ 

This  is  investigated  in  the  following  manner : 

Let  R  be  put  to  denote  a  right  angle,  the  other  notation  be¬ 
ing  the  same  as  in  page  232  ; 

Then  the  angle  DWP  =  }F  +  P;  also  DWP=R-S 
wherefore  F  -{-  P  =  R  —  S  and  P=R  —  |-F  S, 

and,  since  0  =  2R— F  —  P,  it  follows  that  O  =  R  —  ^-F+S; 

consequently  sin.  P  =  cos.  -j  F  -f-  S 
and 


sin.  O  =  cos.  2  F 


sin.  O  x  sin.  P  =  cos.  \  F  -f-  S  x  cos.  \  F  —  S 

=  cos.*  J-Fx  cos.1  S  —  sin. *4- F  x  sin.1  S 
or  because  cos.1  S  =  1  —  sin.1  S 

sin.  O  x  sin.  P  =  cos.*  \  F  x  1  —  sin.1  S  —  sin.1  {Fx  sin.1  S 
or  sin.Oxsin.  P=  cos.^F — sin.2S 


or 


sec.4  |F  X  sec.4  S  a  i  tt  a  0 

—  — r-ps - rr  x  cos.  i  F  —  sin.  S 

sec.4  p  x  sec.4  S  2 

~  sec.4  S  —  sec.4|F  x  tang.4  S 

sm.  O  x  sm.  P  = - sec. i  F  x  sec— - 


or 


sin.  O  x  sin.  P  = 

✓ 


_  I  -f  tang.4  S  —  1  +  tang  4  4  F  X  tang.4  S 

sec.4  \  F  x  sec.4  S 

1  —  tang.4  |F  x  tang.4  S 


sec.4  4  F  x  sec  4  S 


„  „  x/  .  ~  .  T)  _  ^  1  -  tang  4  jb'X  tang.4  S 

b  inally,  sin.  O  x  sin.  P  sec.  \  f  x  sec.s 
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Note  to  the  Investigation,  Page  233. 

WO  =  FE  v  tang-*  I  F  x  tang.  S  x  sec.  S 

V'  1  —  tang.1  A  F  x  tang.2  S 

The  investigation  follows : 

FP :  PO  : :  sin.  O  :  sin.  F ;  wherefore  OP  =  FP  x  sln~^ ;  or  be- 
cause  FP*==  FE  x  sec.  4  F  x  OP  =  FE 

-  v  sin  P7  J 


sin.  O 

_  .sec.  |  F  x  sin.  F 

s'n*  P  X  ^sin.  O  x  sin.  P 


=  FE  x  -=^AL=,  and  ^  =  PQ  =  FE  x 


v' sin.  O  x  sin.  P 


sin.  i  F 


V  sin.  O  x  sin,  P 


because  vAin.Oxsin.  P+  —  x  unS.-s  pn 

'  sec.  \  F  x  sec.  S  ’ 


or 


FE 


tang.  \  F  x  sec.  S 


tang.1  i  F  x  tang.  S 


But  PW :  WF  (=  FE  x+  V  i  —  tang.4  ±  F  x  tang.1  S) : :  sin.  | F 
:  sin.  P;  therefore  PW=  FE  x  sin  ±  F  v  Vx  ~  tang-aO">T tangos 

2  sin.  P  “  ~ 


and  WQ  =  PW—  PQ  —  FE  x 

_  PE  x  _ tang.  \  F  x  sec.  S 


^ 1  —  tang.1,  fF  x  tang.1  S  X  sin.jF 
sin.  P 


✓  i  — 


tang.1  iF  x  tang.1  S 


or 


W 0  =  FE  x  iinT  F- tang  »iFx  sin.  IF  x  tang.* S-tang.iFx  sec.  S  x  sin.  P 

sin.  P  x  */\  _  tang.1  \  F  x  tang.1  S 

But  sin.  P  =  cos.  S  -f  \  F  ==  cos.|-  F  x  cos.  S  — ■  sin.  J-Fx  sin.  S, 
which  being  substituted  for  sin.  P  in  the  value  of  WQ  just 
found,  the  result  is 


WO  =FE  x  ^-Tp-tang.^Fx  tang^S  xsin.iF-sin.iF+tang.iFx  sin. IFX  tang. S 

cos.|  F  x  cos.S  —  sin.iF  x  sin.S  x  v'i  — tang,4f  Fx'tang  *S 
or  WO  ==  FE  x  tang‘*Fx  sin.^F  X  tangos— tang.1!  Fx  tang.1  S  x  sin.^F 

cos.  jF  x  cos.  S -sin.|F  x  sin.  S  X  v'  i  —  tang.1  jF  x  tang.4S 

orWQ-FExtang'^F)<  S'n^FX  tang'S  X  ~ang.|Fxtan^S 

^  cos.^Fx  cos.S— sm.^F  x  sin.S  x  v' i  —  tang.^F x tangos’ 


*  Demonstrated  in  page  232. 


t  Page  308. 


t  Page  233. 
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because  cos.  \  F  x  cos.  S  —  sin.  \  F  x  sin.  S  =  cos.  \  F 


x  cos.  S  x  l  —  tang.  |Fx  tang.  S 

_ -rp-p  tang.  ^  F  x  sin.  4  F  X  tang.  S  X  1 —  tang.  \  P  X  tang. 

*  cos.^Fx  cos.  S  x  1  —  tang.^F  X  tang.  S  x  — t 
tt'tt1  tang^iFx  tang.  S  x  sec.  S 

or  WQ  =  FE  x  —  t  . . . . ^ 


tang.^F  x  tang^S* 


The  work  of  Mr.  Chapman,  mentioned  in-page  267,  is  written  in  the  Swedish 
language,  and  has  been  translated  into  French  by  M.  Vial  de  Clairbois.  The 
translation  is  intitled,  Traite  de  la  Construction  des  Vaisseaux,  &c.  par  Frederic 

Henri  de  Chapman,  Premier  Constructeur  des  Artne'es  Navales,  &c. 
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HORIZONTAL  SECTIONS 


Dimensions  of  the  CUFFNELLS  INDIA  SHIP 


[To face  page  310, 


The  Ordinates  entered  in  the  annexed  Table  are  the  Half-breadths,  expressed  in  Feeta  of  the  several  vertical  and  horizontal  Sections. 

*  VERTICAL  SECTIONS. 


N° 

1 

2 

3 

4 

5 

6 

7 

8 

9 

IO 

1 1 

12 

13 

n 

15 

l6 

. 

17 

18 

J9 

20 

21 

22 

23 

24 

25 

2  6 

27 

28 

2£ 

30 

31 

32 

33 

34 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet.  4 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

Feet. 

16 

I3-5 

17. 1 

I  8.9 

19.85 

20.4 

20.55 

20.65 

20.55 

20.5 

20.5 

20.5 

20.5 

20.5 

20.5 

20.5 

20.5 

2O.5 

20.5 

20.4 

20.3 

20.2 

20.  J5 

19.85 

19-75 

19.5 

*9-3 

19.I 

18.9 

18.5 

18.05 

17-5 

16.95 

16.25 

15-5 

15 

13.° 

I  7.0 

18.9 

20.0 

20.55 

20.75 

20.9 

2  1.0 

21.0 

21  O 

21.0 

21.0 

2  I  O 

21.0 

21.0 
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20.16 
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2145 
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21.4 
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20.4 

20.1 
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19.25 

18-75 

f8 -35 

17.6 

16.9 

15-5 

12 

10.78 

16.0 

18.4 

19.85 

20.54 

20.94 

2  1.2 

2I.38 

21.48 

2I.5 

21.56 

21.56 

21.56 

21.56 

21.56 

2I.55 

21-53 

2I.5I 

21.48 

2I.32 

21.22 

21.05 

20.82 

20.61 

20.44 

20.15 

*19.85 

19.58 

!9-25 

18.77 

18.21 

17.52 

16.5 

I2.95 
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9.6 

1 5*35 

18.1 

I9.7 

2O.5 

20.92 
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2I.44 
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2I.6o 
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21.60 
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2I.24 
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7- 
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21  52 

2I.6o 

2I.6o 

2I.6o 

2  1.60 

2I.6o 

2I.6o 

21.60 

2 1 .60 

21.55 
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2I.34 

21.45 

21.5 

21.59 

21.59 

21.59 

21.59 

21  59 

2I.59 

21.55 

2I.52 

21.44 

21.3 
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18.55 
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20  9 

21.2 
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20.65 
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17.9 
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14.6 
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7 
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10. 0 

1 5. 1 

17.84 
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21.2 

21. 1 
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18.8 

18. 1 
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15.05 
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2.7 

1.05 

6 
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8.2 
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16.85 

18.64 

19.65 

2O.32 

20  62 

20.78 

20.93 

20.93 

21.1 

21. 1 

21.1 

21.1 

21.05 

21.0 

2O.9 

20.81 

20.67 

2O.5 

2O.32 

20.05 

19-75 

19-3 

18.8 

18.05 

17. 1  I 

15.35 

12.9 

9-i 

4-55 

1.85 

.90 

5 

6.2 

ii-3 

*5  3 

*7-55 

18.9I 

I9.60 

20.05 

20.25 

20.4 

20.5 

20.6 

20.6 

20.60 

20.6 

2O.52 

20.45 

2O.35 

20.25 

20. 1 

I9.9 

1 9-7 

19-3 

19.0 

18.46 

17.88 

16.8 

15-45 

13.10 

IO. I 

6.12 

2.9 

1.32 
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•7  5 

4 

4.09 

9.0 

13.2 

I5°9 

17-7 

18.65 

I9.O5 

1 9- 35 

19-53 

19.6 

19-75 

1 9-7  5 

1 9*75 

19.75 

1 9*65 

19-55 

I945 

19-3 

1915 

18.9 

18.62 

18.28 

1775 

17.1 

16. 15 

14.8 

12.85 

10. 1 

7.05 

3-75 

1.9 

1.0 

.70 

3 

1.8 

6-35 

10  45 

*3-5 

1 5.6 

16  8 

17-45 

17  88 

18.15 

18.3 

18.3 

183 

18  3 

18.3 

18  20 

18.05 

17-95 

17-75 

17.52 

17.25 

16.9 

16.40 

15-7 

14.8 

13.4 

1 1.6 

9-35 

6.65 

4.25 

2-3 

1.25 

.80 

.65 

2 

3-5 

6.85 

9.78 

12.15 

13.6 

H-55 

15.2 

155 

I5.9 

15.9 

15.9 

15.9 

15.9 

15-7 

15  5 

15*35 

15.0 

14.6 

I4.2 

13.62 

12.9 

II  9 

10.8 

9.2 

7.2 

5  38 

3-55 

2.4 

1.45 

.98 

•75 

•63 

1 

2-55 

3-°9 

5  5 

6.75 

8. 

9.1 

9.8 

IO.5 

10.5 

10.5 

10.5 

10.5 

10  3 

9.8 

9.2 

8-5 

8. 

7.2 

6.4 

5-9 

5-i 

4.2 

3-35 

2-5 

1.8 

1.40 

1. 1 1 

.90 

.80 

.62 

.60 

Common  distance  between  the  vertical  sections,  5  feet. 

Common  distance  between  the  water-lines  or  horizontal  sections,  2  feet. 

Distance  between  the  horizontal  section  1,  and  the  upper  surface  of  the  keel,  |  of  a  foot. 

The  ordinates  of  the  horizontal  section  12  coincide  with  the  water’s  surface  when  the  vessel  is  loaded. 
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XI.  Quelques  Remarques  d’Optique,  principalement  relatives  d 
la  Reflexibilite  des  Rayons  de  la  Lumiere.  Par  P.  Prevost, 
Professeur  de  Pbilosopbie  d  Geneve ,  de  I’Academie  de  Berlin , 
de'la  Societe  des  Curieux  de  la  Nature ,  et  de  la  Societe  Roy  ale 
d’Edimbourg.  Communicated  by  Sir  Charles  Blagden,  Knt. 
F.  R .  *9. 

Read  March  22,  1798. 

PREMIERE  PARTI  E. 

De  la  Reflexibilite. 

§  j.  Le  mot  reflexibilite  se  prend  en  deux  sens  differens. 

1.  Newton  (Opt.  1.  1.  part  1.  prop  3.)  entend  par  la,  cette 
propriety  d'un  rayon  de  lumiere  homogene,  en  vertu  de  la- 
quelle  ce  rayon  est  reflechi,  shl  tombe  sous  un  certain  angle 
d’incidence;  et  transmis,  s’il  tombe  sous  un  angle  plus  petit: 
ou,  plus  simplement,  une  disposition  a  etre  reflechi,  et  non 
transmis,  a  la  limite  qui  separe  deux  milieux  refringens.  ( Opt. 
1.  1.  part  1.  defln.  3.) 

Ce  philosophe  pense  qu’en  ce  sens  la  reflexibilite  des  rayons 
n’est  pas  la  meme.  II  £tablit,  par  des  experiences,  qu’il  estime 
concluantes,  que  les  rayons  plus  refrangibles  sont  aussi  plus 
reflexibles.  En  sorte  que,  selon  lui,  toutes  les  circonstances 
6tant  donnees  et  constantes,  si  un  rayon  blanc  tombe  sous  un 
certain  angle  sur  la  surface  dirimante,  le  rayon  violet  sera  r£- 
fl6chi,  tandis  que  les  six  autres  seront  encore  transmis  et  r£- 
fractes.  Mais,  en  augmentant  Tangle  d’incidence,  on  obtiendra 
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successivement  la  reflexion  de  tous  les  rayons,  depuis  le  violet, 
qui  est  le  plus  rdflexible,  jusqu’au  rouge,  qui  Test  le  moins. 

M.  Brougham  (  Trans .  Phil,  pour  1  yg6,  part  I.  p.  272.)  ne 
trouve  pas  concluantes  les  experiences  par  lesquelies  Newton 
etablit  cette  proposition ;  et,  fondd  sur  une  autre  experience,  il 
etablit  la  proposition  contraire,  savoir,  que  tous  les  rayons  ont 
la  meme  disposition  a  etre  reflechis,  pourvu  que  l’angle  d’inci- 
dence  soit  le  meme. 

2.  M.  Brougham  entend  par  reflexibilite,  une  disposition  a 
etre  refldchi  pres  de  la  perpendiculaire  a  un  certain  degre  : 
en  d’autres  termes,  une  propridtd  du  ra)^on  homogene,  par  la- 
quelle  son  angle  de  rdflexion  est  a  Bangle  d’incidence  en  un 
certain  rapport,  qui  n’est  pas  celui  d’egalite,  si  ce  iPest  en 
quelques  cas  qu’il  indique. 

Selon  ce  physicien,  ce  rapport  varie  pour  chaque  rayon  ho¬ 
mogene.  Le  rapport  d'egalite  a  lieu  pour  les  rayons  qui  con- 
finent  au  bleu  et  au  vert :  le  rapport  d’indgalite  a  lieu  pour  les 
autres  ;  et  les  plus  rdfrangibles  sont  le  moins  reflexibles.  En 
sorte  que,  pour  le  rayon  rouge.  Bangle  de  inflexion  est  moindre, 
et  pour  le  violet,  plus  grand,  que  Bangle  d’incidence. 

On  sait  que  Newton  affirme,  au  contraire,  que  Bangle  de 
reflexion  est  toujours  dgal  a  Bangle  d’incidenCe. 

Discutons  ces  sentimens  opposes. 

§  2.  Premiere  question.  Les  rayons  homogenes  different- 
ils  en  rdflexibilitd  au  sens  Newton ien  ?  En  d’autres  termes, 
sous  un  meme  angle  d’incidence,  arrive-t-il  que  le  rayon  violet 
soit  refldchi,  tandis  que  le  rouge  ne  Best  pas;  toutes  choses 
d'ailleurs  etant  prdcisement  pareilles  ? 

Des  deux  experiences,  par  lesquelies  Newton  dtablit  Binegale 
rdflexibilite  des  rayons,  il  suffira  de  rappeller  celle  que  M. 
Brougham  attaque  directement. 
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Newton  fit  tomber  un  rayon  blanc  perpendiculairement  a 
la  face  anterieure  d’un  prisme:  puis,  tournant  le  prisme  sur 
son  axe,  il  observoit  la  reflexion  qui  s'op^roit  a  sa  face  poste- 
rieure.  II  vit  le  violet  se  reflechir  le  premier ;  puis  les  autres 
rayons,  dans  l’ordre  de  leurs  r6frangibilit£s,  jusqu'au  rouge, 
qui  fut  reflechi  le  dernier.  II  en  conclut,  que  le  violet  est  r£- 
flechi  sous  un  moindre  angle  d’incidence  que  le  rouge.  (Ex- 
per.  9.) 

C’est  cette  conclusion  que  M.  Brougham  attaque;  et,  pour 
ne  point  alterer  sa  pens£e,  je  vais'transcrire  ici  ses  expressions. 

“  That  the  demonstration  involves  a  logical  error,  appears 
“  pretty  evident.  When  the  rays,  by  refraction  through  the 
“  base  of  the  prism  used  in  the  experiment,  are  separated  into 
“  their  parts,  these  become  divergent,  the  violet  and  red  emer- 
il  giug  very  different  angles,  and  these  were  also  incident  on 
u  the  base  at  different  angles,  from  the  refraction  ol  the  side 
«  at  which  they  entered ;  when,  therefore,  the  prism  is  moved 

round  on  its  axis,  as  described  in  the  proposition,  the  base  is 
«  nearest  the  violet,  from  the  position  of  the  rays  by  refraction, 
“  and  meets  it  first ;  so  that  the  violet  being  reflected  as  soon 
“  as  it  meets  the  base,  it  is  reflected  before  any  of  the  other 
“  rays,  not  from  a  different  disposition  to  be  so,  but  merely 
“  from  its  different  refrangibility.” 

Ainsi  M.  Brougham  pense  que  la  reflexion  du  rayon  violet 
ne  precede  celle  du  rayon  rouge,  que  parceque  la  refraction 
qui  a  lieu  a  la  surface  anterieure,  force  le  rayon  violet  a  at- 
teindre  la  surface  post£rieure  plutdt  que  ne  peut  le  faire  le 

9 

rouge. 

Mais  il  semble  que  l’effet  est  ici  en  sens  inverse  de  la  cause. 
Ecartons  d’abord  un  faux  sens.  Il  est  impossible  que  hauteur 
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veuille  dire  que  Toed  peut  saisir  Tintervalle  de  temps  qui  s’ecoule 
entre  Tarrivee  du  rayon  violet,  et  celle  du  rayon  rouge,  a  la  face 
posterieure  du  prisme.  Maintenant,  celui  des  deux  rayons  qui 
decrit  la  route  la  plus  courte,  tombe  plus  pres  de  la  perpendi- 
culaire  abaiss^e  du  point  de  depart ;  et  de  cela  seul  on  peut 
conclure,  qiTil  tombe  sous  un  angle  d’incidence  plus  petit. 
D’ou  il  suit,  que  c’est  le  rayon  rouge  qui  devroit  etre  r4flechi  le 
premier,  et  non  le  violet. 

En  eflfet,  considerons  d’abord  la  position  du  prisme  au  premier 
moment,  et  telle  que  la  r^presente  la  figure  que  Newton  en  a 
donnee  dans  son  Optique.  Le  rayon  blanc  FM  (Tab.  XVI. 
fig.  1 , )  est  perpendiculaire  sur  AC  :  en  ce  cas,  il  n’est  pas  re- 
fracte  a  son  immergence,  et  suit  la  droite  FM.  A  ce  point, 
Newton  repr^sente  le  seul  rayon  violet,  MN,  reflechi,  tandis 
que  tous  les  autres,  tels  que  MH,  MI,  sont  transmis  et  r^fractes; 
(du  moins  les  seuls  violets  sont  refl^chis  en  entier.) 

Cependant  il  est  certain  qu  il  a  fallu,  pour  obtenir  ce  phdno- 
mene,  chercher,  en  faisant  tourner  le  prisme,  a  lui  donner  le 
d&gre  d’inclinaison  qui  pouvoit  faire  r^ussir  T  experience :  et 
M.  Brougham  a  raison  d’observer,  que  des  lors  le  perpendicu- 
larisme  du  rayon,  sur  la  face  anterieure,  AC,  a  dii  cesser;  qu’en 
consequence  il  y  a  eu  refraction,  et  que  les  divers  rayons  homo¬ 
genes  n’ont  point  suivi  une  route  rectiligne,  telle  que  FM,  et 
n’ont  point  rencontre  la  face  posterieure,  BC,  sous  des  angles 
egaux. 

Soit  done  maintenant  A'B'C'  (fig.  2.)  la  nouvelle  position 
du  prisme,  quhl  a  pris  en  vertu  de  sa  rotation  sur  son  axe : 
alors  le  rayon  F  P  tombera  obliquement  sur  A'  C',  au  point  P ; 
de  sorte  que  la  perpendiculaire  PO  sera  du  cote  A',  par  conse¬ 
quent  comprise  dans  Tangle  A'PF.  C’est  ce  qui  resuite,  i°.  du 
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but  que  s’est  propose  Newton,  savoir,  d’augmenter  Tangle  d’in- 
cidence  sur  la  face  posterieure ;  lequel  angle  (forme  au  point 
M,  dans  la  fig.  1.  qui  represente  la  premiere  position  du  prisme,) 
etoit  trop  petit  pour  produire  la  reflexion.  20.  Des  expressions 
precises  de  Newton,  qui  dit  que  le  prisme  ABC  est  tourne  sur 
son  axe ,  selon  le  sens  qu  indique  I’ordre  des  lettres  A,  B,  C,  dans 
sa  figure,  qui,  pour  Tobjet  que  j’ai  en  vue,  est  la  meme  que  ma 

fig.  1. 

Le  rayon  FP  (fig.  2.)  sera  done  refract^  en  s’approchant  de 
la  perpendiculaire  OP :  mais  le  rayon  le  plus  refrangible  (le 
violet)  s’en  approchera  le  plus;  le  moins  refrangible  (le  rouge) 
s’en  approchera  le  moins.  Ainsi  les  routes  que  suivront  ces 
rayons  sont  bien  representees  par  les  lignes  PV,  PR.  Le  rayon 
violet  fera  done,  avec  la  face  posterieure  B'C',  un  angle  PVC', 
plus  grand  que  Tangle  PRC',  forme  par  le  rouge.  Or,  les  angles 
d’incidence,  aux  points  V,  R,  sont  les  compiemens  des  angles 
PVC',  PRC',  respectivement. 

II  est  done  certain,  qu’en  vertu  de  la  refraction  qui  s’opere  a 
la  face  anterieure,  le  rayon  violet  rencontre  la  posterieure  sous 
un  angle  d’incidence  moindre  que  le  rouge ;  et,  par  consequent, 
le  premier  est  dans  des  circonstances  plus  defavorables  a  la  re¬ 
flexion  que  le  second ;  cependant,  le  premier  est  reflechi,  tandis 
que  le  second  ne  Test  pas  encore.  On  est  done  en  droit  de 
conclure  que,  par  sa  nature,  il  est  plus  reflexible  au  sens  New- 

TONIEN.* 

*  Tout  ceci  s’applique  egalement  a  la  ioeme  Experience  de  Newton,  dans  laquellc 
il  emploie  deux  prismes,  reunis  en  un  seul  parallelipipede.  Dans  l’une  et  l’autre  Ex¬ 
perience,  ( Exper .  9  et  10.)  il  est  question  d’un  autre  prisme,  . destine  a  rendre  l’effet 
plus  sensible,  en  dispersant  les  rayons  refiechis :  il  etoit  inutile  de  parler  ici  de  cet 

accessoire. 
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Ainsi  la  consideration  introduite  par  M.  Brougham  (et  qui  est 
tres  juste)  fait  conclur  e  a  fortiori  en  faveur  de  ^assertion  New- 
tonienne.  On  peut  dire,  que  non  seulement,  a  m£me  inci¬ 
dence,  le  violet  se  r^flechit,  tandis  que  le  rouge  ne  se  reflechit 
pas;  mais  meme  on  doit  dire,  que  ce  phenomene  a  lieu,  quoique 
l’incidence  du  violet  soit  plus  defavorable  a  la  reflexion  que  celle 
du  rouge. 

Done  enfin  les  rayons  different  en  reflexibilit£  au  sens  de 
Newton;  et  le  plus  refrangible  est  aussi  le  plus  reflexible. 

Jusqu’ici,  pour  rendre  mon  raisonnement  plus  simple,  j  ai 
laisse  inde termini  Tangle  refringent,  C,  du  prisme.  Newton 
le  determine.  Dans  Y  Experience  g.  dn  liv.  l.  part  1.  de  son 
Optique ,  il  employoit  un  angle  refringent  de  4,5°;  et  cependant  il 
dit  expressement,  que  les  rayons  entroient perpendiculairement ; 
d’ou  il  suit,  que  Tangle  dhncidence,  au  point  M,  etoit  aussi  de 
450.  On  seroit  done  fonde  a  croire,  que  des  rayons  tombant 
sous  cette  incidence  sur  la  face  BC,  et  passant  du  verre  a  1  air, 
ne  sont  pas  tous  refiechis.  C’est  ce  qu’affirme  M.  Brisson,  en 
exposant  cette  meme  experience  ( Traite  elem.  oil  Princ ,  de 
Pbys.  Paris ,  1789.  T.  II.  §.  1411.)  Cependant  il  est  bien 
connu  que  la  reflexion  totale  a  lieu  sous  un  angle  moindre, 
savoir,  aux  environs  de  40°.  On  le  determine  meme  avec  la 
plus  grande  precision  :  je  citerai  une  seule  autorite.  “  A  ray 
“  of  light  will  not  pass  out  of  glass  into  air,  if  the  angle  of  in- 
**  cidence  exceeds  40°  1 1/.”  ( Lectures  on  Hat.  and  Exper.  Phil,  by 
George  Adams,  London ,  1794,  Pol.  II.  p.  163.)  La  determina¬ 
tion  de  Newton  ne  differe  pas  sensiblement  de  celle-ci.  “  To- 
“  talis  reflexio  turn  incipit,  cum  angulus  incidentiae  sit  40  io'. 
(Opt.  I.  2.  p.  3.  prop.  1.)  Dirons-nous  que,  sous  Tangle  de  450, 
il  passoit  encore  quelques  rayons,  suffisans  pour  rendre  1  expe- 
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rience  sensible  ?  Dirons-nous  que  le  rayon  FM  n’£toit  pas  ex- 
actement  perpendiculaire  sur  la  face  AC  ?  Je  pense  que  cette 
derniere  assertion  est  vraie ;  c'est-a-dire,  que  dans  la  pre¬ 
miere  position  du  prisme,  le  rayon  FM  commen^oit  par  etre 
oblique  sur  AC,  dans  le  sens  oppose  a  celui  qu’indique  la  fig.  2.; 
en  sorte  que  Tangle  APF  6toit  moindre  que  FPC.  D’ou  il  re- 
sultoit,  que  les  rayons  les  plus  r£frangibles  tomboient  sur  la  face 
posterieure  BC,  sous  un  angle  d’incidence  plus  grand,  et,  par  la- 
meme,  plus  favorable  a  la  reflexion.  Sous  cette  forme,  1  argu¬ 
ment  de  M.  Brougham  reprend  une  nouvelle  force. 

Ici  YOptique  de  Newton  ne  se  suffit  pas  a  elle-meme;  elle 
a  besoin  d’un  commentaire.  Le  meilleur  sera  celui  que  nous 
offfent  ses  Lectiones  Optica  (Is.  Newtoni  Opuscul.  Lausanna 
et  Geneva,  174,4,.  Tom.  II.  p.  217 — 223.)  Voici  comment  1  au¬ 
teur  y  r£pond  a  notre  doute.  “  Ne  qua  oriatur  suspicio,  quod 
“  refractiones  in  superficiebus  AC  et  AB,  ad  ingressum  radio- 
“  rum  in  prisma  et  egressum  factse,  possint  aliquid  conducere 
“  ad  effectus  hosce  producendos,  observare  licet,  quod  effectus 
«  iidem  producuntur,  cujuscunque  magnitudinis  statuatur  an- 
«  gulus  ACB*;  hoc  est,  quaecunque  sit  refractio  superficiei  AC. 
“  ...  .  Imo  possis  efficere,  quod,  cum  colores  partim  reflectun- 
“  tur  .  .  .  .  et  partim  trajiciuntur ....  radii  perpendiculariter 
“  incidant  in  AC,  emergantque  ex  AB,  et  sic  neutra  super- 
“  ficie  refringantur,  modo  statuas  angulum  ACB  esse  grad. 
**  40  circiter,  et  iidem  tamen  effectus  produce^ur.”  (P.  219.) 
Les  auteurs  les  plus  exacts  n'ont  pas  ornis  cette  circonstance. 
Robert  Smith,  a  pres  avoir  expose  TExp^rience  ix.  de  YOptique 

*  La  texte  porte  ABC,  par  une  erreur  typographique  manifeste.  Ceci  est  d’ailleurs 
indifferent  a  l’objet  que  j’ai  en  vue.  Je  ne  cite  pas  ce  qui  a  rapport  a  l’egalite  requise 
entre  les  angles  B  et  C,  parceque  cela  n’influe  pas  sur  ma  recherche  actuelle. 
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de  Newton,  dit  (ou  fait  dire  a  Newton  meme)  “  Je  ne  me 

“  suis  pas  apper^u  ici  d’aucune  refraction  sur  les  cot£s,  AC,  AB, 

\  *  * 

££  du  premier  prisme,  parceque  la  lumiere  entroit presque  perpen- 
“  diculairement  au  premier  cote,  et  sortoit  presque  perpendicu- 
“  lairement  au  second,  et  par  consequent  n’en  souffroit  aucune, 
“  ou  si  peu  que  les  angles  d’incidence,  a  la  base  BC,  iTen  etoient 
“  pas  sensiblement  alters ;  surtout ,  si  les  angles  du  prisme ,  a  la 
££  base  BC,  etoient  chacun  de  40°  environ.  Car  les  rayons  FM 
££  commencent  a  etre  totalement  rdfl^chis  lorsque  Tangle  CMF 
££  est  d’environ  50°,  et,  par  consequent,  ils  formeront  alors  avec 
££  AC  un  angle  de  900.”  ( Cours  d’Optique  de  Robert  Smith, 

trad,  par  L.  P.  P.  [Tezenas]  Tom.  I.  §.  173.  p.  190.) 

II  rdsulte  de  tout  ceci,  que  lorsque  Tangle  r&fringent  du 
prisme  est  bien  choisi,  un  rayon  blanc,  perpendiculaire  a  sa  face 
anterieure,  AC,  peut  etre  decompose,  parcequ’il  est  r^flechi  en 
partie,  et  non  en  totality ;  le  rayon  violet  6tant  r6fl6chi,  tandis 
que  le  rouge  est  encore  transmis. 

Je  remarquerai  ici,  que  pour  r^p^ter  cette  experience,  et  la 
rendre  concluante,  il  n’est  pas  necessaire  de  circonscrire  Tangle 
C  dans  les  limites  qui  rendent  le  rayon  FM  perpendiculaire  (ou 
a  peu  pres  perpendiculaire)  sur  la  face  antdrieure  AC.  Tous 
les  raisonnemens  que  nous  avons  faits  ci-dessus  (§.2.)  seront 
justes,  pourvu  que,  dans  la  premiere  position  du  prisme,  Tangle 
APF  soit  plus  grand  que  son  angle  de  suite  FPC;  or,  pour 
que  cette  circonstance  ait  lieu,  lorsque  la  reflexion  s’opere  au 
point  M,  il  suffit  que  Tangle  refringent,  C,  soit  moindre  que 
40°. 

Cette  experience  variee  pourroit  offrir  quelques  resultats  in- 
tdressans ;  mais  les  autorites  que  j’ai  cite  ne  laissent  pas  de 
doute  sur  le  resultat  particulier  que  nous  avions  a  examiner. 
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Les  rayons  plus  r£frangibles  sont  reflechis  sous  un  angle 
d’incidence  moindre.  Ils  sont  plus  reflexibles  au  sens  New  - 
TONIEN. 

§.  3.  Mais  M.  Brougham  4taye  l'opinion  contraire,  d’une 
experience  qu’il  6nonce  ainsi : 

“  I  held  a  prism  vertically,  and  let  the  spectrum  of  another 
<£  prism  be  reflected  by  the  base  of  the  former,  so  that  the  rays 
“  had  all  the  same  angle  of  incidence;  then,  turning  round  the 
“  vertical  prism  on  its  axis,  when  one  sort  of  rays  was  trans- 
4<  mitted  or  reflected,  all  were  transmitted  or  reflected.  ^ 

La  discussion  complette  de  cette  exp'rience  exigeant  d’assez 
longs  details,  je  me  contenterai  d'observer,  que  le  plan  de  la  face 
verticale,  sur  lequel  s'operoit  la  refraction,  ne  pouvoit  point  etre 
ajust£  de  maniere  a  produire  un  meme  angle  d  incidence  a\ec 
tous  les  rayons  du  spectre  a  la  fois :  et,  supposant  meme  la 
chose  possi  le,  et  executive  un  instant,  la  rotation  du  pi  isme 
eut  change  cette  disposition,  en  alterant  inegalement  cet  angle, 
pour  divers  rayons.  On  peut  concevoir,  en  consequence,  une 
multitude  de  resultats  divers ;  entr  autres,  on  peut  concevoir 
que  les  angles  d’incidence  des  divers  rayons  soient  tels,  que 
^observation  de  M.  Brougham  se  concilie  avec  le  sentiment  de 
Newton,  sur  leur  inegale  reflexibilit^.  Mais,  puisque  M. 
Brougham  n'entre  pas  dans  ce  detail,  et  ne  donne  qu  un  re- 
sultat  unique,  il  est  a  prosumer  qufll  n  a  pas  r£pete,  ou  du 
moins  varie,  cette  experience.  Ce  physicien  paroit  meme  n  y 
pas  donner  beaucoup  dhmportance,  par  la  maniere  rapide  dont 
il  l’^nonce, 

*  La  meme  experience,  tentee  par  Newton,  lui  a  donne  precisement  le  resultat 
contraire.  “  Radii  purpuriformes  primo  omnium  reflectuntur,  et  ultimo  rubriformes. 
Tect.  Opt.  Opuscul .  Tom.  II.  p.  220. 
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Je  pense  done,  qu’elle  ne  peut  pas,  quant  a  present,  infirmer 
les  conclusions  de  Newton  ;  et  qu’on  est  encore  en  droit  d'af- 
firmer,  au  sens  de  ce  philosophe,  que  les  rayons  les  plus  re- 
frangibles  sont  aussi  les  plus  reflexibles. 

§.  4.  Seconde  Question.  Les  rayons  homogenes  different- 
ils  en  re  flexibility  au  sens  Broughamien  ?  En  d’autres  termes, 
sous  un  meme  angle  d’incidence,  le  rayon  rouge  forme-t-il  un 
angle  de  reflexion  moindre,  et  le  violet  un  angle  de  reflexion 
plus  grand,  que  l’angle  d’incidence  ? 

§.  5.  L’experience  fondamentale  de  laquelle  M.  Brougham 
deduit  cette  inegale  inflexibility,  au  sens  de  sa  definition,  est 
celle-ci. 

Un  cylindre  brillant  et  poli,  d’un  tres  petit  diametre,  (une 
fibre  metallique, )  etant  presente  par  sa  convexity  a  un  rayon 
blanc,  a  reflechi  un  spectre  colore ;  et,  tout  etant  mesure  ou 
calcule  convenablement,  il  a  paru  que  les  rayons  qui  confinent 
au  bleu  et  au  vert  etoient  les  seuls  qui  fussent  reflechis  sous  un 
angle  egal  a  Tangle  d’ incidence.  Les  rouges  etoient  reflechis 
sous  un  angle  moindre ;  les  violets  sous  un  plus  grand. 

Maintenant  la  question  se  reduit  a  savoir  si  cette  experience 
est  concluante  en  faveur  de  la  these  de  M.  Brougham. 

§.  6.  Pour  s’en  assurer,  il  est  important  de  rappeller  un  prin- 
cipe  pose  par  Newton,  et  admis  par  M.  Brougham  ;  (p.  250.) 
e’est  que  la  force  quelconque  qui  produit  la  reflexion,  agit  selon 
une  ligne  perpendiculaire  a  la  surface  refiechissante. 

§.  7.  De  ce  principe  il  suit,  que  la  reflexion  operee  par  une 
surface  plane,  doit  se  faire  sous  la  loi  admise  jusqu’a  present 
par  tous  les  opticiens.  (Newton,  Princip .  /.  1.  prop.  96.)  Et 
cela  est  vrai,  quelle  que  soit  Pintensite  de  la  force  repulsive,  et 
aussi,  quelles  que  soient  la  vitesse  et  Tinclinaison  du  rayon  in- 
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cident ;  pourvu  que  le  rayon  soit  r^ellement  incident,  et  lie  se 
meuve  pas  parall^lement  a  la  surface  repulsive. 

§.  8.  Cette  consequence,  et  toute  la  demonstration  New- 
tonienne  qui  i’etablit,  supposent  que  la  surface  agit  sur  le 
rayon  pendant  toute  sa  route  dans  la  sphere  de  son  activite ;  et 
6galement  a  d’egales  distances.  M.  Brougham  n’allegue  rien 
contre  cette  hypothese,  il  paroit  l’admettre  meme  expresse- 
ment;  (p.  2 6g.)  et,  en  effet,  comment  pourroit-on  ne  point 
l’admettre  ? 

§.  9.  Ainsi,  d’apres  un  principe  qui  11’est  pas  conteste,  il 
paroit  que  la  reflexion  ne  peut  point  decomposer  la  lumiere 
blanche,  lorsque  celle-ci  est  reflechie  en  totality  par  une  surface 
plane. 

Ceci  est  parfaitement  conforme  a  ce  qu’observe  M.  Brougham, 
que,  par  aucun  moyen,  on  ne  peut  reussir  a  op£rer  cette  decom¬ 
position,  en  employantdes  surfaces  planes,  ni  des  surfaces  courbes 
d’un  rayon  qui  ne  soit  pas  tres  petit,  et,  pour  ainsi  dire,  eva- 
nouissant.  On  concpoit,  en  effet,  qu’un  element  de  surface  courbe 
d’un  rayon  plus  grand,  est  un  vrai  plan,  pour  une  particule  de 
lumiere.  L’auteur,  a  la  verite,  explique  ce  ph£nomene  d’une 
autre  maniere ;  mais  le  fait,  independamment  de  toute  expli¬ 
cation,  n’en  est  pas  moins  certain  et  reconnu. 

§.  10.  Soit  maintenant  HHH  (fig.  3.)  un  tres  petit  cylindre 
brillant  et  poli,  (une  fibre  metallique;)  et  BRVK  le  cylindre, 
sur  meme  axe,  qui  est  la  sphere  d’activit^  de  ce  petit  corps :  Tun 
et  l’autre  representes  par  leur  section  circulaire.  (Ces  deux 
cercles,  fort  in^gaux,  se  confondent  a  Tobservation. ) 

AB  represente  un  rayon  blanc,  incident,  au  point  B,  sur  le  cy¬ 
lindre,  ou  sur  sa  sphere  d’activit^. 

Supposons  les  rayons  homogenes  inegalement  r£pulsifs,  et 
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que  le  rouge  soit  plus  repouss6  que  le  violet :  c’est  une  suppo¬ 
sition  qu’admet  M.  Brougham.  (P.  267.) 

Dans  cette  hypothese,  le  rayon  violet  devra  pen^trer  plus 
profondement  dans  la  sphere  repulsive. 

La  route  que  decrit  un  rayon  homogene,  dans  Tinterieur  de 
la  sphere  d’activite  repulsive,  doit  etre  formee  de  deux  branches 
£gales  et  semblables ;  et  l’axe  doit  passer  par  le  centre  de  la 
sphere,  ou  de  la  section  du  cylindre.  Cela  r^sulte  du  principe 
pos£  ci-dessus.  (§.  6.) 

Et  une  consequence  immediate  de  cette  remarque,  c’est  que 
ce  rayon  homogene  ressortira  de  la  sphere  d’activite,  sous  un 
angle  de  reflexion  egal  a  Tangle  d’incidence. 

En  sorte  que  tous  les  rayons  homogenes,  formant  en  B  le 
meme  angle  d’incidence,  seront  tous  r^flechis  sous  des  angles 

£gaux. 

Mais,  puisque  les  uns  se  sont  plus  enfonc£s  que  les  autres 
dans  la  sphere  d’activit£,  ils  sortiront  done  divergens ;  car 
c’est  le  seul  moyen  de  produire  legality  des  angles  de  reflexion. 

La  fig.  3.  est  destin£e  a  exposer  cet  eflfet.  Le  rayon  rouge, 
s’enfon^ant  moins  dans  la  sphere,  ou  dans  le  cylindre  d’activite 
BRVK,  decrit  la  courbe  BOR,  dont  l’axe  passe  par  le  centre  C  ; 
et  il  ressort  par  RG,  faisant  Tangle  de  reflexion  ERG  =  ABD, 
angle  d’incidence.  Le  rayon  violet,  s’enfon^ant  plus,  decrit  la 
courbe  BQV,  dont  l’axe  passe  aussi  par  le  centre  C.  Ce  rayon 
ressort  par  VL,  et  les  trois  angles  FVL,  ERG,  ABD  sont 
6gaux. 

Mais  l’observateur,  voyant  l’arc  BRV  comme  un  point,  et 
sachant  que  les  angles  qu’il  mesure  sont  la  somme  de  Tangle 
d’incidence  et  de  Tangle  de  reflexion,  pour  les  rayons  de  chaque 
espece,  sera  conduit  a  croire,  que  sous  une  meme  incidence 
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les  angles  de  reflexion  varient :  car  il  trouvera  que  la  droite 
AB  forme,  avec  les  droites  RG,  VL,  des  angles  inegaux ,  et, 
en  un  mot,  il  aura  toutes  les  memes  apparences  qui  se  sont  of- 

fertes  a  M.  Brougham.  (§.  5.) 

Il  importe  de  remarquer  ici,  que  si  ce  physicien  affirme,  que 
les  rayons  qui  confinent  au  bleu  et  au  vert  sont  leflechis  sous 
un  angle  de  reflexion  egal  a  Tangle  d’incidence,  ce  nest  pas 
qu’ii  Tait  reconnu,  ou  pu  reconnoitre,  par  aucune  experience 
directe :  mais  c’est  qu’il  n’a  eu  aucune  supposition  plus  natu- 
relle  a  faire.  Que  si  Ton  pr^tendoit  que  tous  les  angles  de  re¬ 
flexion  sont  plus  petits,  ou  plus  grands,  que  celui  d’incidence; 
ou  que  la  limite  d’egalitS  tombe  sur  quelqu  autre  division 
du  spectre,  on  feroit  une  supposition  gratuite,  mais  a  laquelle 
i’observateur  n’auroit  aucun  fait  direct  a  opposer.  Car  il  n  y  a 
aucun  moyen  concevable,  par  lequel,  dans  ces  expei  iences,l  angle 
d’incidence  puisse  etre  mesure  directement,  et  s6par6  de  1  angle 
de  reflexion. 

§.11.  Puis  done,  qu’en  supposant  (avec  M.  Brougham)  que 
le  rayon  rouge  est  plus  r^pulsif  que  le  violet,  on  concilie  parfaite- 
ment  le  ph6nom£ne  observe  avec  la  loi  de  reflexion  reconnue 
pour  les  surfaces  planes,  il  n’y  a  pas  de  raison  de  s  £cai  ter  de 

celle-ci. 

Et  je  conclus,  de  tout  ce  qui  pr£c£de,  que  les  rayons  homo¬ 
genes  ne  sont  point  inSgalement  r^flexibles  au  sens  Brougha- 
mien  ;  en  d’autres  termes,  que  la  loi  de  reflexion  admise  par 

Newton,  est  la  vraie  loi  de  la  natuie. 

§.  12.  Il  r£sulte  de  la  discussion  prec^dente,  que  les  rayons 
violets  se  r£fl£chissent  plutot,  et  les  rouges  plus  fortement. 

Lors  meme  que  ces  deux  eftets  auroient  lieu  dans  des  circon- 
stances  pareilles,  ils  ne  seroient  peut-etre  pas  inconciliables. 

T  t  2 
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On  pourroit  concevoir  que  la  sphere  d’activite  s’^tend  un  peu 
plus  loin  pour  les  violets  que  pour  les  rouges,  mais  qifelle  agit 
sur  ceux-ci  avec  plus  d’intensite. 

Mais  il  est  essentiel  de  faire  remarquer,  que  ces  deux  effets 
ont  lieu  dans  des  circonstances  tres  differentes,  meme  opposees: 
et  ceci  indique  une  exception  importante  a  f  assertion  de  New¬ 
ton,  sur  1  in£gale  reflexibilite  des  divers  rayons  homogenes. 

Dans  les  experiences  par  lesquelles  ce  physicien  fletablit, 
{Exp.  9  et  10.)  la  reflexion  s'opere  dans  le  milieu  le  plus 
dense;*  elle  se  fait  done  par  attraction.  Au  contraire,  dans 
les  experiences  de  M.  Brougham,  (que  j'ai  exposees  sommaire- 
ment  au  §.  5. )  la  reflexion  s'opere  dans  le  milieu  le  plus  rare ; 
e’est-a-dire,  qifelle  se  fait  par  repulsion. 

Ainsi,  d'une  part,  on  voit  que  les  rayons  les  plus  refrangibles, 
ou  les  plus  attires  dans  facte  de  la  transmission,  sont  aussi  les 
plus  attires  dans  facte  de  la  reflexion  ;  et,  d'autre  part,  on  voit 
que  les  rayons  les  moins  refrangibles,  ou.les  moins  attires  dans 
la  transmission,  sont  les  plus  repousses  (e'est-a-dire  les  moins 
attires,)  dans  facte  de  la  reflexion. 

Ceci  paroit  faire  exception  a  la  loi  d'inegale  reflexibilite  New- 
tonienne;  puisque  cette  inegale  reflexibilite  n’est  prouvee  par 
Newton,  que  pour  le  cas  ou  le  rayon  se  meut  dans  le  milieu  le 
plus  dense.  Je  ne  me  rappelle  pas  que  Newton,  ni  aucun 
opticien,  jusqua  M.  Brougham,  ait  traite  f autre  cas.  Les 
experiences  de  ce  dernier  physicien  me  paroissent  indiquer  (au 

•  Dans  la  iceme  Experience,  (la  seule  sur  laquelle  on  put  elever  un  doute,)  Newto  n 
dit  b.en,  a  la  verite,  que  la  reflexion  s’opere  par  la  base  commune  des  deux  prismes, 
qu’il  a  reunis  en  un  seul  parallelipipede.  Mais  il  me  paroit  que  cette  reunion  ne 
pouvoit  se  faire,  qu’en  laissant  entre  les  deux  prismes  une  lame  d’air,  sufKsante  pour 
produire  la  reflexion  a  la  surface  anterieure.  (Opt.  1.  i.  part.  i.  prop .  3.) 
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moins  indirectement)  l'in^gale  inflexibility  Newtonienne,  pour 
le  cas  que  Newton  a  neglige ;  je  veux  dire,  pour  celui  ou  le 
rayon  se  meut  dans  le  milieu  le  plus  rare :  et  il  en  r&sulte,  a 
ce  qu’il  me  semble,  quelque  penchant  a  croire,  que  cette  reflexw 
bility  est  en  sens  inverse  de  l’autre :  ce  qu'il  ytoit  d’ailleur« 
assez  naturel  d’attendre. 


SECONDE  PART  IE. 

Quelques  Rapprochemens. 

§.  13.  Premiere  Question.  Les  principes  qui  expliquent 
la  ryflexion,  expliquent-ils  la  flexion  ?  * 

Pour  parvenir  a  repondre  a  cette  question,  il  y  a  deux  pryii- 
minaires  indispensables :  rappeller  les  principes  qui  ont  ety 
poses  pour  expliquer  la  reflexion ;  et  indiquer  avec  precision 
les  lois  de  la  flexion. 

§.  14.  Les  principes  admis  ci-dessus  sont,  i°.  la  force  repul¬ 
sive  agissant  selon  une  direction  perpendiculaire  a  la  surface 
reflechissante.  20.  Les  rayons  rouges  plus  repulsifs  que  les 
violets ;  ou,  en  general,  les  rayons  les  moins  ryfrangibles  plus 
fortement  repousses  que  ceux  qui  sont  plus  ryfrangibles. 

§.  15.  Les  lois  de  la  flexion,  tres  bien  determinyes  par  M. 
Brougham,  peuvent  (abstraction  faite  de  certaines  mesures 
precises)  s’enoncer  ainsi. 

%  .  1  j  1 1 

*  M.  Brougham  norame,  fort  a  propos,  flexion,  ce  que,  jusqu’a  lui,  la  plupart 
des  physiciens  nommoient  inflexion,  (et  quelques  autres  diffraction.)  Et  il  distingue 
la  flexion  en  inflexion  et  deflexion :  la  premiere  approchant  le  rayon,  et  la  seconde 
l’eloignant,  du  corps  flecteur. 
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i°.  Le  rayon  le  plus  inflexible  est  aussi  le  plus  deflexible. 

2°.  Le  rayon  le  plus  refrangible  est  le  moins  flexible.  Ainsi, 
le  rayon  rouge  est  a  la  fois  plus  inflechi,  et  plus  defl£chi,  que  le 
violet,  dans  les  memes  circonstances. 

§.  ib.  La  loi  de  la  deflexion  resulte  bien  des  principes,  dans 
ce  qui  concerne  ce  phenomene  seul.  Les  rayons  rouges  demon - 
trent  ici,  comme  dans  la  reflexion,  leur  plus  grande  force  de 
repulsion. 

§.  17.  Quant  a  la  loi  d’inflexion,  elle  ne  resulte  pas  des  prin¬ 
cipes  qui  expliquent  la  reflexion. 

On  pourroit  dire,  que  les  rayons  les  plus  repulsifs  sont  aussi  les 
plus  attractifs.  Cette  proposition  est  admise  par  M.  Brougham  ; 
mais  la  diverse  r£frangibilite  des  rayons  donne  une  indication 
toute  contraire. 

Soit  pour  la  deflexion,  soit  pour  Tinflexion,  on  est  place  dans 
des  circonstances  pareilles  a  celles  de  l'exp6rience  de  reflexion 
par  un  tres  petit  cylindre,  (§.  5.)  que  j’ai  discutee.  (§.  10.) 
Les  corps  flecteurs  sont  comparables  a  ce  petit  cylindre.  Ainsi 
Bangle  d’incidence  n’est  pas  donnd  immediatement,  et  on  a 
lieu  de  croire  qu’il  est  egal  a  Tangle  de  deflexion  :  il  doit  de 
meme  etre  dgal  a  Tangle  d’inflexion ;  mais  il  doit  arriver  que 
Tobservateur  ne  s’appe^oive  pas  de  cette  dgalitd. 

Du  reste,  le  phenomene  de  Tinflexion  est  plus  compliqu£, 
parceque  la  courbe  decrite  par  le  rayon  doit  avoir  deux  re- 
broussemens. 

On  peut  entrevoir  quelque  explication  de  ses  lois,  qui  au  pre¬ 
mier  coup  d’oeil  paroissent  choquer  des  principes  reconnus : 
mais  je  m'abstiens  de  toute  tentative  pareille. 

§.  18.  Seconde  Question.  Les  principes  reconnus  pour  la 
reflexion,  se  concilient-ils  avec  ceux  de  la  refraction  ? 
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Oui.  Des  que  les  rayons,  on  t  traverse  la  sphere  repulsive,  ils 
entrent  dans  l'attractive :  les  rayons  rouges  sont,  a  la  v^rite,  les 
plus  r^pulsifs,  mais  rien  n’empeche  que  les  violets  ne  soient 
plus  attractifs.  On  peut  meme  dire,  que  ces  deux  faits  se  lient 
naturellement,  et  qu’on  a  quelque  lieu  de  s’attendre  que  les 
rayons  moins  faciles  a  repousser,  seront  plus  faciles  a  attirer. 

Or, la  refraction  les  montre  tels.  Car,  i°.  rien  de  mieux  prouve 
en  optique  theorique,  que  la  proposition  qui  etablit,  que  la  re¬ 
fraction  est  produite  par  une  attraction  dirigee  perpendiculaire- 
ment  a  la  surface  refringente.  (Newton,  Princip.  1. 1.  prop.  94.) 
20.  Done  aussi,  les  differences  de  refraction,  et  en  particulier  la 
plus  grande  refrangibilite  des  rayons  violets,  sont  produites  par 
la  meme  cause :  consequence  confirmee  par  leur  reflexibilite 
superieure  dans  le  milieu  le  plus  dense. 

§.  19.  Troisieme  Question.  Les  principes  de  la  refraction, 
peuvent-ils  expliquer  ceux  de  la  flexion  ? 

Non.  Ce  qui  reste  inexplique,  e’est  la  loi  d’infl exion.  Dans 
cette  loi,  les  rayons  rouges  semblent  plus  attractifs,  tandis  que 
dans  la  refraction  e’est  le  contraire.  Shi  est  quelque  explica¬ 
tion  quon  entrevoie,  nous  y  avons  renonce.  (§.  17.)  Ainsi, 
cette  partie  des  ph£nomenes  de  flexion  reste  encore  pour  nous 
comme  isolee. 

§.  20.  “  Les  rayons  de  la  lumiere,  ne  sont-ils  pas  r£- 

“  flechis,  refractes,  et  infiechis,  par  une  seule  et  meme  force, 
“  qui  se  deploie  diversement  en  diverses  circonstances  ?  * 
Telle  est  la  question  que  se  faisoit  Newton,  au  commence¬ 
ment  du  siede,  et  qui  ne  me  paroit  pas  resolue  vers  sa  fin. 

II  est  vrai,  qu’en  enon^ant  les  consequences  de  ses  recherches, 
M.  Brougham  conclut  ainsi :  “  the  rays  of  light  are  reflected, 
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“  refracted,  inflected,  and  deflected,  by  one  and  the  same  power, 
“  variously  exerted  in  different  circumstances.” 

Cela  est,  sans  doute,  fort  probable,  mais  non  encore  de- 
montre. 

§.21.  La  seule  analogie  nouvelle  (et,  sans  doute,  tres-impor- 
tante,)  qu’a  saisie  M.  Brougham,  entre  ces  trois  classes  de 
phenomenes,  est  celle  qui  resulte  des  rapports  harmoniques 
entre  les  parties  distinctes  des  spectres  colores,  produits  par  la 
refraction,  la  reflexion,  et  la  flexion. 

§.  22.  Le  spectre  par  reflexion,  peut-il  etre  calcule  exacte- 
ment,  d'apres  les  principes  poses  ci-dessus,  (§.  10.)  afin  de  com¬ 
parer  le  resultat  de  ce  calcul  a  celui  de  P  experience  ?  Sa  division 
harmonique  est  un  rapport  saisi  entre  ce  phenomene  et  celui 
de  la  refraction,  qui  fortifie  Popinion,  deja  si  probable,  sur 
Pidentite  du  principe  dont  ces  deux  phenomenes  dependent. 
Je  n’ose  aller  au  dela. 

§.  23.  Sans  doute,  en  pesant  ces  considerations,  on  se  rap- 
pellera  la  proposition  avancee  par  M.  Brougham,  savoir,  que 
“  la  reflexibilite  des  rayons  est  comme  leur  refrangibilite  in- 
£<  versement.”  Mais  il  faut  bien  remarquer  le  sens  de  cette 
assertion. 

Newton  a  fait  sortir  un  rayon  du  verre  a  Pair,  par  la  face 
plane  d’un  prisme,  sous  un  angle  d’incidence  connu ;  et,  ayant 
observe  Pangle  de  refraction  des  rayons  rouges,  et  des  violets, 
il  a  trouve  ces  angles,  et  leurs  sinus,  comme  il  suit* 

Angle  commun  d’incidence  310  13'  o''  sinus  50 

Angle  de  refraction  du  rouge  33  4  38 _ 77 

Angle  de  refraction  du  violet  34  3  q - 78 

M,  Brougham  a  fait  tomber  un  rayon  sur  la  convexite  d'une 


*  Opt.  1.  1,  part.  1.  prop.  7. 
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fibre  m^tallique,  sous  un  angle  d’incidence  inconnu  ;  et,  ayant 
observe  la  reflexion,  il  en  a  conclu  les  angles  et  sinus  suivans. 
Angle  d'incidence  commun  -  770  20'  sinus  77^ 

Angle  de  reflexion  du  rouge  -  75  50 - 7 7 

Angle  de  reflexion  du  violet  -  78  51 - 78 

On  voit  bien,  en  effet,  que  les  nombres  77  et  78  expriment, 
de  part  et  d'autre,  des  limites,  d’un  cote  de  refraction,  de 
Tautre  de  reflexion ;  mais  on  n’en  peut  pas  conclure  la  raison 
inverse  des  quantity  qu’on  mesure  dans  Tobservation  de  ces 
deux  phenomenes :  la  disparity  des  circonstances  de  ces  deux 
experiences  s’y  oppose.  M.  Brougham  fait  remarquer  lui-meme 
la  difference  d’incidence.  Mais  ce  n’est  pas  la  seule;  et  il 
suffit  de  se  rappeller,  que  par  une  meme  incidence  la  disper¬ 
sion  des  rayons  colores  varie  selon  la  nature  des  milieux,  pour 

/ 

detruire  toute  idee  de  proportion  reguliere,  exprimee  d'une 
maniere  precise  et  generale,  sans  egard  a  la  diversite  des 
milieux.* 

La  proposition  affirmee  par  M.  Brougham,  veut  done  dire 
seulement,  que  celui  des  rayons  qui  occupe  le  plus  de  place  sur 
le  spectre  refracte,  en  occupe  moins  sur  le  spectre  reflechi ;  et 
que  Tun  et  Tautre  offre  la  division  harmonique.  Cela  suffit 
bien  pour  indiquer  quelque  analogie,  mais  non  pour  fonder, 
sans  aucune  autre  preuve,  1’ unite  du  principe. 

§.  24.  C’est  dans  le  meme  sens  qu'il  faut  entendre  la  proposi¬ 
tion  qui  etablit  que  “  les  flexibilites  sont  comme  les  reflexibilites 
“  directement,  et  comme  les  refrangibilites  inversement.”  Et 
il  y  a  encore  beaucoup  plus  de  disparite  dans  les  circonstances, 

*  Voyez  entr’autres  les  conclusions  que  M.  Robert  Blair  a  tire  de  ses  expe¬ 
riences,  aussi  exactes  que  multiplies,  sur  ce  sujet.  Trails,  of  the  R.  S.  of  Edinburgh , 
Vo\.  III.  p.  72. 
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et  dans  les  resultats,  com  me  M.  Brougham  a  soin  de  le  faire 
remarquer.  Ainsi,  la  division  harmonique  du  spectre  colors 
fournit  une  analogie  encore  beaucoup  plus  foible,  en  faveur  de 
[’identity  d’un  principe  commun,  auquel  ces  trois  phenomenes 
doivent  etre  rapportes. 

Et  cependant  il  faut  convenir  que  ces  foibles  analogies  entrai- 
nent  la  persuasion ;  et  que  l’esprit  ne  sera  point  satisfait,  jusqu'a 
ce  que,  par  quelque  nouvel  effort,  la  flexion  soit  r^unie  aux  ph£- 
nomenes  de  reflexion  et  de  refraction,  par  Punite  de  principe. 

§.  25.  Notre  ignorance  sur  la  nature  des  forces  qui  produisent 
ces  phenomenes,  en  particulier  sur  la  nature  de  la  force  repul¬ 
sive,  et  le  defaut  d’accord  qui  regne  encore  entre  les  pheno¬ 
menes  de  flexion  et  les  autres,  permettent-ils  d’avoir  confiance 
a  la  cause  physique,  indiquee  des  long-temps  par  Newton, 
reprise  recemment,  et  meme  calcuiee,  par  M.  Brougham  ,  je 
veux  dire,  la  difference  de  masse  des  particules  qui  composent 
les  divers  rayons  ? 

§.  2 6.  Est-on  en  droit  d’envisager  comme  une  hypothese, 
la  theorie  Newtonienne  des  acces  de  facile  et  difficile  trans¬ 
mission  ?  Cette  theorie  nest  que  lexpression  generalisee  dun 
fait  bien  observe.  Si  les  transmissions  et  reflexions  alternatives 
ne  dependent  que  de  Pepaisseur  des  lames  transparentes,  il  faut 
que  les  rayons,  ou  le  milieu,  soient  alternativement,  et  en  tem- 
puscules  egaux,  dans  des  dispositions  opposees.  Des  experiences 
plus  variees  feront  voir  si  Pepaisseur  seule  y  influe:  c  est  sous  ce 
point  de  vue  que  l’Abb^  Mazeas  avoit  entrepris  quelques  expe¬ 
riences,  qui  ne  donnoient  encore  aucun  resultat,  mais  qu’on  pou- 
voit  esperer  de  voir  suivre  avec  succes,  [Mem. des Sav.  Etr.  1755*) 
La  theorie  des  lames  minces  transparentes,  paroit  avoir  ete 
congue  par  Newton  des  Page  de  27  ans,  et  il  ne  Pa  publie  (jue 
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35  ans  plus  tard  :  car  il  y  faisoit  allusion  dans  ses  Lecons,  a 
Cambridge,  en  1669,  et  la  iere  edition  de  son  Optique  est  de 
Fannie  1704.  ( Opusc .  Tom.  II.  p.  275.)  Autant  il  seroit  ab- 
surde  de  mettre  en  parallele  avec  la  raison  Fautorite  meme  la 
plus  respectable,  autant  il  est  juste  d’exiger  un  examen  tres 
attentif  d'une  opinion  aussi  reflechie. 

§.  27.  Je  finirai  par  observer,  que  Fexplication  que  j’ai  pro¬ 
pose,  selon  les  principes  Newtoniens,  du  phenomene  observe 
par  M.  Brougham,  dans  la  reflexion  operee  par  un  cylindre 
tres  petit,  (§.10.)  ne  nuit  pas  a  Femploi  que  ce  physicien  en 
fait,  pour  expliquer  les  couleurs  des  corps  naturels.  Son  senti¬ 
ment  et  celui  de  Newton,  a  cet  egard,  ne  sont  pas  en  contra¬ 
diction.  Il  n'est  pas  sur  que  les  couleurs  des  corps  naturels  ne 
soient  produites  que  d’une  fa^on ;  mais,  pour  qu'elles  soient 
produites,  il  faut  que  la  reflexion  s'opere  par  chaque  particule 
des  corps,  sous  toute  sorte  d'angles.  Et  je  ne  vois  pas  que  M. 
Brougham  ait  r£ussi  a  operer,  sous  plusieurs  angles  varies,  la 
reflexion  qu'il  a  obtenue  par  _ses  petits  cylindres.  Il  semble 
qu’il  ne  parle,  d’une  maniere  precise,  que  de  celle  oia  l’angle 
d'incidence  etoit  d'environ  770,  et,  par  consequent,  fort  grand. 
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XII.  An  Account  of  the  Orifice  in  the  Retina  of  the  human  Eye , 
discovered  by  Professor  Soemmering.  To  which  are  added. 
Proofs  of  this  Appearance  being  extended  to  the  Eyes  of  other 
Animals.  By  Everard  Home,  Esq.  F.  R.  S. 

Read  April  19,  1798. 

Having  had  the  honour  of  laying  before  this  learned  Society, 
at  different  times,  observations  on  the  structure  of  the  eye,  both 
in  man  and  in  other  animals,  I  have  been  naturally  led  to  avail 
myself  of  every  opportunity  to  investigate  this  subject. 

My  attention  has  been  recently  directed  to  the  prosecution 
of  this  inquiry,  by  a  very  curious  discovery  of  an  aperture  in 
the  retina  of  the  human  eye,  which  we  owe  to  Mr.  Soem¬ 
mering,  an  anatomist  of  considerable  reputation,  resident  at 
Mentz.  His  account  of  this  discovery  has  been  published  on 
the  Continent,  but  I  do  not  know  that  any  copy  of  the  memoir 
has  been  brought  into  this  country. 

It  was  believed  by  Mr.  Soemmering,  and  also  by  the  French 
anatomists,  that  this  appearance  is  only  to  be  met  with  in  the 
human  eye.  1  have,  however,  been  so  fortunate  as  to  discover 
it  in  the  eyes  of  other  animals ;  and  the  object  of  the  present 
paper  is,  to  lay  before  the  Society  the  observations  1  have  made 
upon  this  subject. 

I  am  indebted  to  my  friend  Sir  Charles  Blagden,  for  the 
first  intelligence  of  Mr.  Soemmering’s  discovery.  I  afterwards 
received  a  more  particular  account,  in  a  very  obliging  letter 
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from  Mr.  Maunoir,  an  eminent  surgeon  at  Geneva,  which 
contains,  I  believe,  the  material  information  published  by  Mr. 
Soemmering  ;  I  shall  therefore  transcribe  that  part  of  the  letter, 
which  is  as  follows. 

“  The  war  being  an  obstacle  to  a  free  communication  be- 
tween  England  and  the  Continent,  you  are  not,  perhaps,  ac- 
“  quainted  with  a  new  discovery  in  the  anatomy  of  the  human 
i(  eye,  made  by  a  professor  of  Mentz,  Mr.  Soemmering  ;  permit 
“  me,  therefore,  to  say  something  on  the  subject.  He  was  dis- 
“  secting,  in  the  bottom  of  a  vessel  filled  with  a  transparent 
“  liquid,  the  eyes  of  a  young  man  who  had  been  drowned,  and 
“  was  struck  on  seeing,  near  the  insertion  of  the  optic  nerve  on 
“  the  retina,  a  yellow  round  spot,  and  a  small  hole  in  the  mid- 
“  die,  through  which  he  could  see  the  dark  choroides ,  (looking 
“  at  the  surface  of  the  retina  which  covers  the  vitreous  hu- 
“  mour.)  He  dissected  other  human  eyes,  and  constantly, 
“  when  the  dissection  was  carefully  made,  found  the  hole  of 
“  the  retina  seemingly  at  the  posterior  end  of  the  visual  ra¬ 
ff  dius,  nearly  two  lines  on  the  temporal  side  of  the  optic  nerve, 
“  and  the  hole  surrounded  by  the  yellow  zone,  of  above  three 
t(  lines  in  diameter.  The  hole  of  the  retina  is  not  directly  seen, 
«  being  covered  with  a  fold  of  the  retina  itself.  An  anatomist 
“  of  Paris  dissected  many  eyes  of  quadrupeds  and  birds,  and 
<«  found  the  yellow  spot  and  hole  in  no  animal  but  the  human 
“  kind. 

“  Should  you  think  that  nature  has  intended  this  hole  to 
“  grow  large  when  the  eye  is  opposed  to  a  strong  light,  and 
“  thereby  cause  a  great  part  of  the  rays  to  fall  on  the  choroid, 
«  and  vice  versa ,  when  the  eye  is  in  darkness  ?  And  the  want  of 
“  such  a  construction  in  animals,  is  it  owing  to  a  greater  power 
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“  of  augmenting  or  diminishing  the  pupil,  than  in  men  ?  If 
«  Messrs.  Mariotte  and  Le  Cat  should  come  to  life  again, 
«  they  would  find,  in  that  hole,  the  explanation  of  the  phaeno- 
“  menon  of  the  two  cards,  one  disappearing  at  a  certain  dis- 
«  tance  from  one  eye,  &c.  which  may  be  explained  by  saying, 
«  that  where  the  optic  nerve  enters  the  ball,  there  is  no  cho- 
“  roid,  and  so  no  vision. 

**  I  dissected  some  human  eyes  a  short  time  after  I  had  read 
**  the  discovery,  and  found  the  spot,  the  ruga  concealing  it,  and 
“  the  yellow  zone.  The  best  way,  I  think,  to  see  them,  is  to  take 
“  off  the  half  posterior  part  of  the  sclerotica,  then  the  corre- 
“  spondent  part  of  the  choroid ;  both  must  be  cut  round  the 
«  insertion  of  the  optic  nerve.  The  retina  is  to  remain  bare  and 
“  untouched,  sustaining  alone  the  vitreous  humour ;  then  you 
«  may  see  the  round  spot,  which  reaches  the  optic  nerve,  and  a 
“  fold  of  the  retina,  marking  a  diameter  of  the  spot.  Then,  if 
«  you  press  the  ball  a  little  with  your  finger,  so  as  to  push  the 
V  vitreous  humour  rather  near  the  bottom  of  the  eye,  the  ruga 
“  is  unfolded,  and  you  will  see  the  hole  perfectly  round,  of  £  of 
«  a  line  in  diameter,  and  its  edges  very  thin. 

“  All  this  can  be  seen  on  the  inside  of  the  eye,  but  not  so 
“  perfectly ;  and,  in  that  case,  you  must  make  your  observa- 

“  tions  in  water." 

Many  months  elapsed,  after  the  receipt  of  this  letter,  before 
I  could  procure  an  eye  in  a  proper  state  for  observing  this  aper¬ 
ture  in  the  retina;  but,  in  the  course  of  last  month,  several 
opportunities  offered,  and  I  saw  the  appearance  described  by 
Mr.  Maunoir  very  distinctly. 

The  mode  I  adopted  for  examining  the  retina,  was  that  of 
removing  the  transparent  cornea ;  then  taking  away  the  iris, 
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and  wounding  the  capsule  of  the  crystalline  lens,  so  as  to 
disengage  the  lens,  without  removing  that  part  of  the  capsule 
which  adheres  to  the  vitreous  humour ;  by  which  means,  the 
retina  remained  undisturbed,  and  could  be  accurately  examined, 
when  a  strong  light  was  thrown  into  the  eye. 

The  aperture  in  the  retina,  surrounded  by  a  zone  with  a  ra¬ 
diated  appearance,  was  distinctly  seen,  on  the  temporal  side  of 
the  insertion  of  the  optic  nerve,  and  about  of  an  inch  distant 
from  it,  apparently  a  little  below  the  posterior  end  of  the  visual 
radius.  The  aperture  itself,  in  this  view,  was  very  small.  After 
having  viewed  it  in  two  different  eyes,  I  took  an  opportunity  of 
showing  it  to  Sir  Joseph  Banks  and  Sir  Charles  Blagden, 
who  both  saw  it  with  the  same  degree  of  distinctness. 

At  first,  I  believed  it  necessary  to  have  a  very  fresh  eye  for 
demonstrating  this  aperture,  but  I  have  since  found,  that  it  is 
more  readily  seen  in  an  eye  two  days  after  death ;  the  zone, 
which  is  the  most  conspicuous  part,  being  of  a  lighter  colour 
the  first  day,  than  it  is  upon  the  second. 

I  have  also  succeeded  in  preserving  the  posterior  part  of  the 
eye  in  spirits,  without  destroying  the  appearance  of  this  aper¬ 
ture.  This  preparation  I  am  unwilling  to  bring  to  a  public 
meeting  of  the  Society,  since  it  may  be  liable  to  be  injured  by 
being  much  shaken ;  but  I  hope  my  having  shown  it  to  Sir 
Joseph  Banks  and  Sir  Charles  Blagden,  will  be  sufficient 
evidence,  both  to  the  Society  and  others,  that  such  a  prepa¬ 
ration  can  be  made. 

I  am  induced  to  make  this  remark,  by  recollecting  that  a 
celebrated  anatomist  of  Edinburgh  denied,  in  his  last  publi¬ 
cation,  that  the  anterior  lamina  of  the  cornea  can  be  separated 
from  the  others,  as  a  continuation  of  the  tendons  of  the  four 
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straight  muscles  of  the  eye,  for  no  other  reason  than  because 
he  could  not  succeed  in  the  demonstration  of  it ;  the  failure, 
probably,  arising  from  the  eye  not  being  sufficiently  fresh  to 
admit  of  such  a  separation.  Had  it  been  mentioned  in  my 
former  paper,  that  the  preparation,  from  which  the  engraving 
was  made,  had  been  shown  to  this  learned  Society,  or  to  any 
members  of  it,  my  assertion  would  probably  have  had  more 
weight. 

In  separating  the  vitreous  humour  from  the  retina,  I  found  a 
greater  adhesion  at  this  particular  part ;  and,  when  the  vitreous 
humour  was  removed,  the  retina  was  pulled  forward,  forming 
a  small  fold,  in  the  centre  of  which  was  this  aperture.  This 
doubling  was  sometimes  produced  by  endeavouring  to  cut 
through  the  vitreous  humour,  to  disengage  the  crystalline  and 
its  capsule. 

I  have  been  the  more  particular  in  describing  the  appearance 
of  this  aperture  in  the  retina  of  the  human  eye,  that,  while  I 
announce  this  curious  discovery  of  Mr.  Soemmering  to  this 
learned  Society,  I  may  give  the  most  complete  confirmation  of 
it.  To  have  this  in  my  power  affords  me  a  particular  pleasure, 
as  it  gives  me  an  opportunity  of  doing  justice  to  the  merit  of  a 
foreign  anatomist,  who  deserves  so  highly  of  our  art;  and  who 
has  demonstrated  to  his  cotemporaries,  that  those  who  labour 
patiently,  and  follow  their  pursuits  with  ardour,  may  still  hope  to 
make  discoveries,  in  the  anatomy  even  of  those  parts  of  the  body 
which  are  considered  as  the  best  understood ;  since  the  human 
eye,  so  long  the  favourite  object  of  the  most  eminent  anato¬ 
mists  and  philosophers,  is  still  but  imperfectly  investigated. 

After  having  made  the  preceding  observations  upon  this  sin¬ 
gular  appearance  in  the  human  eye,  I  found,  in  Dr.  Duncan  s 
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Annals  of  Medicine  for  1797,  an  account  of  a  publication  con¬ 
cerning  it  by  Professor  Reil,  entitled,  The  plait,  the  yellow 
spot,  and  the  transparent  portion  of  the  retina  of  the  eye. 

After  these  are  described  separately,  the  following  circum¬ 
stances  are  mentioned.  “  Soemmering  takes  this  appearance 
“  to  be  a  real  hole.  Buzzi,  on  the  contrary,  thinks  that  it  is 
“  merely  a  transparent  and  thin  portion  of  the  retina. 
“  Michaelis  seems  to  agree  with  him.  Reil  and  Meckel  are 
“  rather  in  favour  of  the  existence  of  an  actual  hole. 

“  Michaelis  saw  the  plait  more  distinctly  in  foetuses  of 
“  seven  or  eight  months,  than  in  adults ;  and  the  transparent 
“  portion  lay  concealed  within  it,  but  the  yellow  spot  was 
“  wanting :  nor  is  it  to  be  observed  in  the  eyes  of  newly-born 
“  children.  After  the  first  year,  it  becomes  somewhat  yellow, 
“  and  the  depth  of  the  colour  increases  with  the  age  of  the 
“  subject.  Soemmering  says  that  this  spot  is  pale  in  children, 
“  bright  yellow  in  young  people,  and  becomes  again  pale  in 
“  old  age.  Its  degree  of  saturation  seems  to  be  intimately  con- 
“  nected  with  the  state  of  vision  :  it  constantly  diminishes,  in 
“  proportion  as  vision  is  obstructed.  Where  one  eye  only  is 
“  diseased,  in  it  the  yellow  spot  is  wanting,  and  the  plait  is 
“  small  and  wrinkled ;  while,  in  the  sound  one,  they  are  rather 
“  more  distinct  than  usual. 

“  Michaelis  discovered  no  vestige  of  these  appearances  in 
“  the  eyes  of  dogs,  swine,  or  calves/' 

Professor  Reil's  mode  of  dissecting  the  eye,  to  show  the 
aperture  and  plait,  is  exactly  similar  to  that  mentioned  in  Mr. 
Maunoir's  letter. 

It  will  appear,  from  the  account  of  this  orifice  in  the  retina, 
which  precedes  these  observations  of  Professor  Reil,  that  the 
mdccxcviii.  X  x 
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plait  so  particularly  mentioned  is  an  artificial  appearance,  which 
takes  place  in  the  dissection  of  the  eye,  and  arises  from  the  cir¬ 
cumstance  of  the  vitreous  humour  adhering  more  firmly  to  the 
edge  of  this  orifice,  than  to  any  other  part  of  the  retina ;  so  that 
the  smallest  motion  of  the  vitreous  humour,  in  consequence  of 
dividing  it,  or  removing  the  choroid  coat,  produces  a  plait,  by 
pulling  forwards  this  portion  of  the  retina.  What  is  said  of  the 
colour  of  the  yellow  spot,  and  of  the  difference  of  opinion,  whe¬ 
ther  it  is  a  hole  or  a  transparent  portion  of  the  retina,  I  shall 
consider  more  fully  in  another  part  of  this  Paper. 

After  having  ascertained  the  appearance  of  this  aperture  in 
the  human  eye,  and  found  what  appeared  the  best  mode  of 
seeing  it,  I  determined  to  investigate  this  subject  in  the  eyes  of 
other  animals. 

The  monkey  was  the  first  animal  which  I  procured  for  ob¬ 
servation  ;  being  led,  from  previous  knowledge  in  comparative 
anatomy,  to  believe  that  the  structure  of  its  eye  must  bear  a 
very  close  resemblance  to  that  of  the  human  subject. 

The  eye  was  examined  immediately  after  the  death  of  the 
animal,  and  was  prepared  in  the  same  way  that  I  have  already 
described  the  human  eye  to  have  been  for  this  purpose ;  so  that 
the  concave  surface  of  the  retina  appeared  in  its  most  natural 
state,  and  the  vitreous  humour,  being  entire,  kept  it  expanded, 
and  free  from  ruga.  On  the  first  view,  nothing  was  to  be  seen 
but  one  dark  surface,  surrounding  the  entrance  of  the  optic 
nerve.  Two  hours  after  death,  the  retina  became  sufficiently 
opaque  to  be  distinguished,  and,  immediately  after,  the  orifice 
was  visible,  appearing  to  be  an  extremely  small  circular  aper-  # 
ture,  without  any  margin ;  but,  in  half  an  hour  more,  the  zone 
had  formed,  which,  when  very  accurately  examined  in  a  bright 
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light,  had  an  appearance  of  four  rays,  at  right  angles,  as  ex¬ 
pressed  in  the  annexed  plate.  (SeeTab.  XVII.  fig.  3.)  Its  situa¬ 
tion,  respecting  the  optic  nerve,  was  precisely  the  same  as  in 
the  human  eye.  As  I  considered  this  to  be  a  fact  of  some  im¬ 
portance,  since  it  proved  the  aperture  in  the  retina  to  be  a  part 
of  the  structure  of  the  eye,  generally,  and  not  a  peculiarity  in 
the  human  eye,  I  requested  Sir  Joseph  Banks,  Sir  Charles 
Blagden,  and  Dr.  Baillie,  to  examine  it:  to  all  of  them  it 
appeared  very  distinct.  After  having  shown  it  to  those  gen¬ 
tlemen,  and  having  an  accurate  drawing  made  of  it,  I  preserved 
that  portion  of  the  eye  in  spirits ;  where  the  aperture  in  the 
retina  can  still  be  distinctly  seen,  but  the  radiated  appearance 
is  lost. 

In  the  eye  of  a  bullock,  prepared  in  the  same  manner,  I 
looked  in  vain  for  a  similar  appearance :  if  it  existed,  and 
bore  any  proportion  to  the  size  of  the  eye-ball,  as  it  ap¬ 
pears  to  do  in  the  human  eye  and  that  of  the  monkey,  it 
must  have  been  very  visible.  The  concave  surface  of  the 
retina  was  examined  in  different  lights,  under  a  variety  of  cir¬ 
cumstances,  and  by  magnifying  glasses  of  different  powers, 
but  still  no  aperture  could  be  discovered.  I  was,  however, 
very  much  struck,  while  looking  at  the  optic  nerve,  to  see 
something  in  the  vitreous  humour,  (in  consequence  of  a  per¬ 
son  accidentally  shaking  the  table,)  that  had  not  been  before 
observed. 

This  proved  to  be  a  semi-transparent  tube,  resembling  in  its 
coats  a  lymphatic  vessel,  rising  from  the  retina,  close  to  the 
optic  nerve,  on  the  temporal  side  of  its  insertion,  and  coming 
directly  forwards  into  the  vitreous  humour,  in  which  it  was 
lost,  after  being  distinctly  seen  for  -^ths  of  an  inch  of  its  course. 

X  x  2 
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Its  appearance  is  accurately  delineated  in  the  annexed  plate. 
(Fig.  4.) 

This  tube  is  not  so  distinctly  seen  in  the  eye  immediately 
upon  the  animal’s  death,  as  some  hours  after;  and  is  much 
more  obvious  in  some  eyes  than  in  others.  As  the  coats  of  the 
tube  must  be  nearly  the  same  in  all  eyes,  this  difference  pro¬ 
bably  arises  from  its  contents  not  always  having  the  same  de¬ 
gree  of  transparency. 

When  the  eye  has  been  kept  24  hours  after  the  animal’s 
death,  there  is  an  appearance  of  a  zone  of  a  circular  form,  a 
shade  darker  than  the  rest  of  the  eye,  in  which  the  optic  nerve 
is  included :  when  this  zone,  which  is  nearly  -^ths  of  an  inch 
in  diameter,  is  attentively  examined,  the  tube  I  have  described 
is  exactly  in  the  centre  of  it.  The  tube  seems  to  be  confined 
by  the  vitreous  humour,  (while  that  humour  is  entire,)  and 
only  to  move  along  with  the  central  part  of  it ;  and,  in  some 
instances,  when  the  vitreous  humour  is  divided,  the  tube  falls 
down.  Its  attachment  at  the  retina  appears  stronger  than  its 
lateral  connection  with  the  vitreous  humour;  for,  when  I  coagu¬ 
lated  the  vitreous  humour  in  spirits,  and  separated  it  from  the 
retina,  I  found  the  tube  was  left  with  the  retina,  but  upon  be¬ 
ing  touched  was  easily  torn. 

In  the  sheep’s  eye  there  is  a  similar  tube,  in  exactly  the  same 
situation,  respecting  the  optic  nerve,  but  much  shorter,  and 

much  less  easily  detected.  It  does  not  appear  to  be  more  than 
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2^th  of  an  inch  in  length,  before  it  is  lost  in  the  vitreous  hu¬ 
mour.  After  having  seen  the  tube  distinctly  in  two  different  eyes, 
and  having  had  a  drawing  made  of  it,  I  looked  for  it  in  several 
others,  without  finding  it :  but,  examining  an  eye  from  which 
the  crystalline  lens  had  not  been  removed,  only  an  aperture 
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made  into  the  vitreous  humour,  by  removing  a  portion  of  the 
ciliary  processes  along  with  the  iris,  the  tube  was  distinctly 
seen.  The  weight  of  the  lens  probably  pulled  forward  the  vi¬ 
treous  humour,  and  kept  the  short  tube  erect,  in  its  natural 
situation. 

I  mention  this  circumstance,  to  prevent,  as  much  as  I  am 
able,  other  anatomists  from  being  disappointed  in  not  finding 
it ;  which  may  readily  happen,  if  the  search  be  not  made  with 
considerable  attention. 

In  the  sheep,  there  is  no  appearance  of  a  zone  surrounding 
the  tube. 

These  facts,  although  few  in  number,  are  sufficient  to  prove, 
that  this  orifice  is  not  peculiar  to  the  retina  of  the  human  eye ; 
and  that  its  situation  in  man  and  in  the  monkey  is  the  same :  in 
them,  it  is  placed  at  some  distance  from  the  optic  nerve ;  but, 
in  some  other  animals,  its  situation  is  close  to  that  nerve,  and 
it  puts  on  the  appearance  of  a  tube,  instead  of  an  orifice. 

There  is  one  circumstance  which  is  curious,  and  which  it 
will  require  further  information  upon  this  subject  to  explain ; 
the  yellow  zone,  found  in  the  human  eye  and  that  of  the  mon¬ 
key,  is  not  met  with  in  any  other  animal  which  I  have  exa¬ 
mined. 

Having  stated  the  facts,  and  also  the  opinions  of  other  ana¬ 
tomists,  that  have  come  to  my  knowledge,  as  well  as  my  owp. 
observations,  upon  this  orifice  in  the  retina  of  the  human  eye, 
discovered  by  Mr.  Soemmering,  and  having  added  to  these, 
several  new  facts  [respecting  it  in  other  animals,  I  shall  draw 
some  general  conclusions  from  the  whole,  with  a  view  to  show 
that  the  conjectures  which  have  been  made,  respecting  its  use, 
are  probably  erroneous.  I  shall  afterwards  point  out  several 
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reasons  for  considering  it  as  the  orifice  of  a  lymphatic  vessel 
intended  to  carry  off'  the  vitiated  parts  of  the  vitreous  humour 
and  crystalline  lens. 

In  the  human  subject,  as  no  examination  can  be  made  for 
some  considerable  time  after  death,  it  is  impossible  to  ascertain 
what  is  the  real  state  of  this  orifice  in  the  living  eye,  and  what 
changes  take  place  in  it  after  death ;  we  only  learn,  that  the 
tinge  of  yellow  surrounding  the  orifice  is  very  slight,  when  the 
eye  is  examined  recently,  and  that  the  next  day  it  becomes 
much  deeper. 

These  points  appear  to  be  satisfactorily  cleared  up,  by  the  exa¬ 
mination  that  was  made  of  the  monkey's  eye,  as  it  was  begun  be¬ 
fore  the  parts  had  lost  the  appearance  belonging  to  them  as  living 
parts.  In  that  state,  the  retina  was  transparent,  and  no  orifice 
could  be  seen ;  so  that  the  orifice  is  rendered  visible,  by  remain¬ 
ing  transparent,  while  the  surrounding  retina  becomes  opaque. 
This  appears  to  decide  the  dispute  between  Messrs.  Soemmering 
and  Buzz i  ;  for,  if  this  part  does  not  undergo  the  change  pe¬ 
culiar  to  the  retina,  we  must  consider  the  retina  as  wanting 
there.  After  the  orifice  is  thus  rendered  visible,  the  yellow  tinge 
is  wanting,  and  does  not  take  place  for  several  hours,  and  even 
then  is  fainter  than  it  becomes  afterwards ;  which  appears  to  be 
sufficient  evidence,  that  this  tinge  is  the  effect  of  some  change 
after  death,  and  cannot,  therefore,  have  any  effect  upon  vision. 

The  orifice  has  been  supposed  to  account  for  a  small  object 
becoming  invisible,  when  placed  at  a  certain  distance  from  the 
eye,  and  brought  opposite  a  particular  part  of  the  retina.  This, 
however,  cannot  be  the  case,  as  its  situation  in  the  retina  does 
not  correspond  with  the  part  opposed  to  the  object,  when  ren¬ 
dered  invisible. 
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The  orifice  itself  is  probably  too  small  to  produce  any  defect 
in  vision,  as  the  trunks  of  the  blood-vessels  which  ramify 
upon  the  retina  cover  a  larger  space  than  this  orifice,  for  a 
considerable  extent,  without  obstructing  the  sight  of  any  part 
of  the  object. 

While  my  observations  were  confined  to  the  human  eye,  I 
was  led  to  consider  this  orifice  as  a  lymphatic  vessel,  passing 
from  the  vitreous  humour  through  the  retina,  but  could  bring 
no  absolute  proof  of  its  being  so.  This  opinion  was  strength¬ 
ened  by  finding,  that  in  the  monkey,  the  orifice  was  only  ren¬ 
dered  visible  when  the  retina  became  opaque ;  and  it  has  since 
been  corroborated,  by  a  distinct  tube  being  met  with  in  the 
eyes  of  sheep  and  bullocks. 

That  a  change  must  be  constantly  taking  place  in  the  crys¬ 
talline  and  vitreous  humours,  to  preserve  to  them  the  necessary 
degree  of  transparency,  can  hardly  be  doubted ;  and  that  the 
absorbent  vessels  which  perform  that  office  should  have  one 
common  trunk,  which  follows  the  course  of  the  artery  and  vein, 
perfectly  agrees  with  what  takes  place  in  other  parts  of  the  body. 

In  the  human  eye,  and  that  of  the  monkey,  the  artery  is  in 
the  centre  of  the  optic  nerve;  but  that  would  have  been  too  cir¬ 
cuitous  a  course  for  the  lymphatic  vessel  to  follow,  and,  by  go¬ 
ing  through  the  retina,  at  some  distance  from  the  nerve,  it  can 
pass  out  of  the  orbit  with  the  blood-vessels  that  go  through  the 
foramen  lacerum  orbitale  inferius.  In  the  bullock  and  sheep, 
there  is  a  plexus  of  vessels  surrounding  the  optic  nerve,  and  the 
tube  dips  down,  close  by  the  optic  nerve,  probably  to  accom¬ 
pany  them. 

From  the  observations  made  by  Michaelis,  of  the  yellow 
spot  not  being  visible  in  foetuses,  or  in  infants  under  a  year  old, 


344  Mr.  Home’s  Account  of  an  Orifice 

or  in  eyes  that  are  blind,  also  of  its  being  brighter  in  young 
people,  and  paler  in  old,  it  would  appear,  that  it  is  only  when 
the  eye  is  capable  of  performing  its  functions,  that  there  is  any 
stain  communicated  to  the  retina. 

EXPLANATION  OF  THE  PLATE  (Tab.  XVII.) 

The  drawings  from  which  the  figures  are  engraved  were 
made  from  preparations  of  the  eye  lying  in  water,  with  a  strong 
light  shining  upon  the  preparation.  In  making  the  drawings, 
the  principal  object  was,  procuring  a  distinct  view  of  the  parts 
surrounding  the  optic  nerve;  when  this  could  be  obtained,  the 
situation  of  the  eye  itself  was  not  attended  to. 

Fig.  1 .  A  transverse  section  of  the  human  eye,  immediately 
before  the  ciliary  processes.  The  retina  is  viewed  through  the 
posterior  portion  of  the  capsule  of  the  crystalline  lens. 

a.  The  termination  of  the  optic  nerve. 

b.  The  aperture  in  the  retina,  discovered  by  Professor 
Soemmering. 

Fig.  2.  A  longitudinal  section  of  the  left  eye  in  the  human 
subject,  to  show  the  relative  situation  of  the  aperture  in  the  re¬ 
tina  to  the  entrance  of  the  optic  nerve,  and  the  mode  in  which 
it  appears  to  project,  when  the  vitreous  humour  is  disturbed. 

a.  The  termination  of  the  optic  nerve. 

b.  The  aperture  in  the  retina. 

Fig.  3.  A  transverse  section  of  the  eye  of  a  large  monkey, 
to  show  the  aperture  in  the  retina :  its  situation  is  the  same  as 
in  the  human  eye.  The  zone  has  the  appearance  of  a  star  with 
four  rays. 

a.  The  entrance  of  the  optic  nerve. 

b.  The  aperture  in  the  retina. 
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Fig.  4.  A  transverse  section  of  the  eye  of  a  bullock,  to  show 
that  there  is  a  semi-transparent  tube  projecting  from  the  edge 
of  the  entrance  of  the  optic  nerve,  into  the  vitreous  humour. 
This  tube  is  surrounded  by  a  zone,  with  a  distinct  margin :  it 
is  situated  on  the  temporal  side  of  the  optic  nerve. 

Fig*  5 •  A  transverse  section  of  the  eye  of  a  sheep,  to  show 
that  there  is  a  similar  tube  as  in  the  bullock,  in  the  same  situa¬ 
tion,  but  much  shorter,  and  without  the  surrounding  zone. 
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XIII.  A  Description  of  a  very  unusual  Formation  of  the  human 
Heart.  By  Mr.  James  Wilson,  Surgeon.  Communicated  by 
Matthew  Baillie,  M.  D.  F.  R.  S. 

Read  May  3,  1798. 

• 

The  heart  is  an  organ  of  so  much  importance  in  the  animal 
oeconomy,  and  is  so  immediately  concerned  in  the  support  of 
life,  that  any  unusual  deviation  from  its  natural  form  and  situa¬ 
tion  in  the  human  body,  has  always  been  considered  as  a  subject 
of  some  interest  by  the  physiologist;  such  deviations  have, 
therefore,  not  unfrequently  been  submitted  to  the  consideration 
of  this  and  other  learned  Societies.  Many  circumstances  re¬ 
specting  the  circulation  of  the  blood,  and  respiration,  wholly 
unknown  to  our  ancestors,  have  lately  been  ascertained;  but 
we  are  not  as  yet  arrived  at  a  perfect  knowledge  of  these  im¬ 
portant  actions.  Difficulties  yet  remain;  more  information  may 
still  be  acquired ;  and  the  reasoning  upon  these  subjects  will 
be  less  liable  to  fallacy,  in  proportion  to  the  number  of  facts 
which  have  been  observed,  and  the  accuracy  of  the  observa¬ 
tions.  These  are  the  reasons  which  have  induced  me  to  lay 
before  this  Society,  a  description  of  a  monstrosity  in  the  human 
heart,  very  singular  in  its  nature,  and  which,  I  believe,  has 
not  hitherto  been  observed  or  described.  I  have  consulted  the 
works  of  those  authors  who  were  the  most  likely  to  have 
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recorded  such  cases,  but  I  have  not  been  able  to  meet  with  a 
description  of  any  which  have  been  at  all  similar. 

It  is  well  known  to  most  of  the  Members  of  this  Society, 
that  the  circulation  of  the  blood  throughout  the  body,  and  ex¬ 
posure  of  it  to  the  atmospheric  air  in  respiration,  seem,  in  most 
animals,  to  be  necessarily  connected ;  but  are  not  equally  so  in 
all.  They  are  so  much  connected  in  the  human  subject,  and  in 
most  quadrupeds,  that  after  birth  there  is  a  double  heart;  viz. 
one  for  the  circulation  of  the  blood  throughout  the  body,  to  be 
subservient  to  the  various  purposes  of  life  and  growth ;  the 
other  for  its  circulation  through  the  lungs,  where  it  undergoes 
a  change  which  is  essential  to  its  general  circulation  through 
the  body :  these  two  circulations,  in  the  natural  state,  bear  an 
exact  proportion  to  each  other.  Instances,  however,  have  oc¬ 
curred,  even  in  the  human  subject,  where  this  exact  proportion 
has  not  been  preserved ;  yet  life  has  been  prolonged  for  some 
years,  but  in  a  feeble  and  imperfect  state.  In  some  of  these 
instances,  the  pulmonary  artery  has  been  smaller  than  usual, 
so  that  much  less  than  the  natural  quantity  of  blood  was  ex¬ 
posed  to  the  influence  of  the  air  in  the  lungs ;  in  others,  the 
foramen  ovale  has  not  been  closed,  but  a  considerable  commu¬ 
nication  has  remained  between  the  two  auricles ;  and,  in  others, 
there  has  been  a  communication  between  the  two  ventricles, 
from  a  deficiency  in  the  septum.  The  effect  of  all  these  devia¬ 
tions  is  the  same,  upon  the  blood  in  the  general  circulation,  viz. 
that  a  part  of  the  blood  is  not  exposed  to  the  air  in  the  lungs ; 
so  that  it  is  less  pure  as  it  circulates  over  the  body.  A  more 
remarkable  deviation  in  the  structure  of  the  heart,  than  any  to 
which  I  have  just  alluded,  has  been  lately  published  by  Dr. 
Baillie,  in  his  Morbid  Anatomy.  In  this  heart,  the  aorta 
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arose  from  the  right  ventricle,  and  the  pulmonary  artery  from 
the  left;  the  reverse  of  what  ought,  in  the  regular  course  of  cir¬ 
culation,  to  have  taken  place;  (the  veins  were  as  usual ;)  and  no 
communication  was  found  between  the  one  vessel  and  the  other, 
except  through  the  remains  of  the  ductus  arteriosus,  which  was 
not  larger  than  a  crow  quill,  and  a  small  part  of  the  foramen 
ovale,  which  still  continued  open ;  yet  this  child  lived  for  two 
months.  In  the  following  case  of  monstrous  formation  of  the 
heart,  there  is  this  very  great  singularity,  that  nature  seems 
to  have  substituted,  very  exactly,  the  circulation  which  takes 
place  in  some  amphibious  animals,  for  that  which  is  natural  to 
the  human  species. 

The  infant  had  arrived  at  its  full  time,  and  lived  seven  days 
after  its  birth.  Instead  of  the  usual  integuments,  muscles,  &c. 
a  membranous  bag  appeared  to  protrude  on  the  upper  and 
fore  part  of  the  abdomen,  extending  from  the  last  bone  of  the 
sternum  some  way  below  the  middle  of  the  belly,  and  out¬ 
wards,  so  as  to  be  nearly  circular :  the  navel-string  seemed  to 
enter  this  membrane  near  its  middle,  and  to  wind  superficially, 
for  some  little  way,  towards  the  left  side ;  it  then  dipped  into 
the  abdomen,  at  the  place  where  this  membrane  joined  the 
usual  coverings.  Within  this  bag,  the  appearance  of  which 
was  very  nearly  similar  to  that  of  the  chorion  and  amnios 
which  envelop  the  foetus  at  birth,  but  thicker  in  consistence, 
a  tumour  was  perceived,  possessing  considerable  motion,  from 
the  nature  of  which,  no  doubt  was  entertained  that  it  was  the 
heart. 

During  the  short  period  of  the  child’s  life,  it  was  seen  and 
examined  by  a  number  of  professional  men.  Upon  its  death, 
the  tumour  was  carefully  opened  by  Mr.  Morell,  in  the  pre- 
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sence  of  Dr.  Poignand  ;  when  the  heart,  as  was  previously 
suspected,  appeared  to  be  situated  in  the  epigastric  region  of 
the  abdomen,  and  to  be  imbedded,  as  it  were,  in  a  cavity 
formed  on  the  superior  surface  of  the  liver.  In  this  state,  the 
child  was  sent  to  Dr.  Baillie,  by  whose  desire  I  injected  the 
heart,  and  laid  its  principal  vessels  bare,  so  as  to  bring  their 
uncommon  distribution  and  course  into  view :  a  preparation  of 
them  still  remains  in  Dr.  Baillie's  possession. 

A  considerable  part  of  the  tendinous  portion  of  the  dia¬ 
phragm  appeared  to  be  wanting,  as  likewise  the  lower  part  of 
the  pericardium,  which  is  usually  affixed  to  it.  The  thorax 
being  laid  open  on  each  side  of  the  sternum,  the  two  pleurae 
were  seen  passing  from  that  bone  to  the  spine,  and  covering 
the  lungs,  as  usual.  The  lungs  appeared  perfectly  natural  in 
colour,  and  nearly  so  in  shape ;  but  were  larger  and  fuller  than 
usual,  in  consequence  of  more  room  being  afforded  for  them  in 
the  thorax,  from  the  peculiar  situation  of  the  heart.  In  the 
space  corresponding  to  the  anterior  mediastinum,  was  the  thy¬ 
mus  gland,  considerably  longer  than  in  other  children,  and 
extending  downwards  the  whole  length  of  the  sternum ;  be¬ 
hind  this,  was  a  peculiar  arrangement  of  blood-vessels. 

The  heart,  instead  of  consisting  of  four  cavities,  as  in  the 
natural  structure,  consisted  of  a  single  auricle  and  ventricle, 
which  were  each  of  them  large  in  their  size.  A  large  arterial 
trunk  arose  from  the  ventricle,  and  ascended  into  the  thorax, 
between  the  pleurae,  immediately  behind  the  thymus  gland :  it 
soon  divided  into  two  large  branches,  one  of  which  continued 
to  ascend,  forming  the  aorta ;  the  other  passed  backwards,  and 
proved,  upon  examination,  to  be  the  pulmonary  artery. 

The  aorta,  having  reached  the  common  place  of  its  curva- 
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ture,  formed  it  in  the  same  manner  as  it  usually  does ;  sent 
off  the  vessels  belonging  to  the  head  and  upper  extremities ; 
descended  before  the  vertebrae,  and  passed  into  the  abdomen 
between  the  crura  of  the  diaphragm.  From  the  place  where  it 
began  to  form  the  arch,  it  was  in  no  respect  different  from  the 
aorta  of  any  other  infant,  except  that  no  bronchial  artery  was 
sent  to  the  lungs,  from  it  or  any  of  its  ramifications. 

The  vessel  which  proved  to  be  the  pulmonary  artery,  almost 
immediately  divided  into  two  branches  ;  one  going  to  the  lungs 
of  the  left,  the  other  to  the  lungs  of  the  right  side.  Upon  mea¬ 
suring  accurately  the  circumference  of  the  aorta,  where  it  se¬ 
parated  from  the  original  trunk,  it  was  found  to  be  exactly  one 
inch  and  a  quarter.  Upon  measuring  the  circumference  of  the 
pulmonary  artery,  in  the  same  manner,  it  was  found  to  be 
fifteen  sixteenths  of  an  inch ;  so  that  it  was  five  sixteenths  of 
an  inch  less  than  the  aorta. 

The  vena  cava  inferior,  having  been  partly  surrounded  by 
the  substance  of  the  liver,  entered  the  lower  and  back  part  of 
the  auricle.  The  subclavian  vein  of  the  right  side  crossed  over 
to  the  left  of  the  mediastinum,  where  it  joined  the  left  subcla¬ 
vian,  and  formed  the  vena  cava  superior.  This  passed  down  on 
the  left  of  the  ascending,  and  before  the  descending,  part  of 
the  aorta ;  it  was  then  joined  by  a  trunk  formed  by  two  large 
veins,  which  came  out  of  the  lungs,  and  which  were  situated 
immediately  behind  the  pulmonary  arteries :  the  union  of  this 
trunk  with  the  vena  cava  superior  was  continued  into  a  large 
vessel,  which  gradually  expanded  itself  into  the  auricle.  The 
vena  azygos  ascended  on  the  left  side ;  received  some  branches 
which  passed  under  the  aorta  from  the  right,  and  then  entered 
the  upper  and  back  part  of  the  vena  cava  superior :  there  were 
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no  bronchial  veins.  From  there  being  neither  bronchial  arteries 
nor  veins,  it  would  appear  that  the  pulmonary  arteries  and 
veins,  in  addition  to  their  usual  offices,  performed  those  of  the 
bronchial  vessels. 

The  liver  was  not  divided  on  its  upper  surface  by  the  sus¬ 
pensory  ligament,  but  had  a  considerable  cavity  scooped,  as  it 
Were,  out  of  its  substance ;  which,  in  shape,  was  adapted  to, 
and  contained,  the  heart :  it  was  also,  in  some  other  particulars, 
rather  different  from  its  natural  shape,  but  not  sufficiently  so 
to  require  being  minutely  described.  The  rest  of  the  infant 
was  examined,  but  was  not  found  to  be  dissimilar  to  any  other. 
These  circumstances  are  expressed  by  the  accompanying  fi¬ 
gures  of  the  parts  when  dissected ;  (Tab.  XVIII.)  in  taking  of 
which,  much  attention  was  paid  to  render  them  very  accurate. 

It  is  a  well  ascertained  fact,  that  the  blood  receives  a  florid 
hue  from  the  influence  of  the  air  on  it  in  the  lungs ;  and  this 
change  is  supposed  to  be  effected  by  the  combination  of  a  cer¬ 
tain  quantity  of  oxygen  gas  with  it.  In  passing  from  the  ar¬ 
teries  to  the  veins,  in  every  part  of  the  body  except  the  lungs, 
it  loses  the  florid  hue,  and  becomes  darker :  the  florid  blood  is 
that  which  is  employed  for  the  purposes  of  supporting  life.  In 
the  natural  circulation,  it  is  well  known,  that  the  whole  of  the 
blood  conveyed  to,  and  circulating  in.  the  pulmonary  artery,  is 
of  a  dark  colour ;  and  the  whole  of  it,  when  returned  by  the 
pulmonary  veins,  is  florid. 

It  is  obvious,  in  the  case  which  I  have  described,  that  there 
always  must  have  been  florid  and  dark-coloured  blood  mixed, 
and  circulating  in  the  arteries.  It  would  seem  also,  upon  the 
first  reflection,  that  the  quantity  of  dark-coloured  blood  would 
be  the  greatest,  in  the  same  proportion  as  the  capacity  of  the 
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aorta  was  larger  than  that  of  the  pulmonary  artery.  It  is  there¬ 
fore  necessary  to  recollect,  that  a  considerable  proportion  of  the 
blood  carried  to  the  lungs  was  already  florid  or  oxygenated ; 
and  also,  that  the  lungs  in  this  infant  were  larger  in  propor¬ 
tion,  than  in  children  of  the  same  age :  a  smaller  quantity  of 
blood,  therefore,  was  to  be  oxygenated,  and  a  larger  surface 
than  usual  was  appropriated  for  this  purpose.  It  appears  also, 
from  experiments,  (such  as  making  a  person  breathe  air  in 
which  there  is  a  greater  proportion  of  oxygen  gas  than  in  our 
atmosphere,)  that  the  blood  can  combine  with  more  of  it  than 
it  does  in  natural  respiration ;  it  therefore  is  not  an  improbable 
supposition,  that  a  larger  quantity  was  combined  here.  A 
small  drawback  must  be  allowed,  for  the  quantity  of  oxyge¬ 
nated  blood  used  in  the  support  and  secretions  of  the  lungs, 
and  which  is  usually  conveyed  to  them  by  the  bronchial  artery; 
but  this  quantity  is  too  small  to  require  more  than  this  slight 
observation  of  it.  The  blood  also  which  passed  to  the  lungs, 
must  have  been  again  conveyed  to  the  heart  sooner,  from  the 
shortness  of  its  circuit ;  and  must  have  entered  the  heart  with 
a  quicker  or  stronger  current,  than  that  blood  which  passed  to, 
and  was  returned  from,  the  more  remote  parts  of  the  body; 
as,  in  this  child,  the  pulmonary  artery  and  aorta  were  filled  by 
the  contraction  of  the  same  ventricle.  In  the  hearts  of  other 
children,  some  time  after  birth,  the  muscular  fibres  of  the  right 
side  are  much  fewer  in  number  than  in  the  left. 

If  these  circumstances  are  admitted  as  fact,  viz.  that  the 
blood  circulating  through  the  lungs  of  this  child  was  combined 
with  a  larger  proportion  of  oxygen  gas,  and  was  returned  in 
a  quicker  and  stronger  current  into  the  auricle  than  that  re¬ 
turned  by  the  venae  cavae,  it  seems  reasonable  to  infer,  that  this 
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blood,  mixing  and  blending  with  the  dark  or  unoxygenated 
blood,  would  render  the  whole  nearly  as  much  oxygenated  as 
it  usually  is  found  in  the  left  side  of  the  heart,  and  in  the  aorta; 
therefore,  that  the  blood  circulating  in  the  arteries  of  this  child 
would  be  fully  equal  to  the  support  of  life.  Previous  to  birth, 
this  peculiarity  of  structure  could  not  affect  its  health  or  growth, 
as  the  placenta  then  answers  the  purpose  which  the  lungs  do 
afterwards ;  and  the  single  ventricle  seemed  as  equal,  from  its 
size,  to  propel  the  blood  on  to  the  placenta,  as  both  ventricles 
in  the  natural  state  are,  by  means  of  their  communication 
through  the  ductus  arteriosus  * 

The  inference  which  has  been  drawn  seems  further  con¬ 
firmed,  from  the  colour  and  heat  of  this  child,  during  life,  being 
not  perceptibly  different  from  those  of  other  children.  In  all 
those  cases  of  malformation  of  the  heart  where  the  foramen 
ovale,  or  the  ductus  arteriosus,  has  continued  open ;  or  where 
the  septum  of  the  ventricles  has  been  perforated,  and  the  pul¬ 
monary  artery  small,  (and  at  the  same  time  two  ventricles,)  it 
has  been  observed,  that  the  body  had  a  livid  colour,  and,  in  ge¬ 
neral,  that  there  was  a  deficiency  of  heat. 

From  the  particular  inquiries  which  I  made,  concerning 
the  heat  and  colour  of  this  child,  of  the  professional  gentlemen 
who  saw  it  during  life,  and  of  the  nurse  who  attended  and 

*  It  is  here  not  unworthy  of  remark,  that  the  circulation  in  this  child,  after  its 
birth,  was  in  several  circumstances  similar  to  the  circulation  in  other  children  previous 
to  that  period.  A  child,  before  birth,  may  be  said  to  have  a  single  heart ;  as  both  the 
auricles  communicate  together,  by  means  of  the  foramen  ovale  5  and  the  pulmonary 
artery  communicates  with  the  aorta,  by  means  of  the  ductus  arteriosus.  Hence,  in  the 
foetal  heart,  the  blood  returned  from  the  body,  which  is  of  a  dark  colour,,  and  the  blood 
returned  from  the  placenta,  which  is  florid,  are  poured  into  the  same  auricle ;  the  blood 
which  is  sent  to  the  placenta  is  therefore  already  in  part  oxygenated. 
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dressed  it,  I  found  that  the  heat,  so  far  as  could  be  judged  by 
the  feeling,  (for  it  was  not  tried  by  the  thermometer,)  was  in 
no  respect  different  from  that  of  other  children ;  and  that  the 
colour  of  the  skin  was  perfectly  natural,  except  that,  on  the 
day  on  which  it  was  born,  and  a  short  period  before  its  death, 
the  lips  occasionally  had  something  of  a  livid  appearance ;  but 
that  this  did  not  last  any  time,  as  they  were  generally  pale. 
This  occasional  lividness  would  happen  to  a  child  in  that  state, 
should  the  heart  and  circulation  be  in  no  way  different  from 
what  they  naturally  are. 

I  could  meet  with  no  other  remarkable  circumstances,  either 
in  the  history  of  the  mother  during  pregnancy,  or  in  the  child 
after  birth.  It  cried  occasionally,  like  other  children,  but  seemed 
weak,  and  in  pain  ;  it  slept ;  it  sucked  heartily,  even  a  few 
hours  before  its  death,  and  had  apparently  healthy  evacuations 
of  urine  and  feces. 

Its  death  can  be  satisfactorily  accounted  for,  from  another 
cause  than  the  extraordinary  formation  of  its  heart  and  blood- 
vessels.  The  membranous  covering,  on  the  fore  part  of  the  ab¬ 
domen,  did  not  appear  to  possess  sufficient  vascularity  to  retain 
its  life  after  birth ;  for  it  immediately  lost  its  living  principle, 
and  became  putrid  and  mouldy  in  parts.  Previous  to  the  child’s 
death,  a  process  of  separation  had  begun,  between  it  and  the 
living  parts  to  which  it  was  connected,  and  a  line  of  inflam¬ 
mation  was  distinctly  seen.  Had  this  process  been  completed, 
and  the  slough  thrown  off,  the  heart  would  have  been  exposed ; 
but,  before  this,  the  heart  itself  had  inflamed;  which  was  proved 
from  its  being  found  covered  with  a  coat  of  coagulable  lymph 
recently  thrown  out,  and  from  this  inflammation  its  death 
must  have  arisen. 
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Had  the  heart  been  covered  with  the  usual  parietes  of  the 
abdomen,  it  is  probable,  notwithstanding  its  situation,  that  this 
child  might  have  lived  in  a  tolerable  state  of  health  for  years ; 
but  must  constantly  have  been  exposed  to  have  its  heart  injured 
by  some  external  accident,  from  its  not  being  defended  by  the 
ribs  and  the  sternum. 

The  formation  and  disposition  of  the  heart  and  vessels,  in 
this  child,  resemble  much  those  which  are  found  in  the  frog, 
and  some  other  amphibious  animals  ;  but  this  infant  could  not, 
like  them,  be  amphibious.  Those  animals  are  extremely  tena¬ 
cious  of  life,  so  that  they  live  some  time,  even  after  their  heart 
and  lungs  are  removed  from  their  bodies ;  and,  as  their  circu¬ 
lation  can  go  on  without  respiration,  it  is  therefore  not  won¬ 
derful  that  they  often  live  a  considerable  time  without  change 
of  air.  Life,  in  the  human  species,  depends  equally  on  both 
these  actions  ;  for  death  takes  place,  if  either  of  them  should 
stop.  The  circulation  of  the  blood  in  this  infant  would  have 
met  with  no  impediment,  had  it  been  immersed  in  water ;  but, 
unless  respiration  went  on,  which  in  that  state  it  could  not  do, 
the  blood  could  undergo  no  change  in  the  lungs  ;  and  this 
change  is  equally  essential  to  the  support  of  life,  as  the  circu¬ 
lation  of  the  blood. 

EXPLANATION  OF  THE  FIGURES.  (Tab.  XVIII.) 

Fig.  i.  represents  the  heart,  blood-vessels,  liver,  &c.  as  they 
appeared  when  dissected;  part  of  the  ribs,  the  sternum,  thymus 
gland,  lungs,  &c.  having  been  removed. 

AA.  The  heart,  consisting  of  one  auricle  and  one  ventricle. 

B.  A  large  arterial  trunk,  arising  from  the  ventricle. 

C.  The  aorta,  arising  from  this  trunk. 
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D.  The  pulmonary  artery,  arising  from  the  same  trunk. 

E.  The  vena  cava  superior,  descending  on  the  left  side. 

F.  F.  The  pulmonary  veins,  entering  into  the  auricle  with 
the  vena  cava  superior. 

G.  The  vena  azygos,  ascending  on  the  left  side. 

H.  The  diaphragm,  adhering  laterally  to  the  margin  of  the 
chest,  but  deficient  on  the  fore  part,  towards  the  sternum. 

II.  The  liver. 

K.  The  cavity  on  the  upper  surface  of  the  liver,  in  which 
the  heart  was  in  part  situated. 

L.  The  membranous  covering  turned  downwards. 

M.  The  umbilical  vein. 

Fig.  2.  represents  the  heart.  The  aorta  and  pulmonary  artery 
are  cut  off  near  their  origin,  to  shew  the  pulmonary  veins,  and 
vena  cava  superior,  entering  the  auricle. 

A.  The  auricle. 

B.  The  ventricle. 

C.  The  trunk  from  which  the  aorta  and  pulmonary  artery 
arose. 

D.  A  large  vessel  entering  the  auricle,  and  receiving  the 
blood  from  the  pulmonary  veins  and  vena  cava  superior. 

E.  The  trunk  formed  by  the  pulmonary  veins. 

F.  The  vena  cava  superior. 

G.  The  vena  azygos. 

H.  The  right  subclavian  vein. 

I.  The  left  ditto. 
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XIV.  Account  of  a  singular  Instance  of  atmospherical  Refraction. 
In  a  Letter  from  William  Latham,  Esq.  F.  R.  S.  and  A.  S.  to 
the  Rev.  Henry  Whitfeld,  D.D.  F.R.S.  and  A.S . 

Read  May  10,  1798. 


DEAR  SIR,  Hastings ,  August  i,  1797. 

On  Wednesday  last,  July  26,  about  five  o'clock  in  the  after¬ 
noon,  whilst  I  was  sitting  in  my  dining-room  at  this  place, 
which  is  situated  upon  the  Parade,  close  to  the  sea  shore,  nearly 
fronting  the  south,  my  attention  was  excited  by  a  great  number 
of  people  running  down  to  the  sea  side.  Upon  inquiring  the 
reason,  I  was  informed  that  the  coast  of  France  was  plainly  to 
be  distinguished  with  the  naked  eye.  I  immediately  went 
down  to  the  shore,  and  was  surprised  to  find  that,  even  without 
the  assistance  of  a  telescope,  I  could  very  plainly  see  the  cliffs 
on  the  opposite  coast;  which,  at  the  nearest  part,  are  between 
forty  and  fifty  miles  distant,  and  are  not  to  be  discerned,  from 
that  low  situation,  by  the  aid  of  the  best  glasses.  They  ap¬ 
peared  to  be  only  a  few  miles  off,  and  seemed  to  extend  for 
some  leagues  along  the  coast.  I  pursued  my  walk  along  the 
shore  to  the  eastward,  close  to  the  water’s  edge,  conversing 
with  the  sailors  and  fishermen  upon  the  subject.  They,  at  first, 
could  not  be  persuaded  of  the  reality  of  the  appearance ;  but 
they  soon  became  so  thoroughly  convinced,  by  the  cliffs  gra¬ 
dually  appearing  more  elevated,  and  approaching  nearer,  as  it 
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were,  that  they  pointed  out,  and  named  to  me,  the  different 
places  they  had  been  accustomed  to  visit;  such  as,  the  Bay, 
the  Old  Head  or  Man,  the  Windmill,  &c.  at  Boulogne ;  St. 
Vallery,  and  other  places  on  the  coast  of  Picardy ;  which  they 
afterwards  confirmed,  when  they  viewed  them  through  their 
telescopes.  Their  observations  were,  that  the  places  appeared 
as  near  as  if  they  were  sailing,  at  a  small  distance,  into  the 
harbours. 

Having  indulged  my  curiosity  upon  the  shore  for  near  an 
hour,  during  which  the  cliffs  appeared  to  be  at  some  times 
more  bright  and  near,  at  others  more  faint  and  at  a  greater 
distance,  but  never  out  of  sight,  I  went  upon  the  eastern  cliff 
or  hill,  which  is  of  a  very  considerable  height,  when  a  most 
beautiful  scene  presented  itself  to  my  view ;  for  I  could  at  once 
see  Dengeness,  Dover  cliffs,  and  the  French  coast,  all  along 
from  Calais,  Boulogne,  &c.  to  St.  Vallery ;  and,  as  some  of  the 
fishermen  affirmed,  as  far  to  the  westward  even  as  Dieppe. 
By  the  telescope,  the  French  fishing-boats  were  plainly  to  be 
seen  at  anchor ;  and  the  different  colours  of  the  land  upon  the 
heights,  together  with  the  buildings,  were  perfectly  discernible. 
This  curious  phenomenon  continued  in  the  highest  splendour 
till  past  eight  o’clock,  (although  a  black  cloud  totally  ob¬ 
scured  the  face  of  the  sun  for  some  time,)  when  it  gradually 
vanished. 

Now,  Sir,  as  I  was  assured,  from  every  inquiry  I  could  pos¬ 
sibly  make,  that  so  remarkable  an  instance  of  atmospherical 
refraction  had  never  been  witnessed  by  the  oldest  inhabitant 
of  Hastings,  nor  by  any  of  the  numerous  visitors,  (it  happen¬ 
ing  to  be  the  day  of  the  great  annual  fair,  called  Rock-fair, 
which  always  attracts  multitudes  from  the  neighbouring  places,) 
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singular  Instance  of  atmospherical  Refraction. 

I  thought  an  account  of  it,  however  trifling,  would  be  gratify¬ 
ing  to  you. 

I  should  observe,  the  day  was  extremely  hot,  as  you  will  per¬ 
ceive  by  the  subjoined  rough  journal  of  a  small  thermometer, 
which  was  kept  in  the  dining-room  above  mentioned.  I  had  no 
barometer  with  me,  but  suppose  the  mercury  must  have  been 
high,  as  that  and  the  three  preceding  days  were  remarkably 
fine  and  clear.  To  the  best  of  my  recollection,  it  was  high 
water  at  Hastings  about  two  o’clock  P.  M.  Not  a  breath  of 
wind  was  stirring  the  whole  of  the  day ;  but  the  small  pennons 
at  the  mast-heads  of  the  fishing-boats  in  the  harbour,  were,  in 
the  morning,  at  all  points  of  the  compass. 

I  am,  &c. 

WILLIAM  LATHAM. 


P.  S.  I  forgot  to  mention  that  I  was,  a  few  days  afterwards, 
at  Winchelsea,  and  at  several  places  along  the  coast;  where 
I  was  informed,  the  above  phenomenon  had  been  equally  visi¬ 
ble.  I  should  also  have  observed,  that  when  I  was  upon  the 
eastern  hill,  the  cape  of  land  called  Dengeness,  which  extends 
nearly  two  miles  into  the  sea,  and  is  about  sixteen  miles  distant 
from  Hastings,  in  a  right  line,  appeared  as  if  quite  close  to  it ; 
as  did  the  fishing-boats,  and  other  vessels,  which  were  sailing 
between  the  two  places :  they  were  likewise  magnified  to  a 
great  degree. 
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State  of  the  Thermometer  at  Hastings,  during  the  Month  of  July,  1797. 
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Therm. 

Time. 

Wind. 

Weather. 

July  1 

64 

10  A.  M. 

sw 

Windy.  Fair. 

2 

64 

IO 

sw 

Windy.  Fair. 

3 

62 

IO 

sw 

Rain.  Windy. 

4 

62 

IO 

sw 

Fair.  Windy. 

5 

6l 

IO 

sw 

Rain.  Windy. 

6 

60 

IO 

sw 

Rain.  Windy. 

7 

6l 

IO 

w 

Rain.  Windy. 

8 

62 

IO 

NW 

Fine. 

66 

5  P.  M. 

NW 

Fine. 

9 

66 

10  A.  M. 

SW 

Fine. 

10 

67 

10 

N  afterw.  S  W 

Fine. 

11 

65 

10 

SW 

Foggy  all  day. 

12 

63 

10 

sw 

Fine. 

*3 

72 

10 

sw 

Fine. 

14 

76 

10 

w 

Fine. 

68 

12 

,w 

Fine. 

15 

72 

10 

w 

Fine. 

16 

7  2 

10 

N 

Fine. 

78 

7P.  M. 

E 

Storm  of  wind.  Lightning. 

17 

73 

10  A.  M. 

W 

Fine. 

18 

7° 

10 

W 

Fine.  Showers  in  the  night. 

67 

10 

WSW 

Fine.  Windy. 

20 

67 

10 

SW 

Rain.  Windy. 

21 

65 

10 

SW 

Fine.  Windy. 

22 

6T 

10 

s 

Rain. 

23 

65 

10 

s 

Fine. 

24 

66 

10 

s 

Fine. 

25 

66 

10 

sw 

Fine. 

26 

68 

10 

sw 

Fine.  Dead  calm  all  day. 

76 

$P.  M. 

sw 

Fine. 

27 

72 

10  A.  M. 

sw 

Fine. 

28 

70 

10 

s 

Fine. 

23 

72 

10 

E 

Fine. 

3° 

70 

10 

sw 

Rain. 

Si 

% 

10 

s 

Fine.  Windy. 
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XV.  Account  of  a  Tumour  found  in  the  Substance  of  the  human 
Placenta .  By  John  Clarke,  M.  D.  Communicated  by  the 
Right  Hon.  Sir  Joseph  Banks,  Bart.  K.  B.  P.  R.  S. 

Read  May  17,  1798. 

W hilst  the  structure  and  uses  of  any  part  of  the  animal  body 
remain  unknown,  every  new  fact  or  occurrence  ought  to  be 
recorded ;  since,  by  this  means  only  a  more  perfect  knowledge 
of  it  can  be  expected  to  be  obtained. 

As  there  are  few  subjects  more  interesting  than  those  which 
concern  the  functions  of  animals,  and  more  especially  those 
processes  by  which  they  are  originally  formed,  and  afterwards 
sustained,  I  beg  leave  to  submit  the  following  Paper  to  the  at¬ 
tention  of  the  Royal  Society,  supposing  it  not  to  be  foreign  to 
the  general  views  of  the  institution. 

The  exertions  of  the  most  patient  industry  have  been  hither¬ 
to  baffled,  in  the  attempt  to  detect  the  first  changes  which  suc¬ 
ceed  that  process  by  which  animals  are  propagated. 

If  the  object  of  immediate  pursuit  has  not  been  obtained, 
much  light,  in  the  course  of  the  investigation,  has  been  col¬ 
laterally  thrown  upon  the  growth  and  nutrition  of  animals,  both 
in  the  egg  state  of  oviparous  animals,  and  in  the  uterine  state 
of  such  as  are  viviparous. 

The  structure  of  the  egg  of  oviparous  animals  serves  to  eluci¬ 
date  the  corresponding  process  in  the  viviparous ;  and,  although 
in  many  cases  analogies  are  very  inconclusive,  yet  in  this  the 
mdccxcviii.  3  A 
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resemblance  is  so  close,  that  the  latter  may  be  said  to  be  de¬ 
monstrated  by  the  former. 

A  certain  temperature ,  nourishment ,  and  the  application  of 
vital  air ,  (or  oxygen,)  seem  to  be  essential  to  the  evolution  of 
the  young  of  oviparous  animals. 

As  the  young  are  expelled  from  the  mother,  contained  in  the 
cavity  of  the  egg,  at  a  very  early  period  of  their  existence,  and 
as  afterwards  they  have  no  connection  whatsoever  with  her, 
these  are  supplied  by  various  contrivances;  and  the  mode  of 
application  has  been  very  distinctly  explained,  by  modern  in¬ 
quirers  into  the  structure  of  eggs. 

Since  then  the  same  substances  are  to  be  produced,  and  sup¬ 
ported,  in  viviparous  as  in  oviparous  animals,  the  conclusion  is 
reasonable,  that  similar  means  should  be  employed  to  attain 
similar  ends. 

It  is  easy  to  conceive  how  warmth  may  be  imparted  to  a 
foetus  situated  in  the  uterus. 

The  materials  for  nourishment ,  it  receives  from  the  placenta; 
but  the  precise  manner  in  which  they  are  supplied  has  not  yet 
been  discovered.  Of  the  fact  there  can  be  no  doubt,  because 
there  are  many  cases  on  record,  in  which  there  could  be  no 
other  possible  way  by  which  support  could  be  had.* 

With  respect  to  vital  air ,  (or  oxygen,)  the  young  of  all  vivi¬ 
parous  animals,  whilst  in  the  uterus,  live  in  the  same  medium 
as  fishes,  and  have  a  structure  similar  to  gills,  for  the  exposure 
of  their  blood  to  it :  this  structure  is  the  placenta. 

The  heart  of  the  foetus  is  adapted  to  this  mode  of  life,  and 
in  effect  consists  but  of  one  auricle  and  one  ventricle,  as  it  is 

*  A  case  of  this  kind  I  described  some  time  ago,  which  is  published  in  the  Philoso¬ 
phical  Transactions  for  the  year  1793; 
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found  to  do  in  fishes.  The  junction  between  the  two  ventricles 
is  attended  with  a  great  advantage,  in  performing  the  circula¬ 
tion  through  the  placenta ;  where  the  length  and  convolution 
of  the  umbilical  vessels,  in  some  animals,  offer  a  great  resistance 
to  the  force  of  the  heart,  and  render  more  exertion  necessary. 

In  the  superior  aorta,  the  circulation  is  carried  on  by  the  left 
ventricle  alone ;  as  the  ductus  arteriosus  does  not  join  the  aorta, 
till  after  the  latter  has  given  off  the  carotid  and  subclavian 
branches. 

Vital  air  is  communicated  to  the  blood  of  the  embryo,  as  it 
is  to  the  blood  of  fishes.  This,  in  its  passage  through  the 
gills,  is  exposed  to  water,  which  is  allowed  by  all  to  contain  a 
large  proportion  of  vital  or  oxygen  gas,  and  returns  thence 
fitted  to  answer  the  purposes  of  life. 

In  like  manner,  the  blood  of  the  mother,  in  the  cells  of  the 
placenta,  having  received  the  essential  part  of  this  gas  from  her 
lungs,  is  applied  to  the  capillary  vessels  of  the  umbilical  arte¬ 
ries,  which  receive  and  transmit  it  to  the  embryo ;  the  life  of 
which  so  entirely  depends  upon  this  communication,  that  an 
obstruction  to  the  circulation  through  the  placenta,  for  the  space 
of  two  or  three  minutes,  will  sometimes  irrecoverably  destroy  it. 

The  gills  of  fishes  form  a  permanent  part  of  their  bodies ; 
because  they  are  designed  to  pass  the  whole  of  their  lives  in 
the  same  medium.  This  is  not  the  case  in  the  embryo  of  vivi¬ 
parous  animals ;  which,  after  birth,  is  to  change  its  situation 
for  another,  in  which  there  is  a  direct  exposure  of  the  blood  to 
atmospheric  air.  For  this  reason,  the  placenta,  whose  use  is 
only  temporary,  is  attached  to  the  foetus  by  a  slender  connection, 
which  is  soon  dissolved  after  birth. 

I  have  thought  it  necessary  to  introduce  the  foregoing  obser- 
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vations  upon  the  structure  and  functions  of  the  placenta,  in 
order  to  shew  that  the  principal  use  of  it  is  to  transmit,  and 
apply  respectively  to  each  other,  the  blood  of  the  foetus,  and 
that  of  its  mother.  No  other  action  is  carried  on  by  the  ves¬ 
sels  of  the  foetal  portion  of  the  placenta,  as  far  as  is  yet  known, 
than  what  has  been  described,  unless  so  much  as  may  be  ne¬ 
cessary  for  their  own  growth  and  nourishment. 

The  tumour  which  gave  occasion  to  this  Paper  is,  however, 
an  instance  to  prove,  that  these  vessels  are  capable,  like  those 
in  other  parts,  of  forming  solid  organized  matter;  and  that  very 
considerable  deviations  from  the  ordinary  structure  of  the  pla¬ 
centa  may  exist,  and  be  perfectly  compatible  with  the  life  and 
health  of  the  foetus. 

Previously  to  the  birth  of  a  healthy  child,  an  amazing  quan¬ 
tity  of  liquor  amnii  was  evacuated,  which  was  by  accident  re¬ 
ceived  in  a  vessel,  and,  being  afterwards  measured,  was  found 
to  amount  to  two  gallons,  Winchester  measure. 

When  the  placenta  came  away,  a  hard  solid  body  was  found 
in  its  substance.  It  was  preserved  by  Mr.  Mainwaring,  under 
whose  care  the  case  occurred,  and  was  by  him  obligingly  pre¬ 
sented  to  me. 

Fine  injection  was  thrown  into  the  arteries  and  vein  of  the 
funis  umbilicalis  :  when  they  were  filled,  they  appeared  to  be 
enlarged  thrice  beyond  their  natural  size. 

The  placenta,  thus  prepared,  was  subjected  to  examination. 
Its  anterior  surface  was  found  to  be  covered  with  the  amnion, 
behind  which  lay  the  chorion,  as  usual.  Some  branches,  both 
of  the  arteries  and  veins,  coming  from  the  funis,  ramified  in  the 
common  manner,  forming  the  foetal  portion  of  the  placenta. 
Others,  of  a  very  large  size,  not  less  than  a  swan's  quill,  were 
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sent  to  the  tumour ;  which  was  situated  behind  the  chorion, 
and  lay  imbedded  in  the  foetal  portion  of  the  placenta.  The 
general  form  of  this  tumour  was  oval,  about  four  inches  and 
a  half  long,  and  three  inches  broad.  The  thickness  of  it  was 
about  three  inches.  It  weighed  upwards  of  seven  ounces. 

Its  shape  resembled  that  of  a  human  kidney;  one  edge  being 
nearly  uniformly  convex,  whilst  the  other,  where  the  vessels 
approached  it,  was  a  little  hollowed. 

The  general  character  of  the  surface  of  the  tumour  was  con¬ 
vexity;  but  in  some  parts  of  it  there  were  slight  indentations, 
more  particularly  in  the  course  of  the  large  vessels. 

The  whole  of  the  tumour  was  inclosed  in  a  firm  capsule,  in 
the  substance  of  which  the  large  vessels  were  contained,  nearly 
in  the  same  manner  as  they  are  found  in  the  dura  mater.  In 
the  interstices  of  the  vessels,  the  capsule  did  not  appear  to  be 
vascular ;  at  least  there  were  no  vessels  capable  of  carrying  the 
injected  matter. 

The  blood-vessels,  branching  off  from  the  funis  to  supply  the 
tumour,  partly  went  over  one  side,  and  partly  over  the  other 
side  of  the  tumour ;  ramifying  as  they  ran,  till,  meeting  at  the 
convex  edge  of  the  tumour,  they  anastomosed  very  freely. 
From  the  large  trunks  on  the  surface,  small  branches  were 
given  off,  penetrating  into  the  substance,  and  supplying  the 
whole  tumour  with  blood. 

Upon  making  a  section  through  the  tumour,  in  the  direction  of 
its  length,  the  consistence  was  found  to  be  uniform,  firm,  and 
fleshy,  very  much  resembling,  in  this  respect,  the  kidney.  The 
cut  surface,  upon  examination,  had  somewhat  of  a  mottled  ap¬ 
pearance  ;  some  parts  being  highly  vascular,  whilst  others  were 
white  and  uninjected. 
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If  the  mere  existence  of  such  a  tumour  is  not  to  be  considered 
as  a  disease,  there  was  no  appearance  of  any  morbid  tendency 
in  any  part  of  it.  The  whole  structure  seemed  to  consist  of 
a  regularly  organized  matter  throughout,  supplied  with  vessels 
exclusively  belonging  to  itself,  and  not  passing  to  it  from  the 
surrounding  parts,  as  is  generally  the  case  in  diseased  masses. 

They  who  are  inclined  to  consider  every  new  appearance  in 
the  structure  of  parts  as  disease,  may  be  disposed  to  include 
this  under  that  appellation. 

But  disease  consists  of  such  an  alteration  in  the  structure, 
or  functions,  of  a  part,  as  occasions  the  natural  operations  of 
it  to  be  imperfectly  performed,  or  entirely  arrested.  This  tu¬ 
mour  appears  to  have  produced  no  such  effect :  all  the  com¬ 
mon  and  known  functions  of  the  placenta  were  performed, 
notwithstanding  the  existence  of  this  substance :  the  child 
had  been  as  well  nourished,  and  the  benefits  arising  from  the 
application  of  vital  air  or  oxygen,  to  its  blood,  just  as  well  sup¬ 
plied,  as  if  the  tumour  had  not  existed. 

It  cannot  be  said  of  this,  as  it  might  of  some  tumours,  that  it 
would  in  time  have  shewn  marks  of  a  morbid  tendency,  so  as 
to  have  deranged  the  common  actions  of  the  placenta;  because, 
when  gestation  terminates,  the  life,  and  all  the  uses  of  the  pla¬ 
centa,  are  at  an  end. 

I  am  disposed,  therefore,  to  consider  this  fleshy  substance, 
as  a  solitary  instance  of  a  formative  property  in  the  vessels  of 
the  placenta ;  which  they  have  not  been  hitherto  generally 
known  to  possess.* 

*  The  placenta  sometimes  becomes  converted  into  a  mass  of  hydatids,  connected  to 
each  other  by  small  filaments ;  but  this  must  be  considered  as  a  disease,  inasmuch  as 
the  natural  structure  is  destroyed,  and  it  directly  interferes  with  the  offices  of  the  pla- 
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There  was  a  remarkable  circumstance  attending  this  case, 
which  ought  not  to  be  lost  sight  of,  viz.  the  extraordinary  quan¬ 
tity  of  liquor  amnii,  which  had  been  contained  in  the  ovum. 
What  connection  there  was  between  this  and  the  tumour,  can¬ 
not  be  absolutely  explained  from  a  single  instance,  as  there  did 
not  seem  to  be  any  direct  communication  between  the  tumour 
and  the  cavity  of  the  amnion.  The  whole  of  it  lay,  as  has  been 
before  related,  behind  the  chorion ;  so  that,  between  it  and  the 
cavity  of  the  ovum,  there  were  two  membranes  interposed.  In 
its  organization,  it  had  all  the  appearance  of  a  glandular  part, 
and  was  extremely  vascular ;  but,  upon  a  very  attentive  exa¬ 
mination  of  it,  no  duct  could  be  found  leading  from  it  into  the 
cavity  of  the  ovum. 

Yet,  although  it  may  appear  difficult  to  prove,  that  the  quan¬ 
tity  of  liquor  amnii  depended  upon  this  substance,  still,  as  it 
so  considerably  exceeded  that  which  is  found  in  common,  or 
has  ever  been  described,  it  is  reasonably  to  be  believed  that  it 
did  so. 

The  manner,  however,  by  which  the  secreted  fluid  was  con¬ 
veyed  from  the  tumour  into  the  general  cavity  of  the  ovum, 
must  still  remain  unaccounted  for. 


centa,  which  no  longer  performs  perfectly  the  functions  for  which  it  was  designed. 
Nourishment  and  vital  air  are  no  longer  supplied  properly  to  the  foetus,  which  there¬ 
fore  commonly  dies. 
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EXPLANATION  OF  THE  PLATES. 

(Tab.  XIX.) 

A  view  of  the  foetal  surface  of  the  placenta,  with  the  arteries 
and  vein  injected. 

a.  The  funis  umbilicalis ;  the  vein  is  exhibited  to  shew  its 
increased  size. 

bbb.  The  shaggy  vessels  of  the  chorion,  forming  the  foetal 
portion  of  the  placenta. 

c.  The  cavity,  or  cyst,  in  which  the  tumour  (vide  Tab.  XX.) 
lay. 

(Tab.  XX.) 

An  external  view  of  the  tumour,  contained  in  the  cyst  formed 
in  the  substance  of  the  placenta,  as  seen  in  Tab.  XIX. 

a.  A  branch  of  the  umbilical  artery  entering  the  tumour. 

b.  The  vein  returning  the  blood  from  the  tumour  to  the  um¬ 
bilical  vein. 

c.  A  square  portion  of  the  capsule  which  contained  the  tu¬ 
mour,  turned  down  to  shew  the  internal  structure. 

d.  The  substance  of  the  tumour,  seen  through  the  opening 
left  by  dissecting  off  the  capsule. 
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XVI.  On  the  Roots  of  Equations.  By  James  Wood,  B.D.  Fellozv 
of  St.  Johns  College ,  Cambridge.  Communicated  by  the  Rev. 
Nevil  Maskelyne,  D.  ID.  F.  R.  S.  and  Astronomer  Royal. 


Read  May  17,  1798. 


The  great  improvements  in  algebra,  which  modern  writers 
have  made,  are  chiefly  to  be  ascribed  to  Vieta's  discovery,  that 
“  every  equation  may  have  as  many  roots  as  it  has  dimensions/' 
This  principle  was  at  first  considered  as  extending  only  to  po¬ 
sitive  roots;  and  even  when  it  was  found  that  the  number  might, 
in  some  cases,  be  made  up  by  negative  values  of  the  unknown 
quantity,  these  were  rejected  as  useless.  It  could  not,  however, 
long  escape  the  penetration  of  the  early  writers  on  this  subject, 
that  in  many  equations,  neither  positive  nor  negative  values 
could  be  discovered,  which,  when  substituted  for  the  unknown 
quantity,  would  cause  the  whole  to  vanish,  or  answer  the  con¬ 
dition  of  the  question.  In  such  cases,  the  roots  were  said  to 
be  impossible,  without  much  attention  to  their  nature,  or  inquiry 
whether  they  admit  of  any  algebraical  representation  or  not. 
As  far  as  the  actual  solution  of  equations  was  carried,  viz.  in 
cubics  and  biquadratics,  the  imaginary  roots  were  found  to  be 

of  this  form,  *  +  >/-  bz ;  and  subsequent  writers,  from  this 
imperfect  induction,  concluded  in  general,  that  every  equation 
lias  as  many  roots,  of  the  form  a  y/  r±=  bz,  as  it  has  dimen¬ 
sions.  In  the  present  state  of  the  science,  this  proposition  is 

MDCCXCVIII.  3  B 


Mr.  Wood  on  the 


37° 

of  considerable  importance,  and  its  truth  ought  to  be  established 
on  surer  grounds.  The  various  transformations  of  equations, 
the  dimensions  to  which  they  rise  in  their  reduction,  and  the 
circumstances  which  attend  their  actual  solution,  are  most 
easily  explained,  and  most  clearly  understood,  by  the  help  of 
this  principle.  Mr.  Euler  appears  to  have  been  the  first  wri¬ 
ter  who  undertook  to  give  a  general  proof  of  the  proposition ; 
but,  whatever  may  be  thought  of  his  reasoning  in  other  re¬ 
spects,  as  he  carries  it  no  further  than  to  an  equation  of  four 
dimensions,  and  it  does  not  appear  capable  of  being  easily  ap¬ 
plied  in  other  cases,  it  gives  us  no  insight  into  the  subject.  Dr. 
Waring's  observations  upon  the  proposition  are  extremely 
concise ;  *  and,  to  common  readers,  it  will  still  be  a  matter  of 
doubt,  whether  a  quantity  of  any  description  whatever  will,  when 
substituted  for  x  in  the  expression  .rs  —  px 7  -f*  Q3?  —  .  .  .  .  +  w, 
cause  the  whole  to  vanish. 

In  the  investigation  of  the  proof  here  offered,  it  became  ne¬ 
cessary  to  attend  to  the  method  of  finding  the  common  measure 
of  two  algebraical  expressions ;  and  to  observe  particularly,  in 
what  manner  new  values  of  the  indeterminate  quantities  are 
introduced;  and  how  they  may  again  be  rejected.  It  ap¬ 
pears,  that  these  values  are  necessary  in  the  division;  and, 
when  they  have  been  thus  introduced,  they  enter  every  term 
of  the  second  remainder,  from  which  they  may  be  discarded. 
This  circumstance  enables  us,  not  only  to  determine  the  na¬ 
ture  of  the  roots  of  every  equation,  but  also  affords  us  a  direct 
and  easy  method  of  reducing  any  number  of  equations  to  one, 
and  obtaining  the  final  equation  in  its  lowest  terms. 

*  Meditationes  Alg .  p.  272. 
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PROP.  I. 

To  find  a  common  measure  of  the  quantities  axn  +  bxn~l 
-f-  cxn~2  -f-  dxn~ 3 -f  &c.  and  A  a:”-1  +  Bi”~!  -j-  Cxn~~* 
-f-  T>  xn~ i  -J-  &c. 

In  order  to  avoid  fractions,  multiply  every  term  of  the  divi¬ 
dend  by  Aa,  the  square  of  the  coefficient  of  the  first  term  of 
the  divisor,  and  the  operation  will  be  as  follows  : 

C.r«— 3^a^?c2)aA1,r"  +  bAzx”—i  -f  c  A\r«— 2  _|-  d  Azxn— 34-  &c.  [aAx-\-bA—aR 
aAzxn-\-a¥>Axn— 1  -\-aCAxn— a-l-aDA^ — 34-  &c. 

*  [bAz—aRA)xn—i  -f  ( cAz — aCA)xn— 24-  (dAz— «DA)jr«— 

(bAz— tfBA).r«— 1 4-  (Z>BA — aBz)xn— 24-  [bCA — «BC)^n— 34-^fc. 

(P)  *  (c  Az— 6BA4-aBa — aCA)jr«—2  4- 

(dAz— bCA+aBC—  «DA)  x»— 3  4-  &c. 

Let  (cA —  bB)  A  4  (B1  —  CA)  a  =  a 
(dA—bC)A  +  (BC  —  DA)<r  =  £ 

(?A —  bD)  A-f  (BD  —  EA)  a  =  y  & c. 
and  the  first  remainder  (P)  is  <x.xn~ 2  +  /3  xn~3  y  x*~4  +  &C. 
proceed  with  this  as  a  new  divisor,  and  the  next  remainder  (Q) 

will  be  (C  a  —  B/3.  u  ft  —  ay .  A)  xn~ 3  -|-  (Da  —  B  y . 

u  fcy  —  <x>$  •  A)  xn  *  T  &c. 

Respecting  this  operation  we  may  observe : 

1.  That  were  not  every  term  of  the  first  dividend  multiplied 
by  A1,  that  quantity  would  be  introduced  by  reducing  the 
terms  of  the  remainder  (P)  to  a  common  denominator. 

2.  When  P  =  0,  Ax”-1  +  Bjc”~2  +Cjc”-3  +  &c.  is  a  di¬ 
visor  of  A  fax”+  bx”-1  +  cxn~2  +  &c.) ;  and  therefore  it  is 
a  divisor  of  axn+  bxn~l  +  cxn~2  +  &c.  unless  it  be  a  divisor 
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of  A2,  which  is  impossible ;  consequently  no  alteration  is,  in 
this  case,  made  in  the  conclusion,  by  the  introduction  of  A*. 

3.  When  P  does  not  vanish,  then  every  divisor  of  P  is  a 

divisor  of  Ax71—1  +  Bxn~2  -f-  Cxn~z  -|“  &c.  and  of  A2  ( ax” 
+  hxn~ 1  -|-  cxn—' 2  and  therefore  of  axn  -j-  hx71*1 

cxn~2  -j-  &c.  unless  A2  ==  0,  in  which  case  the  remainder, 
P,  becomes  a  B  ( B  xn~- 2  -f-  C  xn~z  +  &c.),  every  divisor  of  which 
is  a  divisor  of  Bxn~2  -f  Cxn~3  -j-  &c.  whether  it  be  a  divisor 
of  axn  -f  bxn~ 1  -{-  cxn~2  -j-  &c.  or  not.  That  is,  there  are  two 
values  of  the  indeterminate  quantity  A,  which,  if  retained,  will 
produce  erroneous  conclusions. 

4.  A2  enters  every  term  of  the  second  remainder  (O),  and 
the  two  values,  before  introduced,  may  therefore  be  again  rejected. 

The  coefficient  of  the  first  term  of  this  remainder  is  Ca  —  B/3  . 

a,  +  /32 —  ay .  A;  and,  by  substituting  for  a,  13  and  y,  their  va¬ 
lues,  and  retaining  only  those  terms  in  which  A  is  not  found, 
and  those  in  which  it  is  only  of  one  dimension,  we  have 

C«  =  -6BCA+aCBl 
—  a  C2A 

—  B/3  =  +  6BCA —  aCBa 
+  rtBDA 

C«  —  B/3  =  — -  a  C2 A a  BDA 
Ca  —  B/3 .  a  =  —  a2 B2  C2 A  +  a2 B3  D A 
W  ~  ay  .  A  =  a'  B2  C2 A  —  a2  B3  D A ; 
therefore,  those  parts  ofCa  —  B/3.a-f  ]G2 —  ay.  A,  in  which  A 
is  of  one  dimension,  and  in  which  it  is  not  found,  vanish. 

In  the  same  manner  it  appears,  that  A2  enters  every  other 
term  of  the  remainder  Q. 
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5.  If  the  remainder  O  =  0,  then,  by  the  second  observation, 
the  introduction  of  a2  in  the  division,  produces  no  error  in  the 
conclusion ;  and,  if  O  do  not  vanish,  a2  will  be  found  in  every 
term  of  the  third  remainder,  and  may  there  be  rejected ;  and 
so  on.  Thus  we  obtain  the  conclusion,  without  any  unneces¬ 
sary  values  of  A,  B,  C,  &c.  or  a ,  b,  c ,  &c. 

6.  If  the  highest  indices  of  x ,  in  the  original  quantities,  be 
equal,  it  will  only  be  necessary  to  multiply  the  terms  of  the 
dividend  by  A,  which  may  be  rejected  after  the  second  division. 
If  the  difference  of  the  highest  indices  of  x  be  m,  the  terms  of 
the  dividend  must  be  multiplied  by  Aw+r,  the  first  quotient  be¬ 
ing  carried  to  m  -f-  1  terms.  This  quantity,  Aw+X,  will  enter 
every  factor  in  each  term  of  the  second  remainder. 

7.  If  it  be  necessary  to  continue  the  division,  let 

C oc  —  —  ccy  .  A  =  tn  A2 

D  a.  —  B  y  .  a  -|-  (6  y  —  .  A  =  U  A* 

Ea  —  B  cc  -{-  (3$  —  as.  A=  p  A" 

&c. 

and  the  third  remainder  is  ( ym  —  (3n  .  m  -f-  nz —  mp  .  a)  xn~± 

—  jS  p.m  np  —  mq .  ot)xn~5-\-{zm  —  (3q.m  -f -nq — mr.of 
xn—6  -|-  &c-  every  term  of  which  is  divisible  by  a2.  The  law 
of  continuation  is  manifest. 

PROP.  11. 

Two  roots  of  an  equation  of  2  m  dimensions  may  be  found 

by  the  solution  of  an  equation  of  m  .  2  m  —  1  dimensions. 

Let  x2m  -f  px2m~x  +  qx2m~2  -f-  rx2m~ 3  +  &c.  =  o ;  and,  if 
possible,  let  v  and  %  be  so  assumed  that  v  +  z,  and  — «  v  +  ^ 
may  be  two  roots  of  this  equation ;  then, 
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xXm  .  rr  v1'"  ±  2 mz  vZn~  1  -j-  2  m.  — — z'1  z/*n  ±  zm.— — z3vLm"~3- f 

2  2  3  1 

p x‘!"n ~ 1  —  d t  pvZm~‘ 1  -{-  2m — i  .  pzvz,n~z  ±  2m—  i  .  — — -  .  p  z2  vzn  3  - j- 

qx2,:i  —  i  ~  qVzm~-i->r  zm—-z.qzv'l:n  —  3+&c. 

r xzm ~3  —  ±:  r z/171  - 3 -j- 


and  consequently, 


m  2  m — x 

V  -f-  2m  .  - .  Z 


V ™-  —  o 

-f  p  z2m  -  1 

+  zm-i.pz  j  +  qzzm-z  > 


+ 


9  J 


and  also, 

2m  z  i  v 
+  P  J 


.  ,  e« — x  2  m — * 

,2w  —  1  I  ->  j),  .  - . .  -  .  x 


-{-2  m. 

<a 

-f  2  m — l 

+ 

+ 


3 

2772 - 2 


4-  r  z4,n—  3 
+  &c. 

v%m ~ 3  -f  &c.  4-  2 mzZm~’1 


pz~ 


> 


zm  —  2  .  qz 
rJ 


+  2})l—l  .pzvn~% 
4-2 m — 2  .  qzzm~3  ^ 


W“0 


4- 2m — 3  .  rzzm~ 4 
4-  6f<?. 


Assume  y  =  t>*;  and  let  the  coefficients  of  the  terms  of  the  for¬ 
mer  equation  be  1,  6,  c,  d ,  &?£.  and  of  the  latter.  A,  B,  C,  D, 

/ 

&c.  and  the  equations  become 

ym  hyn~z  +  cym~%  -}-  dym~ 3  -f  =  o 

A y *— 1  -f-  By*2-2  -j-  Cym-3  -f-  £s?c.  ==  o. 

These  equations  have  a  common  measure  of  the  form  y  =t=  Z, 
where  Z  is  expressed  in  terms  of  z  and  known  quantities  ;  and 
this  common  measure  may  be  found,  by  dividing,  as  in  Prop.  I. 
till  y  is  exterminated,  and  making  the  last  remainder  equal  to 
nothing. 

Now,  the  first  remainder  is  (c  A  —  6B  .  A  -f-  B* —  CA)  ym~m 
+  [JA^TC  .  A+BC— -DA)  ym~3  +  (7A^6D  .  A  +  BD  -  EA) 
yn—i  +  &c.;  or,  by  substitution,  «yw— 2-f  /3yOT~«  + 


% 
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&nd,  in  a,  %  rises  to  6  dimensions;  in  /3,  to  8  dimensions;  and, 
in  y,  to  10  dimensions,  &c. 

The  second  remainder  is  (Ca  —  B[3 .  u-\-  (3* — ocy.A)ynt~i 
-f  (Da  - —  By .  a  +  (3y  —  a<L  A )  ym~i  +  &c.;  or,  by  substitu¬ 
tion,  mA*ym—3  +  n  Azym~±  -f  &c.  and,  dividing  by  Az,  the  di¬ 
mensions  of  z  in  m,  are  15;  in  n ,  17,  &c.'  Let  tt,  k,  £,  <r,  r,  &c. 
be  the  dimensions  of  %  in  the  first  term  of  the  1st,  2d,  3d,  4th, 
3th,  &c.  remainders ;  then 

7T  =  6 

*  =  15 

£  =  2K  -  7T  -j-  4 

<r  =  2a  —  K  T  4 

r  =  2tr  —  £  4"  4 

the  increment  of  the  w  —  1  term  of  this  series  is  4 +  1,  and 

therefore  the  —  1  term  itself  is  2 w  .  w  —  1  T  wz,  or??z .  2m  —  1. 
Now,  in  the  m  —  1  remainder,  y  does  not  appear,  and,  in  that  re¬ 
mainder,  z  rises  to  m .  2 m  —  1  dimensions ;  if  then,  this  remainder 
be  made  equal  to  nothing,  and  a  value  of  %  determined,  the  last 
divisor,  y  ~t~  Z,  where  Z  is  some  function  of  z,  is  known  ;  and 
this  is  a  common  measure  of  the  two  equations  ym  4-  bym~~x 
4-  cym~2  4~  &c.  =  o,  and  A ym~l  4-  B ym~2  4“  4"  &c-  =  o ; 

consequently,  y  =*=  Z  =  o ;  and  y  =  =±=  Z ;  hence  =±=  s/  y,  or 
v,  =  =±=  s/  =i=  TL ;  therefore,  by  the  solution  of  an  equation  of 
m  t  om  _  4  dimensions,  two  roots,  =±=  Z^  of  the  original 

equation,  are  discovered. 

Cor.  1.  Since  two  roots  of  the  proposed  equation  are  z  -fv, 
and  z  —  v,  xz  —  2 zx  4-  —  v*  =  o  is  a  quadratic  factor  of 

that  equation. 

Cor.  2.  In  the  same  manner  that  the  two  equations 
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ym b cym~ *  +  &c.  =  o,  and  A ym—'-\-  B  * -J-  Cy*~3-{- 
&c.  =  o,  are  reduced  to  one,  may  any  two  equations  be  re¬ 
duced  to  one,  and  one  of  the  unknown  quantities  exterminated; 
also,  the  conclusion  will  be  obtained  in  the  lowest  terms. 

Prop.  iii. 

Every  equation  has  as  many  roots,  of  the  form  a±\/  =±=  b%, 
as  it  has  dimensions. 

Case  1.  Every  equation  of  an  odd  number  of  dimensions 
has,  at  least,  one  possible  root ;  and  it  may,  therefore,  be  de¬ 
pressed  to  an  equation  of  an  even  number  of  dimensions. 

Case  2.  If  the  equation  be  of  2 m  dimensions,  and  m  be 

an  odd  number,  then  m .  2 m  —  1  is  an  odd  number,  and  con¬ 
sequently  z  and  v 4  (see  Prop.  11.)  have  possible  values;  there¬ 
fore  the  proposed  equation  has  a  quadratic  factor,  x 2 —  2 zx 

z1  —  v*=  o,  whose  coefficients  are  possible;  that  is,  it  has 
two  roots  of  the  specified  form ;  and  it  may  be  reduced  two 
dimensions  lower. 

Case  3.  If  m  be  evenly  odd,  or  ^  an  odd  number,  then  the 
equation  for  determining  z,  has  either  two  possible  roots,  or 
two  of  the  form  a^b  V  —  1,  (Case  2.);  and  r>awill  be  of  the 
form  s/  —  1 ;  hence,  one  value  of  the  quadratic  factor 

x 2 — 2zx-\-z* —  ?/=:o,will  be  of  this  form,  x2 —  2a 2b  s/  —  i.x 
+  AB  CD  /  —  1  =  0;  and  another  of  this  form, 

x'l—2a  —  2b  v/  —  1.  x  -f  AB  —  CDs/  —  1=  o;  consequently, 
x4 — 4 ax3-\-  (2AB  +  4^2+4 b*)x* — (4#  AB  +  46CD)  x  +  A2Bl 

C2D2=o,  will  be  a  factor  of  the  proposed  equation;  and 
this  biquadratic  may  be  resolved  into  two  quadratics,  whose 
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coefficients  are  possible,  and  whose  roots  are  therefore  of  the 
form  specified  in  the  proposition. 

In  the  same  manner  the  proposition  may  be  proved,  when 

— ■>  T6  &c’  *s  an  °dd  number;  and  thus  it  appears  that  it 

is  true  in  all  equations.* 

Cor.  1.  If  vz,  or  y,  be  positive,  the  roots  of  the  quadratic 
factor  x1  —  2 zx  -j-  z* —  vz=  o,  and  therefore  two  roots  of  the 
proposed  equation  are  possible.  If  y  —  o,  two  roots  are  equal ; 
and  if  y  be  negative,  two  roots  are  impossible. 

Cor.  2.  If  a  possible  value  of  %  be  determined,  and  substi¬ 
tuted  in  b,  c ,  d ,  &c.  the  original  equation  will  have  as  many 
pairs  of  possible  roots  as  there  are  changes  of  signs  in  the  equa¬ 
tion  ym-\-  bym~'  -f-  cym~2-{-  &c.  =0;  and  as  many  pairs  of 
impossible  roots  as  there  are  continuations  of  the  same  sign. 

*  See  Dr.  Wari  n  g’s  Med.  Alg. 
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XVII.  General  Theorems ,  chiefly  Ponsms,  in  the  higher  Geo¬ 
metry.  By  Henry  Brougham,  Jun.  Esq.  Communicated  by 
Sir  Charles  Blagden,  Knt.  F.  R.  S. 

Read  May  24,  1798. 

The  following  are  a  few  propositions  that  have  occurred  to 
me,  in  the  course  of  a  considerable  degree  of  attention  which  I 
have  happened  to  bestow  upon  that  interesting,  though  diffi¬ 
cult  branch  of  speculative  mathematics,  the  higher  geometry. 
They  are  all  in  some  degree  connected ;  the  greater  part  refer 
to  the  conic  hyperbola,  as  related  to  a  variety  of  other  curves. 
Almost  the  whole  are  of  that  kind  called  porisms,  whose  nature 
and  origin  is  now  well  known ;  and,  if  that  mathematician  to 

O 

whom  we  owe  the  first  distinct  and  popular  account  of  this 
formerly  mysterious,  but  most  interesting  subject,*  should 
chance  to  peruse  these  pages,  he  will  find  in  them  additional 
proofs  of  the  accuracy  which  characterizes  his  inquiry  into  the 
discovery  of  this  singularly  beautiful  species  of  proposition. 

Though  each  of  the  truths  which  I  have  here  enunciated  is 
of  a  very  general  and  extensive  nature,  yet  they  are  all  disco¬ 
vered  by  the  application  of  certain  principles  or  properties  still 
more  general;  and  are  thus  only  cases  of  propositions  still  more 
extensive.  Into  a  detail  of  these,  I  cannot  at  present  enter: 
they  compose  a  system  of  general  methods,  by  which  the  dis¬ 
covery  of  propositions  is  effected  with  certainty  and  ease ;  and 

*  See  Mr.  Playfair’s  Paper,  in  Vol.HI.  of  the  Edinburgh  Trans. 
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they  are,  very  probably,  in  the  doctrine  of  curve  lines,  what  the 
ancients  appear  to  have  prized  so  much  in  plain  geometry ,  al¬ 
though,  unfortunately,  all  that  remains  to  us  of  that  treasuie,  is 
the  knowledge  of  its  high  value.  Neither  have  I  added  the  de¬ 
monstrations,  which  are  all  purely  geometrical,  granting  the 
methods  of  tangents  and  quadratures :  I  have  given  an  example, 
in  the  abridged  synthesis,  of  what  I  consider  as  one  of  the  most 
intricate.  It  is  unnecessary  to  apologize  any  farther  for  the 
conciseness  of  this  tract.  Let  it  be  remembered,  that  were 
each  proposition  followed  by  its  analysis  and  composition,  and 
the  corollaries,  scholia,  limitations,  and  problems,  immediately 
suggested  by  it,  without  any  trouble  on  the  readers  part,  the 
whole  would  form  a  large  volume,  in  the  style  of  the  ancient 
geometers ;  containing  the  investigation  of  a  series  of  con¬ 
nected  truths,  in  one  branch  of  the  mathematics,  all  arising 
from  varying  the  combinations  of  certain  data  enumerated  in 
a  general  enunciation.* 

As  a  collection  of  curious  general  truths,  of  a  nature,  so  far 
as  I  know,  hitherto  quite  unknown,  I  am  persuaded  this  Paper, 
with  all  its  defects,  may  not  be  unacceptable  to  those  who  feel 
pleasure  in  contemplating  the  varied  and  beautiful  relations 
between  abstract  quantities,  the  wonderful  and  extensive  ana¬ 
logies  which  every  step  of  our  progress  in  the  higher  parts  of 
geometry  opens  to  our  view. 

prop.  i.  porism.  (Tab.  XXI.  fig.  1.) 

A  conic  hyperbola  being  given,  a  point  may  be  found,  such, 
that  every  straight  line  drawn  from  it  to  the  curve,  shall  cut,  in 

*  See  the  celebrated  account  of  ancient  geometrical  works,  in  the  eleventh  book  of 
Pappus  Alexandrinus. 
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a  given  ratio,  that  part  of  a  straight  line  passing  through  a 
given  point  which  is  intercepted  between  a  point  in  the  curve1 
not  given,  but  which  may  be  found,  and  the  ordinate  to  the 
point  where  the  first  mentioned  line  meets  the  curve. 

Let  X  be  the  point  to  be  found,  NA  the  line  passing  through 
the  given  point  N,  and  M  any  point  whatever  in  the  curve ; 
join  XM,  and  draw  the  ordinate  MP;  then  AC  is  to  CP  in  a 
given  ratio. 

Corollary.  This  property  suggests  a  very  simple  and  accurate 
method  of  describing  a  conic  hyperbola,  and  then  finding  its 
centre,  asymptotes,  and  axes ;  or,  any  of  these  being  given,  of 
finding  the  curve,  and  the  remaining  parts. 

PROP.  II.  PORISM. 

\ 

A  conic  hyperbola  being  given,  a  point  may  be  found,  such, 
that  if  from  it  there  be  drawn  straight  lines  to  all  the  intersec¬ 
tions  of  the  given  curve,  with  an  infinite  number  of  parabolas, 
or  hyperbolas,  of  any  given  order  whatever,  lying  between 
straight  lines,  of  which  one  passes  through  a  given  point,  and 
the  other  may  be  found,  the  straight  lines  so  drawn,  from  the 
point  found,  shall  be  tangents  to  the  parabolas,  or  hyperbolas. 

This  is  in  fact  two  propositions ;  there  being  a  construction 
for  the  case  of  parabolas,  and  another  for  that  of  hyperbolas. 

PROP.  in.  PORISM. 

If,  through  any  point  whatever  of  a  given  ellipse,  a  straight 
line  be  drawn  parallel  to  the  conjugate  axis,  and  cutting  the 
ellipse  in  another  point;  and  if  at  the  first  point  a  perpendi¬ 
cular  be  drawn  to  the  parallel,  a  point  may  be  found,  such,  that 
if  from  it  there  be  drawn  straight  lines,  to  the  innumerable 
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intersections  of  the  ellipse  with  all  the  parabolas  of  orders  not 
given,  but  which  may  be  found,  lying  between  the  lines  drawn 
at  right  angles  to  each  other,  the  lines  so  drawn  from  the  point 
found,  shall  be  normals  to  the  parabolas  at  their  intersections 
with  the  ellipse. 


PROP.  IV.  PORISM. 

A  conic  hyperbola  being  given,  if  through  any  point  thereof 
a  straight  line  be  drawn  parallel  to  the  transverse  axis,  (and 
cutting  the  opposite  hyperbolas,)  a  point  may  be  found,  such, 
that  if  from  it  there  be  drawn  straight  lines,  to  the  innumerable 
intersections  of  the  given  curve  with  all  the  hyperbolas  of 
orders  to  be  found,  lying  between  straight  lines  which  may  be 
found,  the  straight  lines  so  drawn  shall  be  normals  to  the  hy¬ 
perbolas  at  the  points  of  section. 

Scholium.  The  two  last  propositions  give  an  instance  of  the 
many  curious  and  elegant  analogies  between  the  hyperbola  and 
ellipse;  failing,  however,  when  by  equating  the  axes  we  change 
the  ellipse  into  a  circle. 

PROP.  V.  LOCAL  THEOREM.  Fig.  2. 

If,  from  a  given  point  A,  a  straight  line  DE  moves  parallel 
to  itself,  and  another  CS,  from  a  given  point  C,  moves  along 
with  it  round  C ;  and  a  point  I  moves  along  AB,  from  H,  the 
middle  point  of  AB,  with  a  velocity  equal  to  half  the  velocity 
of  DE;  then,  if  AP  be  always  taken  a  third  proportional  to 
AS  and  BC,  and  through  P,  with  asymptotes  D'E'  and  AB,  a 
conic  hyperbola  be  described ;  also,  focus  I  and  axis  AB,  a 
conic  parabola  be  described,  the  radius  vector  from  C  to  M,  the 
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intersection  of  the  two  curves,  moving  round  C,  shall  describe 
a  given  ellipse. 


PROP.  VI.  THEOREM. 

A  common  logarithmic  being  given,  and  a  point  without  it, 
a  parabola,  hyperbola,  and  ellipse,  may  be  described,  which  shall 
intersect  the  logarithmic  and  each  other  in  the  same  points ; 
the  parabola  shall  cut  the  logarithmic  orthogonally ;  and,  if 
straight  lines  be  drawn  from  the  given  point  to  the  common 
intersections  of  the  four  curves,  these  lines  shall  be  normals  to 
the  logarithmic. 

PROP.  VII.  PORISM. 

Two  points  in  a  circle  being  given,  (but  not  in  one  diameter,) 
another  circle  may  be  described,  such,  that  if  from  any  point 
thereof  to  the  given  points  straight  lines  be  drawn,  and  a  line 
touching  the  given  circle,  the  tangent  shall  be  a  mean  pro¬ 
portional  between  the  lines  so  inflected. 

Or,  more  generally,  the  square  of  the  tangent  shall  have  a 
given  ratio  to  the  rectangle  under  the  inflected  lines. 

prop.  viii.  porism.  Fig.  3. 

Two  straight  lines  AB,  AP,  (not  parallel,)  being  given  in 
position,  a  conic  parabola  MN  may  be  found,  such,  that  if,  from 
any  point  thereof  M,  a  perpendicular  MP  be  drawn  to  the  one 
of  the  given  lines  nearest  the  curve,  and  this  perpendicular  be 
produced  till  it  meets  the  other  line  in  B,  and  if  from  B  a  line 
be  drawn  to  a  given  point  C,  M  P  shall  have  to  PB  together 
with  CB,  a  given  ratio. 
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Scholium.  This  is  a  case  of  a  most  general  enunciation,  which 
gives  rise  to  an  infinite  variety  of  the  most  curious  porisms. 

prop.  ix.  porism.  Fig.  4. 

A  conic  hyperbola  being  given,  a  point  may  be  found,  from 
which  if  straight  lines  be  drawn  to  the  intersections  of  the 
given  curve  with  innumerable  parabolas  (or  hyperbolas)  of  any 
given  order  whatever,  lying  between  perpendiculars  which  meet 
in  a  given  point,  the  lines  so  drawn  shall  cut,  in  a  given  ratio, 
all  the  areas  of  the  parabolas  (or  hyperbolas)  contained  by  the 
peripheries  and  co-ordinates  to  points  thereof,  found  by  the  in¬ 
numerable  intersections  of  another  conic  hyperbola,  which  may 
be  found. 

This  comprehends,  evidently,  two  propositions ;  one  for  the 
case  of  parabolas,  the  other  for  that  of  hyperbolas.  In  the  for¬ 
mer  it  is  thus  expressed  with  a  figure. 

Let  EM  be  the  given  hyperbola ;  BA,  AC,  the  perpendiculars 
meeting  in  a  given  point  A :  a  point  X  may  be  found,  such, 
that  if  XM  be  drawn  to  any  intersection  M  of  EM  with 
any  parabola  AMN,  of  any  given  order  whatever,  and  lying 
between  AB  and  AC,  XM  shall  cut,  in  a  given  ratio,  the  area 
AMNP,  contained  by  AMN  and  AP,  PN,  co-ordinates  to  the 
conic  hyperbola  FN,  which  is  to  be  found;  thus,  the  area  ARM 
shall  be  to  the  area  RMNP  in  a  given  ratio. 

prop.  x.  PORISM. 

A  conic  hyperbola  being  given,  a  point  may  be  found,  such, 
that  if  from  it  there  be  drawn  straight  lines,  to  the  innumerable 
intersections  of  the  given  curve  with  all  the  straight  lines  drawn 
through  a  given  point  in  one  of  the  given  asymptotes,  the 
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first  mentioned  lines  shall  cut,  in  a  given  ratio,  the  areas  of  all 
the  triangles  whose  bases  and  altitudes  are  the  co-ordinates  to 
a  second  conic  hyperbola,  which  may  be  found,  at  the  points 
where  it  cuts  the  lines  drawn  from  the  given  point. 

PROP.  XI.  PORISM. 

A  conic  hyperbola  being  given,  a  straight  line  may  be  found, 
such,  that  if  another  move  along  it  in  a  given  angle,  and  pass 
through  the  intersections  of  the  curve  with  all  the  parabolas, 
(or  hyperbolas,)  of  any  given  order  whatever,  lying  between 
straight  lines  to  be  found,  the  moving  line  shall  cut,  in  a  given 
ratio,  the  areas  of  the  curves  described,  contained  by  the  peri¬ 
pheries  and  co-ordinates  to  another  conic  hyperbola,  that  may 
be  found,  at  the  points  where  this  cuts  the  curves  described. 

PROP.  XII.  PORISM. 

A  conic  hyperbola  being  given,  a  straight  line  may  be  found, 
along  which  if  another  move  in  a  given  angle,  and  pass  through 
any  point  whatever  of  the  hyperbola,  and  it  this  point  of  sec¬ 
tion  be  joined  with  another  that  may  be  found,  the  moving  line 
shall  cut,  in  a  given  ratio,  the  triangles  whose  bases  and  alti¬ 
tudes  are  the  co-ordinates  to  a  conic  hyperbola,  which  may  be 
found,  at  the  points  where  it  meets  the  lines  drawn  from  the 
point  found. 

Scholium.  I  proceed  to  give  one  or  two  examples,  wherein  areas 
are  cut  in  a  given  ratio,  not  by  straight  lines,  but  by  curves. 

PROP.  XIII.  porism.  Fig.  5. 

A  conic  hyperbola  being  given,  if  through  any  of  its  innu¬ 
merable  intersections  with  all  the  parabolas  of  any  order,  lying 
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between  straight  lines,  whereof  one  is  an  asymptote,  and  the 
other  may  be  found,  an  hyperbola  of  any  order  be  described, 
(except  the  conic,)  from  a  given  origin  in  the  given  asymptote 
perpendicular  to  the  axis  of  the  parabolas,  the  hyperbola  thus 
described  shall  cut,  in  a  given  ratio,  an  area  (of  the  parabolas) 
which  may  be  always  found. 

If  from  G  (as  origin)  in  AB,  one  of  LM’s  asymptotes,  there 
be  described  an  hyperbola  IC',  of  any  order  whatever,  except 
the  first,  and  passing  through  M,  a  point  where  LM  cuts  any 
of  the  parabolas  AM,  of  any  order  whatever,  drawn  from  A 
a  point  to  be  found,  and  lying  between  AB  and  AC,  an  area 
ACD  may  be  always  found,  (that  is,  for  every  case  of  AM  and 
IC',)  which  shall  be  constantly  cut  by  IC',  in  the  given  ratio  of 
M  :  N ;  that  is,  the  area  AMN  :  NMDC  :  :  M  :  N. 

I  omit  the  analysis,  which  leads  to  the  following  construc¬ 
tion  and  composition. 

Construction.  Let  be  the  order  of  the  parabolas,  and  p  -fi  q 

that  of  the  hyperbolas.  Find  <p  a  fourth  proportional  to  m  -}-  nt 
q  — p  and  m  -f  2  n  ;  divide  GB  in  A,  so  that  AR  :  AG  :  :  q  : 
P  +  (p ;  then  find  7 r  a  fourth  proportional  to  M  -f-  N,  q>  -\-p,  and 
q — py  and  y  a  fourth  proportional  to  q,  AG,  and  q — p\  and, 
lastly,  9  a  fourth  proportional  to  the  parameter*  of  LM,  7r  and 

M.  If,  with  a  parameter  equal  to  x  0  —  t^le  rect“ 

angle  r .  AN,  and  between  the  asymptotes  AB,  AC,  a  conic 
hyperbola  be  described,  it  shall  cut  the  parabola  in  a  point,  the 
co-ordinates  to  which  contain  an  area  that  shall  be  cut  by  IC' 
in  the  ratio  of  M  :  N. 

Demonstration.  Because  AG  is  divided  in  R,  so  that  AR  :  AG 

*  i.  e.  The  constant  rectangle  or  space  to  which  AP  .  SM  is  equal. 

MDCCXCVIII.  3  D 
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::  q  :/>-}-  <p,  and  that  <p  :  m  +  n  :  :  q  —  p  :  m  - j-  2  w.  All  is 

equal  to  AG  ^/ - .  anc|}  because  LM  is  a  conic  hyperbola,  the 

1  rn  +  ?i  X  q  —  P 
*  •  m  2  n 

rectangle  MS  .  RS,  or  MS  .  AP,  or  AP  .  MP  -f-  AR  is  equal  to 
the  parameter,  (or  constant  space,)  therefore,  this  parameter 

is  equal  to  AP  x  MP  +  AG  .  q 


P  + 


(m  +  »)  {q  —  p) 
m  -f  2  n 


Again,  the  space  ACD  is  equal  to  £■■  of  the  rectangle 
AC  .  CD,  since  AD  is  a  parabola  of  the  order  m  +  n  ;  but  (by 


construction)  AC  .  CD  is  equal  to 


m  n 


of  9 


M  +  N 


.AN; 


W-f  2(1  '  M 

therefore,  ACD  =  9  —  •  T  •  AN,  of  which  9  :  parameter 

of  LM  : :  7 r  :  M,  and  7 r  :  M-j-N-.Kp-f^:^-^;  therefore, 
9  =  P^-.LMxmTn  /~i  x_y_-j>  ,  p  ]  al  T  :  ^  :  ;  AG  : 

q  —  p\  consequently,  ACD  =  Far'  'j irmltiplied  by 


(?  —  P) 

m  +  n  *  4-  p  )  and  diminished  by  ^  (t  N  x  AN  x  q-  ; 

in  -f  2  n  1  r  I  M  9—P 


+  />)  is 


,  r  .  Par.  LM  x  M  +  N  (m  -f  n  q  —  p 

therefore,  transposing  — M  --=== —  *  - 

equal  to  ACD  -]-  M 1V1  N  x  AN  x  ~j~Z~p  1  ant^  Lar.  LM  will  be 


q  -p 

ACD  +  M  +■-  x  AN  x  q—~ )  x  — 
equal  to  M  —  ?~P  ' . ^thatis, 


—±n  x  $—£  +  pi  X  M  +  N 
m  -f  2  n  1 


M 


M  +  N 


X  q—p  X  ACD  -f  q  .  AN  x  AG 


m  -f  n 
m  -f  2  n 


X  q  -p  p 
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Now,  it  was  before  demonstrated,  that  the  parameter  of  LM 


is  equal  to  AP  x  MP-f  q  .  AG _ 

y,  1  Lm  +  This  is  therefore 

*  '  m  +  zn 


M 


- X  q  —  p  x  ACD  -j-  q  .  AN  x  AG  , 

equal  to  M  +  N  - - - .  multiplying  both  by 


m  -j-  n 
m  -f  2  n 


X  q -p  +  P 


m  +  — -  -\-p,  we  have  M  x  q  —  p  x  ACD  q  •  AN  x  AG 


w  4-  2n 


=  AP  x  (MP  x  (/  +  +  1  •  AG) 

From  these  equals  take  q.  AG  x  AN,  and  there  remains 

mTn  x  9-Jx  acd  «Iual  t0  AP  x  PM  x  [--+m  +  l^P  +f>) 
+  q  .  AG  x  AP  —  AN ;  or,  dividing  by  q  —  pi  jcr+"N  x  AGD 


=  AP  x  -2h±JL  4-  —  x  PM  -I - q—  x  AG  x  AP  —  AN.  Now, 

m  -f  2n  *  q  —  p  q  —  p 

JL+l  x  AP  x  PM  is  equal  to  the  area  APM;  therefore,  the  area 

m  -f  2  n  1 

APMtogether  with  -  x  AP.  PM,  and  ~Tp  x  AG  *  AP  —  A^> 

or  APM  with  -t-  x  AP.  PM  -  -1-  x  AG  x  AN  —  AP, 

q  —  p  9  —  P 

or  APM  +  -2^  x  AP .  PM  —  ^  x  rect.  PT  is  equal  to  5^ 

xACD.  Now,  IC'is  an  hyperbola  of  the  order/ -(-</, •  therefore,  its 

area  is  t ..  x  rect.  GH .  MH.  But  q  is  greater  than/;  therefore, 
p  —  q  _ 

-JL-js  negative,  and  p  is  the  area  MHKC';  and  the 

area NTKC'is  equal  to  — x  GT  xTN ;  therefore,  MNTH  is 

1  q  —  p  _ _ 

equal  to  (MHKC' — NTKC'),  or  to  x  GH.MH- GT.TN. 

From  these  equals  take  the  common  rectangle  AT,  apd  there 

3  t)  2 
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remains  the  area  MPN,  equal  to  x  AP  x  MP - 2—  x  PT; 

1  q  —  P  q  —  p 

which  was  before  demonstrated  to  be,  together  with  APM, 

equal  to  .  ACD.  Wherefore  MPN,  together  with  APM, 

that  is,  the  area  AMN  is  equal  to  .  ACD;  consequently, 

AMN  :  ACD  ::  M  :  M  +  N;  and  ( dividendo )  AMN  :  NMDC 
: :  M  :  N.  An  area  has  therefore  been  found,  which  the  hy¬ 
perbola  IC'  always  cuts  in  a  given  ratio. 

Wherefore,  a  conic  hyperbola  being  given,  &c.  Q.  E.  D . 

Scholium.  This  proposition  points  out,  in  a  very  striking 
manner,  the  connection  between  all  parabolas  and  hyperbolas, 
and  their  common  connection  with  the  conic  hyperbola.  The 
demonstration  which  I  have  given  is  much  abridged ;  and,  to 
avoid  circumlocution,  algebraic  symbols,  and  even  ideas,  have 
been  introduced :  but,  by  attending  to  the  several  steps,  any 
one  will  easily  perceive  that  it  may  be  translated  into  geome¬ 
trical  language,  and  conducted  upon  purely  geometrical  prin¬ 
ciples,  if  any  numbers  be  substituted  for  m ,  n ,  />,  and  q ;  or 
if  these  letters  be  made  representatives  of  lines,  and  if  concise¬ 
ness  be  less  rigidly  studied. 

PROP.  XIV.  THEOREM. 

A  common  logarithmic  being  given,  if  from  a  given  point,, 
as  origin,  a  parabola  (or  hyperbola)  of  any  order  whatever  be 
described,  cutting,  in  a  given  ratio,  a  given  area  of  the  loga¬ 
rithmic,  the  point  where  this  curve  meets  the  logarithmic  is 
always  situated  in  a  conic  hyperbola,  which  may  be  found. 

Scholium.  Thi§  proposition  is,  properly  speaking,  neither  a 
porism,  a  theorem,  nor  a  problem.  It  is  not  a  theorem,  be¬ 
cause  something  is  left  to  be  found,  or,  as  Pappus  expresses 
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it,  there  is  a  deficiency  in  the  hypothesis  :  neither  is  it  a 
porism ;  for  the  theorem,  from  which  the  deficiency  distin¬ 
guishes  it,  is  not  local. 

prop.  xv.  porism.  Fig.  6. 

A  conic  hyperbola  being  given,  two  points  may  be  found, 
from  which  if  straight  lines  be  inflected,  to  the  innumerable 
intersections  of  the  given  curve  with  parabolas  or  hyperbolas, 
of  any  given  order  whatever,  described  between  given  straight 
lines,  and  if  co-ordinates  be  drawn  to  the  intersections  of  these 
curves  with  another  conic  hyperbola,  which  may  be  found,  the 
lines  inflected  shall  always  cut  off  areas  that  have  to  one 
another  a  given  ratio,  from  the  areas  contained  by  the  co¬ 
ordinates. 

Let  X  and  Y  be  the  points  found ;  HD  the  given  hyperbola, 
FE  the  one  to  be  found ;  ADC  one  of  the  curves  lying  between 
AB  and  AG,  intersecting  HD  and  FE :  join  XD,  YD;  then 
the  area  AYD  :  XDCB  in  a  given  ratio. 

prop.  xvi.  porism.  Fig.  7. 

If,  between  two  straight  lines  making  a  right  angle,  an  infi¬ 
nite  number  of  parabolas,  of  any  order  whatever,  be  described, 
a  conic  parabola  may  be  drawn,  such,  that  if  tangents  be  drawn 
to  it  at  its  intersections  with  the  given  curves,  these  tangents 
shall  always  cut,  in  a  given  ratio,  the  areas  contained  by  the 
given  curves,  the  curve  found,  and  the  axis  of  the  given  curves. 

Let  AMN  be  one  of  the  given  parabolas ;  DMO  the  parabola 
found,  and  TM  its  tangent  at  M :  ATM  shall  have  to  TMR 
a  given  ratio. 
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PROP.  XVII.  PORISM. 

A  parabola  of  any  order  being  given,  two  straight  lines  may 
be  found,  between  which  if  innumerable  hyperbolas  of  any 
order  be  described,  the  areas  cut  off  by  the  hyperbolas  and  the 
given  parabola  at  their  intersections,  shall  be  divided,  in  a  given 
ratio,  by  the  tangents  to  the  given  curve  at  the  intersections ; 
and,  conversely,  if  the  hyperbolas  be  given,  a  parabola  may  be 
found,  &c.  &c. 

PROP.  XVIII.  PORISM. 

A  parabola  of  any  order  {m  -f-  n)  being  given,  another  of 
an  order  (w. -j-2;j)  may  be  found,  such,  that  the  rectangle 
under  its  ordinate  and  a  given  line,  shall  have  always  a  given 
ratio  to  the  area  (of  the  given  curve)  whose  abscissa  bears  to 
that  of  the  curve  found  a  given  ratio. 

Example.  Let  m=  l,  n~  1,  and  let  the  given  ratios  be  those 
of  equality ;  the  proposition  is  this ;  a  conic  parabola  being 
given,  a  semicubic  one  may  be  found,  such,  that  the  rectangle 
under  its  ordinate  and  a  given  line,  shall  be  always  equal  to 
the  area  of  the  given  conic  parabola,  at  equal  abscissae. 

Scholium.  A  similar  general  proposition  may  be  enunciated 
and  exemplified,  with  respect  to  hyperbolas ;  and,  as  these  are 
only  cases  of  a  proposition  applying  to  all  curves  whatsoever,  I 
shall  take  this  opportunity  of  introducing  a  very  simple,  and,  I 
think,  perfectly  conclusive  demonstration,  of  the  28th  lemma, 
Principia ,  Book  I.  “  that  no  oval  can  be  squared ”  It  is  well  known, 
that  the  demonstration  which  Sir  Isaac  Newton  gives  of  this 
lemma,  is  not  a  little  intricate;  and,  whether  irom  this  diffi¬ 
culty,  or  from  some  real  imperfection,  or  from  a  very  natural 
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wish  not  to  believe  that  the  most  celebrated  desideratum  in 
geometry  must  for  ever  remain  a  desideratum ,  certain  it  is,  that 
many  have  been  inclined  to  call  in  question  the  conclusiveness 
of  that  proof. 

Let  AMC  be  any  curve  whatever,  (fig.  8.)  and  D  a  given 
line ;  take  in  a  b  a  part  ap ,  having  to  AP  a  given  ratio,  and 
erect  a  perpendicular^)  m,  such,  that  the  rectangle  pm.  D  shall 
have  to  the  area  APM  a  given  ratio ;  it  is  evident  that  m  will 
describe  a  curve  amc,  which  can  never  cut  the  axis,  unless  in  a. 

Now,  because  pm  is  proportional  to  or  to  APM,  p m  will 
always  increase,  ad  infinitum ,  if  AMC  is  infinite ;  but,  if  AMC 
stops  or  returns  into  itself,  that  is,  if  it  is  an  oval,  p  m  is  a 
maximum  at  b,  the  point  of  a  b  corresponding  to  B  in  AB ;  con¬ 
sequently,  the  curve  amc  stops  short,  and  is  irrational.  There¬ 
fore  pm,  its  ordinate,  has  not  a  finite  relation  to  ap,  its  abscissa; 
But  ap  has  a  given  ratio  to  AP;  therefore  pm  has  not  a  finite 
relation  to  AP,  and  APM  has  a  given  ratio  to  pm ;  therefore 
it  has  not  a  finite  relation  to  AP,  that  is,  APM  cannot  be 
found  in  finite  terms  of  AP,  or  is  incommensurate  with  AP ; 
wherefore,  the  curve  AMB  cannot  be  squared.  Now,  AMB  is 
any  oval ;  wherefore  no  oval  can  be  squared.  By  an  argument 
of  precisely  the  same  kind,  it  may  proved,  that  the  rectification, 
also,  of  every  oval  is  impossible.  Wherefore,  &c.  Q.  E.  D. 

I  shall  subjoin  three  problems,  that  occurred  during  the  con¬ 
sideration  of  the  foregoing  propositions.  The  first  is  an  example 
of  the  application  of  the  porisms  to  the  solution  of  problems. 
The  second  gives,  besides,  a  new  method  of  resolving  one  of 
the  most  celebrated  ever  proposed,  Kepler's  problem ;  and 
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the  last  presents  to  our  view  a  curve  before  unknown,  (at 
least  to  me,)  as  possessing  the  singular  property  of  a  constant 
tangent. 

PROP.  XIX.  PROBLEM.  Fig.  9. 

A  common  logarithmic  being  given,  to  describe  a  conic  hy¬ 
perbola,  such,  that  if  from  its  intersection  with  the  given  curve 
a  straight  line  be  drawn  to  a  given  point,  it  shall  cut  a  given 
area  of  the  logarithmic  in  a  given  ratio.  The  analysis  leads  to 
this 

Construction.  Let  BME  be  the  logarithmic,  G  its  modula ;  AB 
the  ordinate  at  its  origin  A;  let  C  be  the  given  point;  ANOB 
the  given  area ;  M  :  N  the  given  ratio:  draw  BQ  parallel  to  AN; 
find  D  a  fourth  proportional  to  M,  the  rectangle  BQ .  OQ,  and 
M  +  N.  From  AD  cut  off  a  part  AL,  equal  to  AC  together 
with  twice  G ;  at  L,  make  LH  perpendicular  to  AD,  and,  be¬ 
tween  the  asymptotes  AL,  HL,  with  a  parameter  *  twice 
(D  +  2  .  AB.G)  describe  a  conic  hyperbola :  it  is  the  curve 
required. 

PROP.  XX.  PROBLEM.  Fig.  IO. 

To  draw  through  the  focus  of  a  given  ellipse,  a  straight  line 
that  shall  cut  the  area  of  the  ellipse  in  a  given  ratio. 

Construction.  Let  AB  be  the  transverse  axis,  EF  the  semi¬ 
conjugate  ;  E,  of  consequence,  the  centre ;  C  and*L  the  foci. 
On  AB  describe  a  semicircle.  Divide  the  quadrant  AK  in  the 
given  ratio  in  which  the  area  is  to  be  cut,  and  describe  the 
cycloid  GMR,  such,  that  the  ordinate  PM  may  be  always  a 
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fourth  proportional  to  the  arc  OO,  the  rectangle  AB  x  2 .  FE,  and 
the  line  CL ;  this  cycloid  shall  cut  the  ellipse  in  M,  so  that,  if 
MC  be  joined,  the  area  ACM  shall  be  to  CMB  : :  M  :  N. 

Demonstration .  Let  AP  =  x,  PM  =y,  AC  =  c ,  AB  =  a , 
and  2  .  EF  =  b ;  then,  by  the  nature  of  the  cycloid  GMR, 

—  PM :  OQ  : :  2 .  FE  x  AB  :  r  L, and  QO= AO  -  AQ=  (by  const.) 

n  x  AK  —  AQ;  also,  CL  =  AB  —  2  .  AC,  since  AC  =  LB. 

m+nxAK — AO  : :  AB  x  2 .  EF :  AB— 2  .  AC ;  or 


Therefore,  —  PM  :  M 


■y  : 


M 


M  +  N 


x  arc  .  900— arc  .vers.  sin. x :  :  a  b  :  a — 2 c;  therefore, 

— y  ( a —  2C)  or  +y  (2c — a)  ~ab  x  | ‘IvI'Tn  x  arc,9°° — arc.v.s.x) 

and,  by  transposition, 

a  b  x  arc  .  v.  s.  x  +  y  (sc  —  a)  =  x  arc  .  90°.  To  these 
equals,  add  2 y  ( x  —  x)  =  0,  and  multiply  by  —  1  ;  then  will 
ab  x  arc.  v.s. x  -f-  (sx — a)y — 2 y  ( x — r)  — x  ab  x  arc. 90*, 
of  which  the  fourth  parts  are  also  equal ;  therefore, 

ab*  arc.  ~x  {2  x  -  a)  y  y_f  x  __  ab_  M  , 

4  i  4  2  \X  C '  —  4X  M  +  N  X  alC  *  9°  • 

br - 

Now,  because  AFB  is  an  ellipse,  y%=  x  ax — x%  and 
=— */ ax — x 2;  therefore, 


y 


a  b  x  arc  .  v.  s.  x  ,  (zx — a)  b  A  / 

■  —v  a. 


+ 


X 


■X 


■j-  ( x — c)  x  x  arc .  go0.  Multiply  both  numerator 


and  denominator  of  the  first  and  last  terms  by  a;  then  will 

b  v/ ax — xz- 


b 


—  x  —  x  arc  .  v.  s.  x  4- 

a  4  1 


zx  —  a 


a 


y_ 

2 


(x—c)  =  -  X 

^  'a 


M 


x  arc .  go0.  Now,  the  fluxion  of  an  arc  whose  versed 

77==,  which  is  also  the 

2  v  ax—x% 


4  ~  M  +  N 

sine  is  x  and  radius  — ,  is  equal  to 


fluxion  of  the  arc  whose  sine  is<y/^-  and  radius  unity  ;*  wherefore, 

» 

*  The  semi-transverse  is  supposed  unity,  through  this  demonstration. 
MDCCXCVIII.  3  E 


394 


Mr.  Brougham’s  general  Theorems 


—  x  (  —  x  arc  .  sin.  —  +  —  --  x  \/  ax  —xA  —  -j  —  0 
is  equal  to-^x^x  x  arc  .  90°;  and,  by  the  quadrature 

of  the  circle,  —  x  arc  .  sin.  +  zx  a  x  V  a  x  —  xz ,  is  the 

4  a  4 

area  whose  abscissa  is  x ;  consequently,  the  semicircle’s  area  is 
A-  x  arc  .  90°.  But  the  areas  of  ellipses  are,  to  the  corresponding 
areas  of  the  circles  described  on  their  transverse  axes,  as  the 

conjugate  to  the  transverse ;  therefore  7  x  -  x  arc  •  s^n-  ^  ~ 
-j-  ~  x  s/ax  —  x14^  is  the  area  whose  abscissa  is  x ,  of  a 

semi-ellipse  whose  axes  are  a  and  h ;  and,  consequently, 
iv-x  arc  .  qo°  is  the  area  of  the  semi-ellipse.  Wherefore, 

a  4  ^ 

the  area  APM  —  \  ( x  —  c)  is  equal  to  of  AMFB.  But 

Z.  (x  —  c)  |  =  ™  x  AP  —  AC  =  x  PC)  is  the  triangle 

CPM;  consequently,  APM  —  CPM,  or  ACM,  is  equal  to 

x  AMFB;  and  ACM  :  AMFB  ::  M  :  M  +  N;  or  ( dividendo ) 
ACM  :  CMFB  : :  M  :  N ;  and  the  area  of  the  ellipse  is  cut  in 
a  given  ratio  by  the  line  drawn  through  the  focus.  Q.  E.  D. 

Of  this  solution  it  may  be  remarked,  that  it  does  not  assume 
as  a  postulate  the  description  of  the  cycloid,  but  gives  a  simple 
construction  of  that  curve,  flowing  from  a  curious  property, 
whereby  it  is  related  to  a  given  circle.  This  cycloid  too  gives, 
by  its  intersection  with  the  ellipse,  the  point  required,  directly, 
and  not  by  a  subsequent  construction,  as  Sir  I.  Newton’s  does. 
I  was  induced  to  give  the  demonstration,  from  a  conviction  that 
it  is  a  good  instance  of  the  superiority  of  modern  over  ancient 
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analysis ;  and  in  itself,  perhaps,  no  inelegant  specimen  of  alge¬ 
braic  demonstration. 


PROP.  XXI.  PROBLEM.  Fig.  11. 

To  find,  the  Curve  whose  Tangent  is  always  of  the  same  Mag¬ 
nitude. 

Analysis.  Let  MN  be  the  curve  required,  AB  the  given  axis, 
SM  a  tangent  at  any  point  M,  and  let  d  be  the  given  magni¬ 
tude  ;  then,  SM  .  q  .  =.  SP  .  q  .  +  PM  .  q  .  =  dz;  or,  yz  + J— 

=  dx3  and  A-  =  (L.r. y  ;  therefore, x  =  ^xv/^-/.  In  order 

y  y  y 

to  integrate  this  equation,  divide  L  V  d 2  —  into  its  two  parts, 

y 


d'y  -yy 

y  Vdz  —  yz  an<1  Vd1  —  y2-' 

To  find  the  fluent  of  the  former. 


_ d\y _ 

y  Vdz  —  yz 


d  +  Vdz  -yz  '• 


•  r 


—  d  X  I  -  ^4  -  dxy 


yWdz  —  yzl 


d  +  Vdz—y 2 


d  x  fluxion  of 


d  -f-  v'  dz  —  yz 


d  +  V  d1  —  y 

~ y 


* 

l - ;  therefore,  the  fluent  of  — AZ 


^  Vdz 


is  —  d  x  hyp.  log.  i±-~Lz iZ?,  and  the  fluent  of  the  other  part, 
is  +  s/d'—y* ;  therefore,  the  fluent  of  the  aggregate 


jv/<f 


-  y*  is  s/ d*  —  yz  —  d  x  h.  1.  — — — - or  ^ d  — yz  -f- 

d  x  h.  1. - ?  a  final  equation  to  the  curve  required. 

d  -f  V  dz  —  y 4 

Q-  E.  I. 
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I  shall  throw  together,  in  a  few  corollaries,  the  most  remark¬ 
able  things  that  have  occurred  to  me  concerning  this  curve. 

Corollary  1.  The  subtangent  of  this  curve  is  s/ dz  —  yz. 

Corollary  2.  In  order  to  draw  a  tangent  to  it,  from  a  given 
point  without  it;  from  this  point  as  pole,  with  radius  equal  to 
d,  and  the  curve's  axis  as  directrix,  describe  a  conchoid  of  Nico- 
medes :  to  its  intersections  with  the  given  curve  draw  straight 
lines  from  the  given  point ;  these  will  touch  the  curve. 

Corollary  3.  This  curve  may  be  described  (organically)  by 
drawing  one  end  of  a  given  flexible  line  or  thread  along  a 
straight  line,  whilst  the  other  end  is  urged  by  a  weight  towards 
the  same  straight  line.  It  is,  consequently,  the  curve  of  traction 
to  a  straight  line. 

Corollary  4.  In  order  to  describe  this  curve  from  its  equation ; 
change  the  one  given  above,  by  transferring  the  axes  of  its 
co-ordinates :  it  becomes  [y  being  =  P'M  and  x  —  AP')  y 

=  s/d1  —  dxh.l. - '  ;  which  may  be  used  with. 

1  d  -f-  v  dz  —  xz 

ease,  by  changing  the  hyperbolic  into  the  tabular  logarithm. 

Thus  then,  the  common  logarithmic  has  its  subtangent  con¬ 
stant;  the  conic  parabola,  its  subnormal;  the  circle,  its  normal; 
and  the  curve  which  I  have  described  in  this  proposition,  its 
tangent. 


f-.ii  r/j  term 


Edinburgh,  1797. 


♦ 


/ 


C  397  3 


XVIII.  Observations  of  the  diurnal  Variation  of  the  Magnetic 
Needle ,  in  the  Island  of  St.  Helena ;  with  a  Continuation  of 
the  Observations  at  Fort  Marlborough ,  in  the  Island  of  Su¬ 
matra.  By  John  Macdonald,  Esq.  In  a  Letter  to  the  Right 
Hon.  Sir  Joseph  Banks,  Bart.  K.  B.  P.  R.  S. 


Read  May  24,  1798. 

SIR*  Edinburgh,  September  30,  1797. 

On  my  arrival  in  England,  I  had  the  honour  of  observing  to 
you,  that  I  had  taken  some  observations  of  the  diurnal  varia¬ 
tion  of  the  magnetic  needle,  in  the  island  of  St.  Helena.  I  am 
to  apologize  to  you  for  having,  till  this  period,  omitted  furnish- 
ing  you  with  these,  and  with  a  continuation  of  those  formerly 
taken  in  the  island  of  Sumatra.  The  meridian  was  laid  off  by 
means  of  an  apparatus  brought  from  Bencoolen ;  and  the  re¬ 
quisite  allowance  made  for  the  alteration  of  the  sun's  declina¬ 
tion  during  the  operation.  The  meridian- plate  remains  firmly 
set  in  a  pillar  of  teak-wood,  well  fixed,  for  the  use  of  naviga¬ 
tors  ;  who,  by  applying  a  compass-card  to  it,  will  find  the  va¬ 
riation  more  readily,  and  correctly,  than  by  amplitude  or  azi¬ 
muth.  A  short  residence  at  St.  Helena,  arising  from  the  sud¬ 
den  departure  of  the  fleet  to  which  the  ship  I  was  in  belonged, 
has  prevented  the  observations  from  being  as  numerous  as  I 
could  wish.  Their  agreement,  however,  indicates  that  fifty- 
eight  observations  are  sufficient  for  affording  such  conclusions 
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as  philosophy  may  draw ;  and  tends  to  confirm  some  inferences 
stated  in  a  former  Paper,  containing  similar  observations  taken 
in  the  East  Indies.  By  adding  the  mean  of  the  morning  and 
afternoon  observations,  at  St.  Pielena,  and  taking  the  half,  the 
general  variation,  in  the  month  of  November,  1796,  appears  to 
have  been  150  48'  west:  and,  by  subtracting  the  medium 
diurnal  afternoon  variation,  from  the  medium  diurnal  morn¬ 
ing,  the  vibrating  variation  proves  to  be  3'  55".  It  appears,  that 
the  magnetic  needle  is  stationary  from  about  six  o’clock  in  the 
evening  till  six  o’clock  in  the  morning ;  when  it  commences 
moving,  and  the  west  variation  increases,  till  it  amounts  to  its 
maximum,  about  eight  o’clock ;  diminishing  afterwards,  till  it 
becomes  stationary.  Here,  the  same  cause  seems  to  operate  as 
at  Bencoolen,  with  a  modification  of  effect,  proportioned  to  the 
relative  situations  of  the  southern  magnetic  poles,  and  the  places 
of  observation.  At  the  apartments  of  the  Royal  Society,  this 
species  of  variation  is  found  to  increase,  from  seven  o’clock  in 
the  morning  till  two  o’clock  in  the  afternoon.  If  the  variation 
is  east,  in  the  northern  hemisphere  in  the  East  Indies,  I  con¬ 
ceive  that  the  diurnal  variation  will  increase  towards  the  after¬ 
noon,  remain  some  time  stationary,  and  diminish  before  the 
succeeding  morning :  if  the  general  variation  is  west,  in  that 
quarter,  the  reverse  may  be  the  case.  The  quantity  of  the  diur¬ 
nal  variation  is  greater  in  Britain  than  at  St.  Helena,  or  at  Ben¬ 
coolen.  This  will  naturally  arise  from  this  country’s  being 
more  contiguous  to  its  affecting  poles,  than  those  islands  si¬ 
tuated  near  the  equator.  It  were  to  be  wished,  that  observations 
were  taken  in  as  many  situations  as  possible,  similarly  situated 
in  the  opposite  hemispheres,  on  the  lines  of  no  variation.  A 
greater  degree  of  dip  might  be  found,  and  conclusions  might 
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be  deduced,  that  would  tend  considerably  to  illustrate  this 
curious  and  interesting  subject,  as  yet  involved  in  conjecture 
and  uncertainty.  I  frequently,  while  at  Bencoolen,  observed 
that  the  needle  did  not  retain  the  same  level,  but  was  some¬ 
times  depressed,  and  sometimes  elevated,  six  or  eight  minutes. 
I  paid  little  attention  to  this,  ascribing  it  to  a  minute  alteration 
in  the  position  of  the  point  of  the  socket  over  the  pivot.  I  ob¬ 
served,  sometimes,  a  similar  difference  of  level  in  the  position 
of  the  needle  at  St.  Helena,  without  being  able  to  account  for  it. 
It  may  be  possible,  that  the  dip  of  the  needle  is  subject  to  a 
diurnal  variation  in  its  vertical  movement.  I  have  perused  such 
publications  as  have  appeared  on  magnetism  for  some  time 
past :  they  state  no  theory  of  this  obscure  science,  more 
rational,  or  satisfactory,  than  that  left  us  by  the  celebrated 
Halley. 

I  have  the  honour  to  be,  &c. 

JOHN  MACDONALD, 


In  the  following  observations,  F.  means  fair ;  A.  after ; 
R.  rain;  N.  night;  L.  lightning;  C.  cloudy;  S.  sky;  T.  thun¬ 
der;  m.  much;  o.  overcast;  s.  serene;  W.  windy;  1.  little; 
a,  the  indefinite  article ;  E.  or  W.  east  or  west  variation :  a 
figure,  as  7,  over  the  degree,  means  that  the  observation  was 
taken  then,  and  not  at  the  usual  hour. 
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Continuation  of  the  Observations  of  the  diurnal  Variation  of  the  Magnetic  Needle,  at  Fort  Marlborough, 

in  Sumatra. 
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XIX.  On  the  Corundum  Stone  from  Asia.  By  the  Right  Hon. 

Charles  Greville,  F.  R.  S. 


Read  June  7,  1798. 


Analysi  crystallorum,  tam  ejusdem  quam  diversae  figurae,  multum  Iucis  scientist 
expectat.  Bergman.  Opusc.  de  Terra  Gemmarum. 

Having  contributed  to  bring  into  notice  the  mineral  sub¬ 
stance  from  the  East  Indies  which  is  generally  called  Ada¬ 
mantine  Spar,  I  beg  leave  to  lay  before  the  Royal  Society  the 
following  account  of  its  history  and  introduction. 

About  the  year  1767  or  1768,  Mr.  William  Berry,  a  very 
respectable  man,  and  an  eminent  engraver  of  stone,  at  Edin¬ 
burgh,  received  from  Dr.  Anderson,  of  Madras,  a  box  of  crys¬ 
tals,  with  information  of  their  being  the  material  used  by  the 
natives  of  India,  to  polish  crystal,  and  all  gems  but  diamonds. 
Mr.  Berry  found  that  they  cut  agate,  cornelian,  &c. ;  but,  in  his 
minute  engraving  of  figures,  upon  seals,  &c.  the  superior  hard¬ 
ness  of  the  diamond  appeared  preferable;  and  its  dispatch  com¬ 
pensated  for  the  price :  the  crystals  were  therefore  laid  aside, 
as  curiosities.  Dr.  Black  ascertained  their  being  different  from 
other  stones  observed  in  Europe,  and  their  hardness  attached 
to  them  the  name  of  Adamantine  Spar.  My  friend  Colonel 
Cathcart  sent  me  its  native  name,  Corundum ,  from  India, 
with  some  specimens,  given  to  him  by  Dr.  Anderson,  in  1784* 
which  I  distributed  for  analysis. 
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When  the  native  name  was  obtained,  it  appeared,  from  Dr. 
Woodward's  Catalogue  of  Foreign  Fossils,  published  about 
the  year  171 9,  that  the  same  substance  had  been  sent  to  him 
from  Madras,  by  his  correspondent  Mr.  Bulkley. 

In  his  first  Catalogue  of  Foreign  Fossils,  p.  6.  f  17.  “  Nella 
“  Corivindum  is  found  in  fields  where  the  rice  grows :  it  is  com- 
“  monly  thrown  up  by  field  rats,  and  used,  as  we  do  emery, 
“  to  polish  iron." 

Page  11.  a.  13.  “  Telia  Convindum ,  Fort  St.  George,  Mr. 
“  Bulkley.  'Tis  a  talky  spar,  grey,  with  a  cast  of  green :  it 
“  is  used  to  polish  rubies  and  diamonds." 

In  Dr.  Woodward's  additional  Catalogue  of  Foreign  Fossils, 
published  in  1725,  p.  6.  f  10.  “  Nella  Corivendum  is  found 

“  by  digging  at  the  foot  or  bottom  of  hills,  about  300  miles  to  the 
“  southward  of  this  place.  They  use  it  as  emery,  to  clean  arms, 
“  &c.  it  serves  also  to  grind  rubies,  by  making  it  like  hard 
“  cement,  by  the  help  of  stick-lac  mixt  with  it.  East  India.  Mr. 
“  Bulkley." — These,  with  a  few  others  in  Woodward’s  Ca¬ 
talogues,  are  the  only  instances  by  which  any  author,  prior  to 
1768,  appears  to  have  noticed  this  substance. 

This  information  being  unsatisfactory,  and  every  appearance 
of  the  stone  indicating  it  to  be  part  of  a  stratum,  I  wrote  re¬ 
peatedly  to  friends  in  India,  to  ascertain,  if  possible,  the  situa¬ 
tion  of  the  rock,  and,  if  near  the  sea,  to  send  a  considerable 
quantity,  as  ballast,  with  a  view  of  applying  it  to  cut  and  polish 
granites,  porphyry,  and  other  stones,  which  the  high  price 
of  cutting  and  polishing  excluded  from  useful  or  ornamen¬ 
tal  work.  But  my  inquiries  at  Madras  were  fruitless  :  by 
some  I  was  assured  it  came  from  Guzarat.  From  Bombay  I 
obtained  no  satisfactory  information.  At  last,  in  the  year 
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1793,  I  obtained  a  satisfactory  account.  Sir  Charles  Oakley 
was  disposed  to  ooiige  me  :  he  was  then  Governor  of  Madras ; 
and  his  success  is  due  to  the  activity  and  judgment  of  Mr. 
Garrow. 

Mr.  Garrow  knew  how  difficult  it  was  to  avoid  the  causes 
of  my  failure,  from  every  Hindoo  being  occupied  by  the  duty 
of  his  cast ;  scarcely  thinking  on  any  thing  else,  and,  when¬ 
ever  his  interest  is  concerned,  being  suspicious  and  reserved. 
Mr.  Garrow,  in  the  first  place,  ascertained  the  cast  connected 
with  Corundum  to  be  the  venders  of  glass  bangles ;  that  they 
used  it  in  their  business,  and  sold  it  to  all  other  casts.  This 
cast  of  natives,  at  all  times,  had  free  access  to  every  part  of 
Tippoo’s  country ;  nor,  until  the  districts  about  Permetty  were 
ceded  to  the  English,  could  it  be  procured  in  any  other  way. 
Mr.  Garrow  depended  on  his  personal  inspection ;  the  partis 
culars  are  contained  in  the  following  letter,  communicated  to 
me  by  Sir  Charles  Oakley. 

Sir  Charles  Oakley,  Bart. 

SIR,  Tritchinopoly,  10th  Nov.  J792. 

“  I  derived  so  little  satisfaction  from  the  various  accounts 
“  given  me  of  the  Corundum,  from  the  indifference  of  the  na- 
“  tives  to  every  subject  in  which  they  are  not  immediately  inte- 
“  rested,  that  I  resolved  to  ascertain  the  particulars  I  wished 
“  to  know,  on  the  spot  where  the  stone  is  found.  The  glass- 
“  men  agreed  in  one  material  circumstance,  that  the  place  was 
“  not  far  from  Permetty :  in  other  particulars  they  disagreed, 
“  apparently  with  intention  to  mislead. 

“  It  is  near  a  fortnight  since  I  dispatched  a  servant  I  could 
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“  depend  on  to  Permetty,  with  one  of  these  people,  who,  on 
“  his  arrival  there,  probably  through  fear  of  his  cast,  said  he 
££  knew  no  farther.  My  servant  persevered,  and  informed  me 
“  he  had  found  the  place  I  wished  to  see. 

“  I  arrived  at  Permetty,  by  the  route  of  Namcul,  the  6th ; 
“  and,  learning  that  the  distance  to  the  spot  was  about  3^-  hours 
“  or  14  miles,  I  left  Permetty  in  time  to  arrive  there  about 
“  sunrise  the  next  morning.  At  this  time  no  person  but  my 
££  servant  was  present,  and,  from  a  continued  excavation  at 
££  different  depths,  from  6  to  16  feet,  in  appearance  like  a  wa- 
££  ter-course,  running  in  length  about  a  mile  and  a  half  east 
££  and  west,  over  the  brow  of  a  very  rising  ground,  I  sawr  at 
££  once  the  place  from  which  the  stone  was  procured.  The 
££  prodigious  extent  that  at  different  times  appears  to  have  been 
££  dug  up,  with  the  few  people  employed,  shews  that  it  has  been 
££  a  business  of  ages. 

££  The  ground  through  which  the  vein  of  excavation  runs, 
££  and  of  course  the  mineral,  commands  one  of  the  finest  and 
££  most  extensive  prospects  it  is  possible  to  conceive.  The  sur- 
<£  face  of  the  ground  is  covered  with  innumerable  fine  alabaster 
££  stones,  and  a  variety  of  small  shrubs,  but  not  a  tree  sufficient 
££  to  shelter  my  palanquin. 

££  There  is  not  the  appearance  of  an  habitation  within  three 
££  quarters  of  a  mile.  The  nearest  village  is  called  Condrastra 
££  Pollam.  In  this  village  are  about  30  small  thatched  houses  : 
££  among  these  are  5  families,  who,  in  descent  by  prescriptive 
££  right,  are  the  miners,  and  dig  in  the  pits.  The  nearest  place 
££  of  any  consequence,  in  Renneli/s  Map,  is  Caranel,  on  the 
££  south  side  the  Cavery.  The  distance  of  the  pits  from  the 
££  river  is  above  4  miles ;  but  the  ground  between  prevent  its 
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“  being  seen  in  a  direct  line.  A  fine  view  of  the  river  is  seen 
“  near  Erode ;  which  fort,  as  well  as  Sankerdroog,  are  plainly 
“  visible  with  the  naked  eye,  as  is  also  the  Coimbitoor  country, 
“  south  and  west  of  the  river,  to  an  immense  extent. 

“  I  procured,  at  Permetty,  a  cadjan  from  the  Bramin  manager 
“  to  the  head  man  of  the  Pollam;  which,  on  my  arrival  at  the 
“  pits,  I  sent  to  him ;  and  soon  after  three  of  the  miners  came 
“  from  the  Pollam,  with  their  implements,  and  families  follow- 
“  ing  with  provisions.  As  they  came  up,  they  inquired  of  my 
“  servant  how  they  were  to  address  me,  having  never  seen  an 
“  European  before. 

“  I  followed  them  into  a  pit,  in  the  line  of  the  excavation,  above 
“14  feet  from  the  ground-level.  The  instrument  they  used 
“  is  a  very  heavy  iron  crow,  ending  in  a  broad  point,  with  a 
“  straight  wooden  handle,  clampt  with  iron.  The  soil  they  cut 
“  through  is  of  different  colours,  but  composed  chiefly  of  a 
“  gritty  granite ;  and,  at  the  depth  of  seven  feet,  are  layers  of 
“  a  substance  not  unlike  dried  pitch,  which  crumbles  into  small 
“  flakes  when  taken  out.  With  considerable  labour,  the  miners, 
“  with  the  points  of  their  crows,  cut  out  several  pieces  of 
“  the  strata,  of  some  pounds  weight  each ;  and,  when  a  consi- 
“  derable  quantity  was  broken  off,  it  was  carried  up  and  crush- 
“  ed  to  pieces,  with  great  force,  by  the  iron  crow.  Among 
“  these  broken  lumps,  the  Corundum  stone  is  found ;  but  in 
“  many  of  the  pieces  there  was  none.  The  mode  of  getting  it, 
“  made  it  difficult  to  get  any  with  the  stratum  adhering  to  it; 
“  this,  however,  after  several  trials  I  obtained  very  perfect,  and 
“  shall  forward  to  Madras,  with  specimens  of  the  strata  at  dif- 
“  ferent  depths.  The  stone  is  beyond  all  comparison  heavier 
“  than  the  substance  which  encrusts  it. 
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“  It  appears  extraordinary  how  this  stone,  so  concealed,  should 
“  under  such  difficulties  have  been  sought  for,  and  applied  to 
“  any  purpose ;  and  that  the  knowledge  of  the  few  people  who 
“  dig  for  it,  and  who  do  so  from  father  to  son,  is  confined  en- 
“  tirely  to  the  finding  the  stone.  For  they  told  me  they  knew 
“  none  of  its  uses,  and  that  the  labour  was  so  hard,  and  their 
“  gain  so  small,  that  they  would,  through  choice,  rather  work 
“  in  the  fields ;  that  the  sale  of  it  from  the  spot  is  confined 
“  solely  to  the  glass  sellers,  who  vend  it  over  the  whole  coun- 
“  try,  and  who  had,  while  I  was  there,  above  forty  Parriar 
“  horses,  bullocks,  &c.  ready  in  the  Follam,  to  carry  it  to  1  in- 
“  nevelly,  and  the  southern  countries ;  through  which  track, 
“  if  the  stone  is  known  in  Europe,  I  apprehend  it  has  found  its 
“  way,  by  means  of  the  Dutch. 

“  The  people  on  the  spot  declare  it  is  to  be  got  in  no  other 
«  situation  or  place  whatever;  and  the  stone-cutters  tell  me 
“  they  can  do  nothing  without  it.  It  pays  no  duty,  either  where 
“  dug  up  or  retailed. 

“  The  colour  of  the  stone  is  either  very  light  brown  or  pur- 
“  plish,  in  the  proportion  of  twenty  to  one  of  the  latter;  but  in 
“  use  no  preference  is  given,  and  they  are  used  equally.  To  an 
“  indifferent  person,  the  most  striking  circumstance  is  its  great 

“  weight. 

“  As  the  spot  I  have  been  speaking  of  now  composes  a  part 
“  of  the  Company’s  territories,  the  most  minute  information 
“  on  the  subject  may  be  acquired. 

“  I  felt  particular  satisfaction  in  having  been  the  first  Euro- 
«  pean  who  was  ever  at  the  place ;  and  I  shall  be  much  grati- 
“  lied  if  the  account  given  meets  with  your  approbation. 

“  I  shall  dispatch  a  load  of  the  stone,  in  a  day  or  two,  which 
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"  I  got  at  the  Pollam,  with  the  charge  of  it.  The  distance 
"  from  this  place,  by  Namcul,  is  84  miles. 


The  Charges  of  ^olb.  Weight  of  Corundum. 

“  Nine  Tritchinopoly  measures  of  the  Corundum  stone  weigh 
“  501b. 

Average  and  Cost  at  the  Pits.* 

&  p.  f.  c. 

“  iL  Madras  fanams  per  measure  -  -  —  *3  4° 

(t  Cooley  from  thence  to  Tritchinopoly  -  28  40 

“  Ditto  from  Tritchinopoly  -  -  -  1  *3  4° 


Pagodas  -  2  10  40 

“  The  stone  is  delivered  by  measures,  and  paid  for  at  the 

«  Pollam,  in  the  gold  fanam. 

“  I  am,  &c. 

“  Edward  Garrow. 


<*  Nov.  15,  1792-” 


This  letter  contains  very  interesting  topographical  observa¬ 
tions  on  the  mine  The  specimens  sent  were  of  one  sort,  of  a 
greyish  colour,  with  a  shade  of  green.  The  entire  crystals,  which 
I  selected  among  the  broken  ones,  were  of  course  few  in  pro¬ 
portion  ;  but,  with  the  addition  of  some  distinct  crystals,  which 
Col.  Cathcart  and  Capt.  Colin  Macauley  had  sent  me,  have 
been  sufficient  to  ascertain  the  structure  and  form  of  the  crys¬ 
tals,  of  which  an  analytical  description  will  close  this  Paper.  I 
shall,  therefore,  now  say  nothing  concerning  their  form,  but 

*  The  above  is  the  prime  cost.  I  have  been  informed  by  correspondents,  who 
purchased  some  in  retail,  that  it  was  sold  for  about  six  shillings  a  pound,  at  Ma¬ 
dras* 
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proceed  to  give  an  account  of  the  varieties  of  Corundum  stone, 
which  I  have  obtained  from  India  and  China. 

In  the  year  1786',  Col.  Cathcart  sent  me  a  small  fragment 
of  a  stratified  mass  from  Bengal,  with  this  label ;  “  Corundum, 
“  much  inferior  in  price  to  that  of  the  Coast/'  It  is  of  a  purplish 
hue;  its  fracture  like  compact  sand-stone;  and  a  confused 
crystallization  appears  in  all  parts  of  the  stone,  by  fibres  of  a 
whiter  colour,  from  which  the  light  is  reflected,  as  in  feld¬ 
spar,  &c. 

I  have  since  obtained  a  larger  lump  of  the  stone,  of  the  same 
texture,  but  rather  paler  in  its  purplish  hue.  Sir  John  Mac¬ 
Gregor  Murray  informed  me  that  it  is  called  by  the  natives 
of  Bengal,  Corone ,  and  used  for  polishing  stones,  and  for  all 
the  purposes  of  emery. 

Its  specific  gravity  is  3,876. 

Capt.  Colin  Macauley  procured  a  lump  of  Corundum  from 
a  sikuldar ,  (a  polisher,  this  term  is  most  appropriate  to  polishers 
of  steel,)  in  whose  family  it  had  been  above  twenty  years  em¬ 
ployed,  for  grinding  and  polishing  stones  or  gems.  The  use 
to  which  it  had  been  so  long  devoted  had  occasioned  grooves 
in  its  surfaces,  which  facilitated  greatly  the  examination  of  its 
structure.  It  is  about  inches  long,  3^-  inches  broad,  and 
above  two  inches  thick.  On  one  of  its  broad  surfaces  are  two 
oval  grooves ;  one  of  them  is  four  inches  long,  one  broad,  and 
\  of  an  inch  deep.  On  the  opposite  side  is  a  shorter  oval  groove, 
above  2^  inches  long,  inch  broad,  and  one  inch  deep.  In 
these  grooves,  the  ends  of  the  laminas  of  the  mass  reflect 
the  light,  like  the  crystals.  It  serves  as  a  specimen  of  the 
simple  apparatus  of  an  Indian  lapidary.  Stones  polished  in 
these  grooves  would  be  of  the  common  India  polish  and  form. 
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en  cabochon ,  which  is  often  called  tallow  drop,  from  the  French 
lapidaries’  term  goutte  de  suif  convex,  oval,  or  circular. 
A  very  small  quantity  of  the  Corundum  powder  would  be 
required,  as  the  action  of  the  powdered  Corundum  and  gems, 
on  the  lump  of  Corundum,  would,  as  appears  from  the  depth 
of  the  grooves,  wear  away  from  it  a  supply  of  powder,  for  the 
operation  of  polishing.  It  appears  to  be  part  of  a  larger  mass, 
is  of  a  purplish  colour,  and  of  the  same  laminated  texture  as 
the  crystals  of  Corundum;  it  has  this  peculiarity,  there  ap¬ 
pear  cracks,  branching  irregularly  across  the  laminae  of  the 
lump,  which  are  filled  with  homogeneous  matter,  distinguished 
however  by  the  superior  purity  which  might  be  expected  to 
arise  from  the  degree  of  filtration  required  for  its  deposition  in 
the  fissures.  Some  of  these  cracks,  which  terminate  on  the 
surface,  appear  to  have  the  same  crystallized  arrangement  which 
characterizes  the  laminae  of  Corundum.  The  cracks  not  being 
in  any  degree  influenced  in  their  direction  by  the  laminae  of  the 
crystallized  mass,  it  is  probable  they  had  not  been  consolidated, 
when  they  cracked ;  and,  from  this  specimen,  we  may  expect 
to  find  Corundum  cementing  masses  of  stone,  by  the  same  pro¬ 
cess  of  stalactitical  cementation  by  which  quartz  and  calcedony 
connect  great  nodules  and  masses  of  siliceous  stones. 

In  this  specimen,  I  consider  the  veins  as  pure  Corundum, 
that  is,  having  the  same  specific  gravity,  hardness,  and  tex¬ 
ture  as  Corundum  crystals ;  and  I  found  the  whole  lump  pos¬ 
sessed  all  the  qualities  of  Corundum,  except  its  specific  gravity, 
which  amounted  only  to  2,785;  and  in  this  property  it  corre¬ 
sponded  nearly  with  the  matrix  of  the  Corundum  crystals,  or 
the  vein  in  which  Corundum  is  before  stated  to  be  found ;  the 
specific  gravity  of  which  is  2,768.  The  texture  of  the  matrix 
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appears  sometimes  like  adularia,  and  confusedly  crystallized ; 
often  compact,  like  cipoline  or  primitive  marble;  sometimes 
sparry,  sometimes  granulated,  and,  on  the  outside  of  the  vein, 
and  near  fissures,  decomposed,  and  becoming  opaque.  In  all 
its  states,  it  scratches  glass,  but  not  rock  crystal,  possibly  from 
want  of  adherence  of  its  particles ;  and  in  this  it  differs  from  the 
substance  of  the  above  lump,  which  cuts  glass  and  rock  crystal 
with  great  facility. 

This  lump,  and  the  matrix  of  Corundum,  appeared  to  possess 

the  same  properties  as  Corundum,  when  examined  by  the  blow- 

* 

pipe,  with  the  different  fluxes. 

The  matrix  of  Corundum  having  sometimes  an  appearance 
like  adularia  and  feldspar,  I  ascertained,  by  Mr.  Hatchett's 
scales,  the  specific  gravity  of  adularia  to  be  2,558,  and  of  feld¬ 
spar  2,555.  The  Corundum,  and  the  lighter  Corundum  of  the 
lump,  cut  adularia  and  feldspar;  the  latter  effervesced,  and 
combined  with  soda,  which  the  former  did  not. 

It  is  therefore  evident,  that  the  matrix  of  Corundum,  or  sub¬ 
stance  of  the  vein,  is  a  distinct  substance  from  adularia  and 
feldspar,  and  nearly  connected  with  Corundum. 

The  matrix  or  vein  contains  also  a  black  substance,  like 
shorl,  which,  on  closer  observation,  appears  to  be  hornblende. 
This  substance  Mr.  Garrow  had  remarked  to  have  the  ap¬ 
pearance  of  charcoal,  and,  on  that  account,  he  had  attributed 
the  formation  of  these  strata  to  the  agency  of  fire.  Other  gen¬ 
tlemen,  from  the  appearance  of  the  matrix  of  Corundum,  have 
stated  it  to  be  a  calcareous  vein. 

Mr.  Garrow  observed,  that  there  ran  through  the  strata  in 
which  the  Corundum  was  found,  veins  of  a  substance  like  dried 
pitch,  apparently  on  their  edge,  which  separated  like  a  pack  of 
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cards.  It  is  a  brown  micaceous  substance,  which  in  drying 
foliates,  and  shews  a  certain  degree  of  regular  arrangement  of 
the  component  parts ;  in  this  case,  the  fragments  of  the  folia 
subdivide,  with  some  degree  of  regularity,  into  rhombs,  whose 
angles  are  6o°  and  120°:  it  is  more  smooth,  and  less  flexible, 
than  pure  mica. 

These  are  all  the  sorts  of  Corundum  which  I  procured  from 
India. 

I  now  proceed  to  the  result  of  my  inquiries  in  China. 

I  requested  Capt.  Gumming,  in  178b,  at  that  time  command¬ 
ing  the  Company’s  ship  Britannia,  to  take  a  specimen  of  Corun¬ 
dum  to  China,  to  ascertain  its  nature,  and  to  obtain  specimens, 
if  possible,  adhering  to  their  matrix,  and  regularly  crystallized. 
On  his  arrival  at  Canton,  he  collected  the  information  I  wished, 
with  the  good  sense  and  zealous  desire  which  he  always  exerts 
for  his  friends.  He  ascertained  that  the  stone  I  inquired  for, 
was  in  common  use  with  the  stone-cutters  ;  and  he  brought  me 
the  stone,  in  its  rude  and  in  its  pounded  state,  taking  care  to 
select  the  most  regularly  crystallized  pieces,  and  others  adhe¬ 
ring  to  the  rock.  A  stone-cutter  was  sawing  rock  crystal 
with  a  hand-saw,  which  -he  also  brought  to  me ;  it  is  a  piece 
of  bamboo,  slit,  about  3  feet  long,  and  if  inch  broad,  thickened 
at  the  handle  by  a  piece  of  wood,  rivetted  with  two  iron  pins ; 
having  a  lump  of  lead  tied  with  a  thong  of  split  rattan,  steady¬ 
ing  an  iron  pin,  on  which  the  end  of  a  twisted  iron  wire 
is  fastened,  which,  being  stretched  to  the  handle,  is  passed 
through  a  hole  in  the  bamboo,  with  the  superabundant  wire ; 
a  wooden  peg,  being  pressed  into  the  hole,  keeps  the  bow 
bent,  and  the  wire  stretched,  and  serves  to  coil  the  superfluous 
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wire,  till,  by  sawing  the  crystal,  the  stretched  wire  is  worn, 
and  requires  to  be  renewed  from  the  coil.  The  twisted  wire 
answers  the  purpose  of  a  saw,  and  retains  the  powder  of  Co¬ 
rundum  and  water,  which  are  used  in  this  operation.  Dr.  Lind 
had  before  brought  specimens  similar  to  the  above,  from  China. 

From  Sir  Joseph  Banks  I  obtained  Dr.  Lind’s  specimens, 
and  some  in  powder,  which  Mr.  Duncan,  supercargo  in  Chi¬ 
na,  had  sent  him,  with  the  Chinese  name,  Pou-sa.  The  ma¬ 
trix,  being  mixed  with  a  red  and  white  sparry  substance  and 
mica,  is  generally  called  red  granite ;  but  it  appears  to  me  of 
the  same  nature  as  the  matrix  of  Corundum  from  India.  The 
white  is  more  fibrous,  and  like  cyanite ;  the  red  part  of  it  is 
compact  and  opaque ;  other  parts  appear  to  foliate,  and  pure 
mica  is  in  considerable  patches,  and  generally  adheres  to  the 
crystals.  This  Corundum  is  of  a  darker  brown,  and  more 
irregular  on  the  surface  than  the  Corundum  of  the  Coast,  and 
often  mixed  with  black  iron  ore,  *  attractable  by  the  magnet. 
It  is  described  as  the  third  modification  of  the  Corundum  crys¬ 
tal,  in  the  analytical  description  which  follows.  The  chatoyant 
or  play  of  light,  on  these  dark  crystals,  is  very  remarkable ; 
some  are  of  a  bright  copper  colour ;  others  exhibit  the  accident 
of  reflection  of  light,  which,  in  a  polished  state,  gives  varieties 
to  the  cat’s  eye,  star-stone,  sun-stone,  &c. ;  which,  as  yet,  are 
classed  from  such  accident,  without  strict  attention  to  their 
nature,  which  is  various,  and  in  general  has  not  been  ascer¬ 
tained. 

*  A  small  group,  consisting  of  three  or  four  octoedral  crystals,  presents  the  least 
common  variety  of  this  kind  of  iron  ore;  the  edges  of  the  octoedra  being  replaced  by 
planes  which  almost  cover  the  triangular  planes.  Rome  de  l’ Isle.  Crista  llog. 
Vol.  IV.  Plate  4.  fig.  69. 
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These  are  the  circumstances  connected  with  the  strata  worth 
mentioning.  The  examination  of  Corundum  on  which  our 
present  knowledge  rests,  is  nearly  that  which  an  Indian  mine¬ 
ralogist  might  derive  of  the  history  of  feldspar,  from  a  lump  of 
Aberdeen  granite,  out  of  one  or  two  different  quarries.  He 
might  ascertain  a  few  modifications  of  the  crystal  of  feldspar, 
its  fracture,  and  matrix ;  but  he  would  have  no  knowledge  of 
the  purest  or  more  beautiful  sorts  which  other  quarries  produce, 
in  Scotland,  at  Baveno,  at  St.  Gothard,  and  in  Auvergne.  I  there¬ 
fore  think  it  essential  to  mention,  that  Corundum,  under  cir¬ 
cumstances  favourable  to  its  crystallization,  becomes  glassy  in 
its  fracture,  and  of  various  colours.  I  have  not  only  observed, 
in  crystals  of  Corundum,  specks  of  a  fine  ruby  colour,  but  I 
have  fragments  of  crystals,  in  texture  and  every  respect  like 
the  colourless  Corundum,  of  a  fine  red  colour.  It  is  cer¬ 
tain  that  we  obtain  from  India,  Corundum  which  may  pass 
for  rubies.  I  have  sent  to  India  some  of  the  Corundum  with 
small  ruby  specks,  which  were  not  sufficiently  distinct  or  large 
either  for  measurement  or  analysis,  in  hopes  of  being  enabled 
to  ascertain  correctly  the  form  of  Salam  rubies  found  in  Co¬ 
rundum  ;  in  the  mean  time,  I  have  the  Corundum  of  a  fine  red 
colour.  Looking  over  some  polished  rubies  from  India,  I  se¬ 
lected  one  which  appeared  laminated  like  Corundum,  and  had 
also  the  chatoyant  or  play  of  light  on  its  laminae,  which  formed 
an  angle  in  the  stone.  The  lapidary  called  it  an  Oriental 
ruby.  I  altered  the  form  of  the  cutting,  so  fortunately,  that 
the  reflected  rays  formed  a  perfect  star;  a  phenomenon  I 
had  observed  in  the  sapphire,  and  expected  in  Corundum, 
but  not  in  the  octoedral  ruby.  The  specific  gravity  of 
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this  stone,  being  4,166,  confirmed  my  opinion  that  it  is  one  of 
the  Salam  rubies,  so  much  esteemed  by  the  natives  on  the  Coast 
or  Peninsula  of  India,  which  are  found  in  the  Corundum  vein. 
The  specific  gravity  of  a  colourless  sapphire,  very  little  less 
opaque  than  Corundum,  forming  also  a  perfect  star,  was  4,000 : 
that  of  a  deep  blue  sapphire,  and  of  a  star-stone,  4,03s ;  all 
which  I  connect  with  the  Corundum  ;  the  specific  gravity  of  a 
distinct  crystal  of  which  was  3,95°  1  of  a  fragment  of  ruby- 
coloured  Corundum,  3,959 ;  and  of  a  fragment  of  Corundum 
with  vitreous  lustre,  3,954* 

It  may  be  objected  to  me,  that  Bergman  has  stated  the  va¬ 
riety  of  specific  gravity  in  gems  to  be  so  great,  as  to  leave  no 
certain  rule  of  judging  thereby  of  the  species.  He  observed, 
that  the  topaz  generally  prevails  in  weight,  being  from  3,460 
to  4,560;  the  ruby  from  3,180  to  4,240;  then  the  sapphire,  fiom 
3,650  to  3,940*  But  in  the  preceding  page  he  had  said,  “  Ana- 
«  Jy si  crystallorum,  tarn  ejusdem  quam  divers*  figurae,  multum 
“  lucis  scientia  expectat.  Ill*  quarum  antea  compositionem  ex- 
“  plorare  licuit,  natural!  forma  per  artem  privat*  erant.”  It  is 
not,  therefore,  an  hypothesis  unworthy  of  examination  which 
I  advance,  that  gems  derived  from  the  rectangled  octoedra, 
whose  specific  gravity  is  above  3,300  to  3,800,  will  be  found 
to  be  diamonds  or  octoedral  rubies ;  and  these  will  be  easily 
distinguished  from  each  other,  by  their  lustre  and  hardness. 
Diamonds,  whether  red,  yellow,  blue,  or  white,  being  hardest, 
though  their  specific  gravity  will  be  less;  viz.  from  3,356 
to  3,471,  as  I  found  among  different  diamonds  in  my  collec- 
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tion  :  whereas  the  octoedral  ruby  was  from  3,571  to  3,62 5,  and 
inferior  in  hardness,  not  only  to  the  diamond,  but  to  the  Co¬ 
rundum  ;  the  specific  gravity  of  which,  in  its  different  appear¬ 
ance  of  form  and  colour,  I  found  to  vary  from  3,876  to  4,166; 
and  I  suppose  it  to  be  subject  to  a  variation  from  3,300  to 
4,300:  after  which,  the  jargon  will  come,  with  a  specific  gra¬ 
vity  of  4,600 ;  easily  distinguished  also,  by  its  crystallization, 
from  the  abovementioned  gems.  The  above  specific  gravities, 
Mr.  Hatchett  very  obligingly  assisted  me  in  taking,  with  his 
accurate  scales,  in  the  temperature  of  6o°.  It  will  not  be  un¬ 
derstood  that  I  depend  entirely  on  the  specific  gravity ;  on  the 
contrary,  I  connect  this  quality  with  crystallization :  hardness 
is  the  next  criterion ;  and  analysis  must  separate  the  component 
parts,  and  demonstrate  the  analogy  or  identity  of  substances, 
or  of  compounds.  The  improvements  of  Mr.  Klaproth's  pro¬ 
cess  are  evident,  by  the  comparison  of  his  first  analysis,  and 
his  last  analysis,  of  Corundum. 

In  the  first  it  consisted  of 

Corundum  earth  -  68  o 

Siliceous  earth  -  31  5° 

Iron  and  nickel  -  o  50 


100 

By  the  last  analysis  of  Mr.  Klaproth,  the  Corundum  of 
the  Peninsula  of  India  consisted  of 


Argillaceous  earth 

89  50 

Siliceous  earth 

5  50 

Oxide  of  iron 

1  25 

Loss 

3  75 

100 
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Argillaceous  earth 

84 

0 

Siliceous  earth 

6 

50 

Oxide  of  iron 

7 

50 

Loss 

2 

0 

100 

That  the  analysis  of  sapphire  by  Mr.  Klaproth  may  be  com¬ 
pared,  it  is  here  added. 

Argillaceous  earth  -  98  50 

Calx  of  iron  -  -10 

Calcareous,  earth  -  o  50 

100 

Iron  ore  crystallized  is  often  mixed  with  the  Chinese  Co¬ 
rundum,  as  I  have  before  stated,  and  may  be  considered  as 
accidentally  interposed,  not  combined.  In  the  Corundum  of 
the  Coast,  the  greenish  colour  may  indicate  the  combination  of 
iron,  as  the  blue  colour  does  in  the  sapphire ;  and  the  propor¬ 
tion  of  iron  in  both  is  nearly  alike. 

There  then  is  the  and  of  silex  in  Corundum,  evi¬ 
dently  an  integral  part  of  the  coarse  Corundum  crystal,  and 
not  of  the  sapphire;  but  it  will  require  an  analysis  of  the  vitreous 
or  pellucid  Corundum,  to  decide  that  silex  is  a  constituent  part 
of  Corundum :  there  will  then  remain  to  account  for  the  calca¬ 
reous  earth;  and,  having  established  its  being  a  constituent  part 
of  the  sapphire,  the  small  proportion  of  7—,  cannot  be  expected 
to  produce  a  very  notable  difference. 

It  is  not  necessary  to  do  more  than  thus  to  hint  at  what 
further  analysis  and  examination  of  former  experiments  are 
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required,  to  ascertain  the  analogy  or  identity  of  the  sapphire 
and  Oriental  ruby  with  Corundum. 

I  have  before  stated,  that  I  have  Corundum  (which  has  the 
same  texture  and  fracture  as  the  common  colourless  Corun¬ 
dum)  of  a  ruby  red,  and  also  of  sapphire  blue,  and  of  sapphire 
blue  and  white  colours. 

I  have  sapphires,  yellow  and  blue,  white  and  blue,  brown  and 
greenish,  and  of  a  purplish  hue ;  these  I  should  consider  as 
Corundum,  with  fracture  of  vitreous  lustre. 

Mr.  Tranckell,  who  resides  in  Ceylon,  and  from  whose 
communications  I  derived  lately  much  information,  had,  about 
five  years  ago,  a  sapphire,  the  greater  part  blue,  and  the  remain¬ 
der  of  a  pale  ruby  colour.  I  saw,  in  Rome'  de  l’Isle's  collec¬ 
tion,  at  Paris,  a  small  gem,  which  was  yellow,  blue,  and  red, 
in  distinct  spots,  and  he  called  it  Oriental  ruby.  M.  de  la 
Metherie,  to  avoid  the  confusion  of  the  denomination  Oriental 
ruby  with  octoedral  ruby,  calls  it  a  sapphire ;  with  more  cor¬ 
rectness,  I  think,  the  abovementioned  gems  should  be  classed 
as  argillaceous,  under  the  denomination  of  Corundum. 

I  am  not  uninformed  that  Corundum  is  said  to  be  found  in 
France.  The  Count  de  Bournon  is  convinced,  that  the  spe¬ 
cimens  mentioned  in  Crell’s  Journal,  as  having  been  found 
by  him  in  a  granite  in  the  Forez,  were  Corundum.  M.  Mor- 
veau  also  says,  he  found  it  in  Bretagne;  but  the  Abb6  Hauy, 
in  No.  28  of  the  Journal  des  Mines,  asserts,  that  the  Corundum 
found  in  France  is  titanite:  he  does  not  say  whether  this  ob¬ 
servation  extends  both  to  the  Corundum  of  Bretagne  and  that 
of  the  Forez, 

In  the  same  manner  I  had  observed,  in  the  specimens 
which  Mr.  Raspe  called  Jade,  or  a  new  substance,  from  Tiree, 
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on  the  west  coast  of  Scotland,  a  great  resemblance  to  Corun¬ 
dum  ;  but,  having  then  only  had  a  cursory  view  of  the  sub¬ 
stance,  I  am  indebted  to  Mr.  Hatchett  for  the  examination  of  a 
specimen  of  it  which  he  had  from  Mr.  Raspe's  collection. 

The  Tiree  stone  resembles  crystallized  Corundum  of  the 
Coast,  in  texture  and  colour;  it  is  also  as  refractory,  when  exa¬ 
mined  by  the  blow-pipe,  with  different  fluxes.  Its  specific 
gravity  is  3,049;  consequently  nearer  the  specific  gravity  of 
pure  Corundum  than  the  abovementioned  lump,  2,785,  and  the 
matrix  of  Corundum,  2,768.  The  Tiree  stone  will  scratch  glass 
readily,  but  not  rock  crystal;  its  hardness  therefore  corresponds 
with  that  of  the  matrix  of  Corundum.  The  substance  of  the 
lump  described  in  page  410,  cuts  glass,  and  rock  crystal,  and 

the  Tiree  stone,  readily. 

It  will  therefore  be  sufficient  for  me  to  say,  that  there  is  great 
probability  Corundum  may  be  found  in  Great  Britain,  and  on 
the  continent  of  Europe,  as  well  as  in  Asia;  and  the  above 
slight  assays  may  show,  that  observations  on  Corundum,  in  its 
different  states  of  purity,  may  lead  to  accurate  distinction  be¬ 
tween  substances  hitherto  imperfectly  known,  and  will  lead  to 
a  revision  of  the  siliceous  genus,  whereby  the  argillaceous  ge¬ 
nus  may  obtain  its  due  pre-eminence  in  mineralogy. 

When  gems,  by  art,  or  by  rolling  in  the  beds  of  rivers,  have 
been  deprived  of  the  angles  of  their  crystals,  they  are  unavoid¬ 
ably  subjected  to  uncertain  external  characters,  which  even 
great  practice  cannot  render  certain;  and  hence  the  unwilling¬ 
ness  of  European  jewellers  to  deal  in  coloured  gems.  I  have 
some  specimens  of  a  sapphire-blue  stone,  India  cut,  very  small 
and  pellucid;  they  were  purchased  in  India,  as  sapphires,  and 
were  supposed  to  be  fluor  by  a  lapidary  in  London,  but  are 
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cyanite.  The  above  could  scarcely  have  happened,  if  the  stones 
had  been  of  sufficient  size  and  value  to  require  much  examina¬ 
tion,  the  weight  and  degree  of  hardness  being  exceedingly  de¬ 
ficient.  The  colour,  therefore,  will  not  be  a  safe  guide.  The 
diamond,  whether  white,  blue,  red,  yellow,  or  green,  can  be 
distinguished  by  its  crystal,  or  by  its  specific  gravity  and  hard¬ 
ness,  or,  when  it  is  polished,  by  its  lustre.  Other  stones  which 
compose  the  order  of  gems,  might  equally  depend  on  their  crys¬ 
tallization,  specific  gravity,  polish,  and  hardness,  for  a  distinct 
arrangement.  The  near  relation  of  argil,  which  Bergman  gave 
to  this  order,  is  daily  confirmed ;  and  it  will  perhaps  be  to  Mr. 
Klaproth,  more  than  to  any  other  existing  chemist,  that  we 
shall  owe  our  correct  information  on  the  subject  of  other  gems, 
as  we  do  on  the  subject  of  Corundum. 

Many  of  the  varieties  of  Corundum,  particularly  the  co¬ 
loured  and  transparent  sorts,  with  their  regular  crystallizations, 
are  yet  desiderata.  Many  crystallized  stones,  from  defect  of 
colour,  lustre,  &c.  are  of  little  value  in  the  market,  such  as, 
jargon,  chrysolite,  tourmaline;  and  an  infinity  of  unnamed 
stones  of  Ceylon,  Pegu,  Siam,  &c.  would  be  valuable  to  the 
mineralogist,  if  obtained  adhering  to  their  strata,  and  in  crys¬ 
tals  whose  external  form  is  not  obliterated.  I  have  no  doubt, 
when  it  is  known  how  much  such  information  will  tend  to 
illustrate  the  history  of  the  earth,  and  particularly  that  of  gems, 
the  spirit  of  inquiry,  so  laudably  afloat  in  British  India,  will 
be  directed  to  attain  it. 

I  have  not  heard  of  any  metallic  veins  being  found  in  Corun¬ 
dum,  unless  a  stone  which  Alonso  Barba,  lib.  i.  c.  13.  de¬ 
scribes,  should  give  an  instance.  “  The  Chumpi,  so  called 
“  from  its  grey  colour,  is  a  stone  of  the  nature  of  emery,  and 
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“  contains  iron ;  it  is  of  a  dull  lustre,  difficult  to  work,  because 
“  it  resists  fire  long.  It  is  found  at  Potosi,  at  Chocaya,  and 
“  other  places,  with  the  minerals  negrillos  and  rosicleres.” 

Having  mentioned  the  varieties  of  crystallized  and  amorphous 
Corundum,  and  the  miscellaneous  facts  relative  to  my  collec¬ 
tion  of, that  substance  from  India  and  China,  it  might  be  suf¬ 
ficient  to  give  an  icon  of  the  crystal,  and  dose  a  paper  already 
prolix ;  but,  having  with  satisfaction  observed,  within  the  last 
years,  the  science  of  mineralogy  gaining  ground  in  Great  Bri¬ 
tain,  from  the  knowledge  acquired  by  several  gentlemen  who 
have  examined  the  mines,  and  formed  personal  acquaintance 
with  the  most  experienced  and  learned  men  on  the  Continent, 
and  also  from  ingenious  foreigners,  who  have  communicated 
their  observations  on  English  fossils,  and  connected  them  with 
the  most  approved  systems,  it  may  perhaps  be  accepted  as  a 
sufficient  apology  for  what  follows,  that  I  consider  it  as  a  desi¬ 
deratum  to  English  mineralogists,  to  be  invited  to  a  preference 
of  permanent  characters,  which  the  study  of  crystallization  has 
collected,  and  which  promises  to  be  a  certain  method  of  ascer¬ 
taining  the  laws  by  which  elective  attraction  arranges  and 
combines  molecules  of  matter. 

It  4s  true,  the  progress  of  crystallography  has  been  extremely 
slow,  and  different  nations  have  contributed  to  its  present 
improvement.  It  is  rather  remarkable,  that  the  earliest  trea¬ 
tise  on  metallurgy,  of  authority,  was  published  in  Italy,  by 
Vanoccius  Biringuccius,  just  before  Agricola  published 
his  treatise  in  1546  in  Germany;  and  the  first  treatise  on  the 
structure  of  crystals  I  know,  is  also  from  Italy,  by  Nicolas 
Steno,  Prodromus  Dissertationis  de  Sohdo  intra  Solidum  na~ 
turaliter  contento.  Florentine,  1 66g,  in  440,  A  work  of  great 
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merit.  Louis  Bourguet  of  Neufchatel,  in  his  Lettres  sur  la 
Formation  des  Sels  et  des  Crystaux.  Amst.  1729,  12°>  connect¬ 
ed,  by  observation  and  measure,  triangular  and  rhomboidal, 
and  cubic  and  pyrdmidal  tetraedal  molecules,  for  all  different 
substances.  His  contemporary,  Maurice  Antoine  Capel- 
ler,*  attempted  to  deduce  a  system  from  geometrical  prin¬ 
ciples;  and  in  this  state  did  Linnaeus  find  the  subject,  when  he 
attempted  to  reduce  the  science  of  minerals  to  external  cha¬ 
racters,  and  crystallized  bodies  to  salts. 

None  of  the  observations  of  Linn^us  will  prove  useless  to 
science ;  but  his  system  alarmed  the  chemists  and  mineralo¬ 
gists,  who  rejected  every  other  criterion  than  internal  charac¬ 
ter  from  analysis,  and  the  system  of  Cronstedt  was  preferred 
by  general  assent.  By  this  means,  a  spirit  of  controversy  de¬ 
prived  the  chemist  and  lythologist  of  mutual  assistance ;  and 
the  general  opinion  was  correct,  on  the  supposition  that  a 
mixed  system  of  chemical  and  external  characters  would  be 
irreconcileable ;  but  it  has  been  admitted,  even  by  those  who 
most  decidedly  opposed  Linnaeus's  system,  that  the  best  sys¬ 
tem  of  mineralogy  should  be  founded  on  external  and  internal 
characters  combined.^  Among  the  few  who  ventured  to  pro¬ 
fess  their  obligations,  at  the  same  time,  to  Linnaeus  and  to 
Cronstedt,  was  Baron  Born,  whose  abilities  and  character, 
in  addition  to  his  distinction  as  one  of  the  counsellors  of  mines 


*  Prodromus  Crystallographies,  Sec.  and  Litteue  ad  Scheuzerum,  de  Crystallorum 
Generatione.  Act .  Nat.  Cur.  Vol.  IV.  Append,  p.  9. 

f  Nullum  itaque  est  dubium,  quin  hujusmodi  methodus  mixta,  quae  notis  charac- 
teristicis  tarn  extrinsecis  quam  intrinsecis  simul  combinatis,  est  superstrucfa,  proxime 
ad  naturalem  accedens,  maximam  indicans  symmetriam,  reliquis  sit  praeferenda  metho- 
dis.  J.  G.  Waller  1  us,  de  Systemate  Mineralogico  rite  condendo,  §.  102. 


Mr.  Greville  on  the 


4H 

of  his  Imperial  Majesty,  obtained  his  enrollment  among  the 
Fellows  of  the  Royal  Society.  He  connected  the  intrinsic 
and  extrinsic  characters  of  minerals,  in  the  Index  Fossiliiwit 
which  he  published  in  1772*  Sweden,  Bergman  s  treatise  on 
the  forms  of  crystals,  published  in  the  Upsal  Transactions,  in 
1773,  was  a  more  authoritative  recommendation  to  the  inves¬ 
tigation  of  the  principles  of  crystallization ;  and  it  can  be  of 
little  importance  for  me  to  add,  that  since  I  have  possessed 
the  collection  of  Baron  Born,  in  1773,  I  have  had  every  con¬ 
firmation  of  the  same  opinion.  The  progress  of  chemistry  and 
of  crystallography,  applied  to  mineralogy,  has  rendered  the  exa¬ 
mination  of  strata,  and  of  mines,  a  source  of  amusement  as 
well  as  instruction ;  and  the  arrangement  of  interesting  facts, 
in  the  chemistry  and  mechanism  of  nature,  suits  my  occasional 
researches  in  geology,  which,  from  variety  of  avocations  and  cir¬ 
cumstances,  have  been  very  much  interrupted.  My  acknowledg¬ 
ment  of  obligation  to  the  learned  who  have  made  this  progress 
in  science,  is  the  best  recommendation  I  can  give  to  others  to 
examine  their  works.  Those  whose  talents  and  time  are  devoted 
to  the  investigation  of  every  mineral  substance,  can  have  no 
respite  to  their  labour;  minerals,  in  every  state  of  their  forma¬ 
tion,  perfection,  and  decomposition,  as  they  occur  in  mines, 
must  have  their  qualities  immediately  ascertained,  and  be  re- 
♦  served  for  profit,  or  thrown  away  on  the  heap.  The  practical 
miner  could  not, 'without  external  characters,  make  any  progress. 
The  valuable  minerals  are  soon  pointed  out  by  assay,  and  their 
appearance  remembered.  The  accuracy  of  selection  depended, 
in  all  periods,  much  on  the  experience  of  the  miners.  It  re¬ 
mained  for  Mr.  Werner  to  give  the  utmost  degree  of  accu¬ 
racy  which  irregular  external  characters  can  acquire,  by  fixing 
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appropriate  terms  to  all  the  characters  which  occur,  and  which 
the  senses  can  discriminate.  In  1774,  opened  his  system  of 
external  characters  of  minerals,  and  the  perfection  he  has  since 
given  to  it,  has  rendered  it  very  general.  The  Leskean  collec¬ 
tion,  arranged  after  Mr. Werner’s  method,  has  procured,  in  Mr. 
K  irwan,  a  powerful  support  to  the  introduction  of  that  system 
in  this  country;  and  wre  have  already  some  other  valuable  pub¬ 
lications,  to  recommend  and  introduce  other  favourite  systems 
of  the  Continent.  It  is,  therefore,  at  this  time  the  English 
mineralogist  should  be  invited  to  examine,  if  not  to  prefer,  per¬ 
manent  characters,  so  far  as  the  progress  of  crystallography  has 
collected  them,  or  at  least  to  give  them  a  distinguished  rank 
among  external  characters  of  bodies. 

If  prejudice  too  long  has  retarded  the  union  of  intrinsic  and 
extrinsic  characters,  it  has  also  occasioned  a  schism  among 
the  advocates  of  crystallography. 

Rome'  de  l’Isle,  in  the  year  1772,  published  the  first  edi¬ 
tion  of  his  Essay  on  Crystallography,  which  he  states  to  be  a 
supplement  to  Linnaeus;  and,  by  the  assistance  of  a  very  few 
friends,  he  was  enabled  to  increase  the  number  of  crystals  in 
a  degree  to  assume  the  appearance  of  a  system.  He  told  me, 
that  the  accuracy  of  his  measurement  of  angles  of  minute  crys^ 
tals  was  the  acquirement  of  great  practice,  but  that  the  Count 
de  Bournon,  after  a  short  practice,  attained  equal  correctness, 
and  afforded  him  assistance,  which  he  acknowledges  in  his  2d 
edition  to  have  received,  particularly  by  the  discovery  of  crys¬ 
tals  in  Dauphine,  Auvergne,  Franche-Comt6,  &c. 

The  Abbe  Hauy,  an  accurate  and  patient  observer,  and  a 
good  mathematician,  considered  crystallography  as  founded  on 
certain  laws,  reducible  to  demonstration  by  calculation.  In  the 
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beginning,  the  differences  of  Bourguet  and  Capeller  were  not 
more  pointed  than  those  of  Rome'  de  i/Isle  and  the  Abbe  Hauy; 
but  the  progress  of  observation  and  calculation  having  demon¬ 
strated  their  mutual  utility,  the  observer  and  measurer  of  crys¬ 
tals  will  now  rest  satisfied  only  when  calculation  confirms  ac¬ 
tual  measurement.  To  the  Abbe  Hauy  is  also  due  a  late  scheme 
to  simplify  calculation,  by  expressing,  according  to  algebraical 
formulae,  the  different  laws  which  determine  the  modifications 
of  crystals.  So  far  as  they  are  the  result  of  calculation  and  mea¬ 
surement,  we  may  admit  the  laws  of  crystallization ;  for,  when¬ 
ever  the  superposition,  or  subtraction,  of  simple  or  compound 
molecules  on  a  nucleus,  shall,  by  calculation,  give  a  series  of 
planes  and  angles,  which  corresponds  exactly  to  the  angles  and 
planes  measured  on  natural  crystals,  it  will  amount  to  no  more 
nor  less  than  a  demonstration  of  the  rule  or  arrangement  of 
elective  attraction  by  figures. 

These  laws  may  be  reduced  to  simple  practice;  for  instance, 
the  Abb6  Hauy,  by  measuring  the  rhombic  plane  of  Corundum, 
found  its  two  diagonals  to  be  as  two  to  three ;  which  gives  to 
its  acute  angle  8i°  47'  10",  and  to  its  obtuse  angle  98°  12'  50"; 
the  same  as  martial  vitriol.* 

The  forms  of  fragments  in  Corundum  are  all  acute  rhom¬ 
boids.  The  cosine  of  the  little  angle  in  Corundum  is  \  of  the 
radius ;  but,  in  calcareous  spar,  the  cosine  is  \  of  the  radius ; 
in  shorl,  \  of  the  radius ;  in  the  garnet,  \ ;  and,  in  rock  crys¬ 
tal. 

Thus,  the  application  of  general  laws,  to  ascertain  constant 

-  This  result  is  extracted  from  the  Journal  de  Physique ;  but  it  appears,  from  the 
Journal  des  Mines ,  No.  28,  that  the  Abbe  Hauv  has  since  rectified  this  measure, 

and  given  86°  26'  for  the  acute  angle,  and  930  3V  for  the  obtuse  anSle’ 
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character,  after  they  shall  have  been  fully  verified,  may  be  very 
simple  and  general.  It  will  not  require  perfect  crystals ;  for, 
when  crystals  separate  into  laminae,  which  subdivide  into  frag¬ 
ments,  and  shew  the  form  or  arrangement  of  their  molecules, 
it  is  easy,  from  such  fragments,  to  connect  them  with  their  pri¬ 
mitive  crystal,  and  consequently  with  their  class.  It  will  be 
a  great  step,  to  obtain  one  regular  and  permanent  external  cha¬ 
racter.  Attention  to  other  characters  will  be  necessary,  to  as¬ 
certain  the  nature  of  the  substance ;  and  other  external  charac¬ 
ters,  such  as  irregular  fracture,  colour,  &c.  must  be  resorted  to, 
where  no  permanent  characters  exist ;  but  from  their  nature 
they  are  fallible,  and  in  fact  are  seldom  conclusive. 

The  progress  of  crystallography  appearing  to  me  of  conse¬ 
quence  to  the  progress  of  mineralogy,  induced  me  to  desire  the 
Count  de  Bournon,  abovementioned,  one  of  the  honourable 
victims  to  his  allegiance  to  his  King,  to  describe  such  crystals, 
in  my  collection,  as  shewed  the  different  known  modifications 
of  Corundum;  which  will  develop  the  theory  of  crystalliza¬ 
tion,  so  far  as  is  consistent  with  the  avowed  object  of  this 
Paper.  The  subject,  I  believe,  has  not  hitherto  been  submit¬ 
ted  to  the  consideration  of  this  Society.  The  translation  of  the 
Count  de  Bournon’s  description  has  been  carefully  made  to 
preserve  its  clearness,  and  I  hope  it  will  be  favourably  received 
by  the  Society,  and  make  some  amends  for  my  tedious  intros 
duction. 

After  it,  I  have  added  a  table,  connecting  in  one  view  the  spe* 
cific  gravities  of  Corundum,  & c.  herein  mentioned,  with  those 
given  by  other  authors. 
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An  Analytical  Description  of  the  Crystalline  Forms  of  Corundum, 
from  the  Fast  Indies ,  andjrom  China.  By  the  Count  de  Bournon. 

The  most  usual  form  of  Corundum  is  a  regular  hexaedral 
prism ;  (Tab.  XXII.  fig.  1.)  in  general,  the  surface  of  the  crys¬ 
tal  is  rough,  with  little  lustre,  owing  to  unfavourable  circum¬ 
stances  under  which  it  crystallized. 

The  crystals  of  Corundum  hitherto  found  were  not  formed  in 
cavities,  where,  each  crystal  being  insulated,  its  surface  could 
preserve  that  smoothness  and  natural  brilliancy  which  are  com¬ 
mon  to  all  substances  that  freely  assume  a  crystalline  form. 
Like  the  crystals  of  feldspar  which  we  meet  with  in  the  porphy- 
roid  granites,  the  Corundum  crystals  have  been  enveloped,  at 
the  time  of  their  crystallization,  by  the  substance  of  the  rock 
which  was  forming,  at  the  same  time  with  themselves,  in  an 
imperfect  and  confused  crystalline  mass ;  and  the  Corundum 
crystal,  before  it  had  acquired  its  perfect  solidity,  necessarily 
received  on  its  surface  the  impression  of  the  different  particles 
of  the  rock  which  enveloped  them  :  this  naturally  renders  the 
surface  rough  and  dull.  Crystals  of  feldspar  found  in  the  gra¬ 
nitic  porphyroid  rocks,  exhibit  the  same  kind  of  appearance, 
from  the  same  cause. 

The  Corundum  crystals  are  in  general  opaque,  or  at  least 
they  have  only  an  imperfect  transparency  at  the  edges :  when 
broken  into  thin  fragments,  the  pieces  are  semi-transparent: 
when  held  between  the  eye  and  the  light,  and  examined  with 
a  powerful  lens,  it  will  be  perceived  that  their  interior  textuie 
is  rendered  dull  by  an  infinite  number  of  small  flaws  crossing 
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each  other,  much  resembling  the  medullary  part  of  wood,  when 
it  is  viewed  in  the  same  manner. 

The  degree  of  transparency  of  the  small  interstices  which 
are  between  these  flaws,  is  further  evidence  that  this  texture  of 
small  flaws  occasions  opacity,  which  augments  in  proportion  to 
the  thickness  of  the  fragments.  This  kind  of  internal  structure 
has  also  a  very  strong  analogy  with  that  of  feldspar  in  granite 
and  porphyry. 

The  endeavour  to  split  these  crystals,  in  a  direction  either 
perpendicular  or  parallel  to  their  axes,  meets  with  a  very  con¬ 
siderable  resistance:  they  may  indeed  be  broken  in  these  direc¬ 
tions;  but  the  rugged  and  irregular  surface  of  the  broken 
parts,  clearly  proves  that  the  direction  in  which  the  crystalline 
laminae  have  been  deposited  one  upon  another,  has  not  been 
followed. 

The  regular  hexaedral  prism  of  these  crystals,  cannot  there¬ 
fore  be  considered  as  the  form  of  the  nucleus  of  the  crystal ; 
and  consequently  is  not  the  primitive  form  of  the  crystals  of 
this  substance. 

If,  in  order  to  discover  the  direction  of  the  crystalline  lami¬ 
nae,  a  variety  of  crystals  be  examined,  some  will  hardly  fail  to 
be  met  with,  which,  on  their  solid  angles,  formed  by  the  junc¬ 
tion  of  the  sides  of  the  prism  with  the  planes  of  the  extremities, 
present  small  isosceles  triangles.  These  are  sometimes  greater 
and  sometimes  smaller,  and  form  solid  angles  of  122°34',  with 
the  extreme  planes  of  the  crystal.  They  are  in  some  instances 
real  faces  of  the  crystal;  but  most  frequently  they  evidently 
are  the  effect  of  some  violence  on  that  part.  The  smoothness 
and  brilliancy  of  these  small  faces,  in  the  latter  case,  shew  that 
a  piece  has  been  detached  in  the  natural  direction  of  the  crys- 
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talline  lamina.  It  is  indeed  much  less  difficult  to  separate  a 
portion  of  the  crystal  at  these. angles,  than  at  any  other  part; 
and,  in  following  the  natural  direction  of  the  faces,  with  a  little 
patience  and  dexterity,  all  the  crystalline  lamince  may  be  de¬ 
tached,  and  progressively  increase  the  size  of  the  triangular  face. 

This  operation,  however,  cannot  be  done  indiscriminately  on 
all  the  solid  angles  of  the  crystals,  but  only  on  the  alternate 
ones  at  the  same  extremity,  and  in  a  contrary  direction  to  each 
other.  As  to  the  other  angles,  they  may  be  broken,  but  it  is 
impossible  to  detach  them.  When,  instead  of  the  solid  angles 
of  a  hexaedral  prism,  small  triangular  planes  are  met  with, 
(which  frequently  happens,  whether  caused  by  violence  or 
otherwise,)  they  are  always  placed  in  the  direction  above- 
mentioned. 

If,  by  following  this  indication  of  nature,  we  continue  to 
detach  the  crystalline  laminae,  we  shall  at  last  cause  the  form 
of  the  hexaedral  prism  to  disappear  totally,  and,  in  place  of  it, 
a  rhomboidal  parallelopiped  will  be  obtained,  (fig*  2.)  of  which 
the  plane  angles  at  the  rhombs  will  be  86°  and  94  ;  the  solid 
angles  at  the  summit*  will  measure  84°  31';  and  that  taken  at 

the  re-union  of  the  bases  will  be  950  29'. 

We  can  split  this  parallelopiped  only  in  a  direction  parallel 
to  its  faces ;  it  will  still  consequently  preserve  the  same  form, 
which  is  that  of  the  nucleus  of  this  substance,  and  its  primitive 

form. 

It  is,  therefore,  by  a  modification  of  the  rhomboidal  parallelo- 

*  For  greater  clearness,  this  rhomboidal  parallelopiped  may  be  considered  as  being 
formed  by  the  junction  of  two  triedral  pyramids,  base  to  base;  and  the  two  solid  angles 
(each  of  which  is  formed  by  the  re-union  of  three  of  the  acute  angles  on  the  planes  of 
the  rhomb)  will  then  be  considered  as  the  summits  of  these  pyramids. 
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piped,  (fig.  2.)  that  nature  has  formed  the  regular  hexaedral 
prism  (fig.  1.)  which  this  substance  presents. 

For,  if  we  conceive,  that  in  any  period  whatever  of  the  in¬ 
crease  of  the  rhomboidal  parallelo piped,  a  series  of  laminae  or 
crystalline  plates  has  been  deposited  on  all  the  sides  of  the  pa- 
rallelopiped ;  and  that  tnese  laminae  have  all  undergone  a  pro¬ 
gressive  decrease  of  one  row  of  crystalline  molecules,  at  the  acute 
angle  which  tends  to  form  the  summit,  and  also  along  the  sides 
of  the  opposite  acute  angle,  (fig.  3.  and  4.)  there  will  necessarily 
result  from  the  continuation  of  this  superposition,  to  a  certain 
period,  an  hexaedral  prism,  terminated  by  two  triedral  pyra¬ 
mids,  placed  in  a  contrary  direction ;  and  their  planes  or  faces, 
which  form  a  solid  angle  of  1470  26',  with  the  sides  of  the 
prism,  will  be  either  pentagonal,  (fig.  3.)  or  triangular.  (Fig.  4.) 
They  will  also  have,  in  place  of  a  summit,  an  equilateral  trian¬ 
gular  plane,  sometimes  greater  and  sometimes  smaller. 

If  the  superposition  continues,  the  equilateral  triangular 
plane  on  the  summit  will  become  nonagonal,  and  there  will 
remain  no  other  traces  of  the  primitive  planes  of  the  rhom¬ 
boidal  parallelopiped,  than  small  isosceles  triangular  planes : 
(fig.  5.)  if  the  superposition  still  continues,  until  the  last 
crystalline  lamina  is  reduced  to  a  single  molecule  or  point, 
no  appearance  of  the  rhomboidal  parallelopiped  will  then  re¬ 
main  ;  and  the  crystal  resulting  from  this  operation  of  nature 
will  be  a  regular  hexaedral  prism.  (Fig.  1.) 

In  the  same  manner,  viz.  by  a  decrease  on  the  lower  edges 
of  the  laminae,  the  primitive  rhomboidal  parallelopiped  of  cal¬ 
careous  spar  passes  to  a  regular  hexaedral  prism  of  that  sub¬ 
stance;  though  more  frequently  it  does  so  by  a  decrease  on  the 
lower  angles  of  the  laminae. 
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When  the  laminae  of  the  Corundum  crystal  have,  during 
their  superposition  on  the  planes  of  the  primitive  rhomboidal 
parallelopiped,  experienced  a  progressive  decrease  at  one  of 
their  acute  angles,  and  along  the  sides  of  the  other,  at  the  same 
time,  and  in  the  same  proportion,  it  is  easy  to  conceive  that 
the  height  of  the  hexaedral  prism  must  be  the  same  as  that  of 
the  rhomboidal  parallelopiped,  upon  which  it  has  been  formed. 
The  height  BC  (fig.  i.)  must  therefore  bear  the  same  propor¬ 
tion  to  the  line  AB,  drawn  through  the  middle  of  the  two  op¬ 
posite  sides  of  the  planes  on  the  extremities,  as  the  whole 
height  EF,  of  the  rhomboidal  parallelopiped,  (fig.  2.)  bears  to 
the  small  diagonal  GH,  from  one  of  the  rhombs;  that  is, 
nearly  as  6,4,5  :  5. 

But,  although  this  exact  proportion  appears  in  a  very  great 
number  of  Corundum  crystals,  yet  we  meet  with  some  w  hose 
lengths  are  more  or  less  considerable;  and  this  is  owing  to 
different  circumstances  which  have  existed  at  the  time  of  their 
crystallization.  We  may  conceive,  for  instance,  that  if,  before 
the  progressive  decrease  ol  the  crystalline  laminae,  in  the  man¬ 
ner  abovementioned,  the  increase  of  the  rhomboidal  paralle¬ 
lopiped  had  taken  place  by  a  superposition  of  laminae,  in 
which  the  rows  of  crystalline  molecules  experienced  a  pro¬ 
gressive  decrease  along  the  edges  of  the  acute  angle  of  the 
base  only,  (fig.  6.)  and  that  (the  sides  of  the  prism  having  al¬ 
ready  acquired  a  certain  length)  the  succeeding  crystalline 
laminae  had  experienced  a  decrease  at  the  acute  angle  of  the 
summit,  the  same  regular  hexaedral  prism  would  have  resulted 
from  this  process ;  but  the  proportion  between  the  height  and 
the  line  drawn  from  two  of  the  opposite  sides  of  the  planes  on 
the  extremities,  would  have  been  much  greater  than  that  of 
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6, 45  15;  and,  consequently,  this  prism  would  have  been  longer 
than  that  of  the  rhomboidal  parallelopiped  which  served  as  its 
nucleus. 

On  the  other  hand,  if  the  increase  of  the  rhomboidal  paral¬ 
lelopiped  had  taken  place  by  a  superposition  of  crystalline 
laminae,  decreasing  at  the  acute  angle  of  the  summit,  and, 
some  time  after,  decreasing  also  along  the  sides  of  the  acute 
angle  of  the  base,  (fig.  7.)  the  regular  hexaedral  prism  resulting 
from  this  process  would  have  been  shorter,  in  proportion  to  the 
duration  of  the  mode  of  decrease  in  the  crystalline  laminae 
which  were  first  deposited.  There  are  some  of  the  hexaedral 
prisms,  in  Corundum  crystals,  which  are  so  short,  that  they 
appear  no  more  than  segments.  Calcareous  spar  offers  the 
same  phenomenon  ;  as  do  likewise  all  the  substances  in  which 
the  hexaedral  prism  has  any  analogy  of  formation  with  that 
which  we  have  here  described. 

It  happens  frequently,  when  the  superposition  of  the  crystal¬ 
line  laminae  does  not  go  on  equally  on  all  the  faces  of  the 
rhomboidal  parallelopiped,  that  one  or  two  only  of  the  solid 
angles  of  the  hexaedral  prism,  taken  alternately,  still  shew,  by 
small  isosceles  triangular  planes,  some  remains  of  the  faces  of 
the  parallelopiped,  while  the  others  do  not  shew  any  at  all. 

Mr.  Greville,  in  his  collection  of  this  substance,  has  a 
crystal  of  Corundum,  upon  one  side  of  which,  only  two  of  the 
planes  of  the  rhomb  have  experienced  an  equal  and  perfect 
superposition,  while  there  has  been  but  a  very  small  number 
of  crystalline  laminae  deposited  on  the  third  plane.  Conse¬ 
quently,  this  crystal  presents  a  regular  hexaedral  prism,  one  of 
whose  solid  angles  is  so  much  truncated,  that  the  half  of  the 
plane  of  the  end  of  the  hexaedral  prism  disappears;  (fig.  8.) 
mdccxcviii.  3  K 
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and  this  cut  or  section  forms  an  angle  of  1220  34',  with  the 
plane  on  the  extremity. 

It  is  unnecessary  to  observe,  that  the  regularity  of  the 
hexaedral  prism,  depends  on  that  of  the  rhomboidal  parallelo- 
piped  on  which  it  is  formed. 

When,  by  detaching  the  laminae  from  the  alternate  solid 
angles  of  the  regular  hexaedral  prism,  the  planes  resulting  from 
this  operation  begin  to  run  into  one  another,  and  the  crystal 
begins  to  assume  the  form  of  the  rhomboidal  paiallelopiped  to 
which  it  owes  its  origin,  we  frequently  see  the  surface  of  these 
new  planes  divided  into  an  immense  number  of  small  rhombs, 
formed  thereon  by  the  intersection  of  lines  that  are  parallel  to 
the  sides,  which  belong  to  the  rhomboidal  form  of  the  new 
faces.  (Fig.  9.) 

These  lines  are  owing  to  the  extremities  of  the  laminae  which 
have  been  deposited  on  the  inferior  faces,  corresponding  with 
those  on  which  we  observe  them ;  and  they  serve  to  corro¬ 
borate  still  farther,  the  demonstration  we  have  given  of  the 
formation  of  the  regular  hexaedral  prism  in  this  substance. 

We  frequently  see  small  rhombs  traced  on  the  surface  of 
the  planes,  on  the  ends  of  the  hexaedral  prism.  (Fig.  10.)  This, 
no  doubt,  is  occasioned  also  by  the  intersection  of  the  laminae, 
on  the  planes  of  the  primitive  rhomboidal  parallelopiped.  But 
these  rhombs,  formed  by  the  re-union  of  lines  that  join  in  angles 
of  6o°  and  120°,  instead  of  86°  and  940,  (like  those  we  have 
seen  traced  on  the  faces  which  correspond  with  those  of  the 
rhomboidal  parallelopiped,)  form  angles  of  6o°  and  120°.  It 
would  therefore  be  an  error  to  consider  them  as  indications  of 
the  form  of  the  elements  of  crystallization,  as  we  are  tempted 
to  do  from  a  simple  inspection  of  the  crystal.  These  same  lines 


Corundum  Stone  from  Asia.  435 

form  equilateral  triangles  with  one  another,  as  may  be  seen  in 
fig.  10. 

The  cause  of  these  small  equilateral  triangles,  which  some¬ 
times  project  a  little  over  the  planes  on  the  ends  of  the  prism, 
must  now  be  obvious.  If,  during  the  superposition  of  the  crys¬ 
talline  laminae  on  all  the  planes  of  the  rhomboidal  parallelo- 
piped,  it  has  happened,  from  any  cause  whatever,  that  the  la- 
mince  deposited  on  the  three  faces  of  the  same  summit,  have 
not  fallen  exactly  on  those  which  preceded  them,  or  that  they 
have  experienced  some  deviation,  or  have  not  had  the  same 
decrease  as  all  the  others,  at  the  angle  of  86"°,  these  triangles 
must  necessarily  occur ;  in  the  same  manner  it  must  be  ob¬ 
vious,  why  these  small  equilateral  triangular  projections  are 
frequently  placed  on  one  of  the  sides  of  the  crystal. 

The  primitive  form  of  the  Corundum  crystal  is  therefore  a 
rhomboidal  parallelopiped,  whose  solid  angle  at  the  summit  is 
84°  31',  and  that  formed  by  the  re-union  of  the  bases  is 
95°  29'. 

The  crystalline  laminae  are  rhombs  of  86°  and  940 :  these,  in 
my  opinion,  are  double  crystalline  molecules ;  the  single  mole¬ 
cules  I  apprehend  to  be  isosceles  triangles,  of  86°  at  the  angle 
of  the  summit,  and  of  470  at  those  of  the  base.* 


*  1  am  at  present  preparing  a  work,  in  which  I  shall,  if  circumstances  permit  me 
to  finish  it,  give  the  result  of  my  observations,  and  my  own  opinion  on  this  interesting 
part  of  mineralogy.  I  shall  only  observe  here,  that  although  double  molecules,  square 
and  rhomboidal,  are  frequently  formed  in  the  process  of  crystallization,  yet  the  real 
form  of  the  crystalline  molecules  seems  to  be  triangular.  By  observing  the  pro¬ 
gress  of  the  rhomboidal  parallelopiped,  in  its  passage  to  the  form  of  an  hexaedral 
prism,  (fig.  4.  and  5.)  and  by  considering  the  prism  terminated,  it  seems  evident,  that 
the  last  lamina  which  had  been  deposited,  after  the  progressive  decrease  in  the  rows 
of  crystalline  molecules  to  one  single  molecule,  must  necessarily  have  been  triangular. 
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Although  the  rhomboidal  parallelopiped  of  86°  and  940  is 
the  primitive  form  of  the  Corundum  crystal,  yet  it  is  rare  to 
meet  with  that  substance  under  this  perfect  and  determined 
form ;  and,  in  most  mineral  substances,  it  is  more  rare  to  meet 
with  their  primitive  crystals  than  their  different  modifications. 
Amongst  Mr.  Greville's  numerous  specimens  of  Corundum, 

I  have  met  with  only  one  which  has  this  primitive  form,  and  it 
is  doubtful  whether  even  this  may  not  be  a  fragment. 

The  Corundum  crystal  presents  another  modification,  under 
which  the  regular  hexaedral  prism,  instead  of  having  three  al¬ 
ternate  solid  angles  at  each  of  its  ends,  (on  which  solid  angles 
are  placed  isosceles  triangular  planes,  forming  a  solid  angle  of 
1220  34',  with  the  planes  at  the  extremities  upon  which  they 
are  inclined,)  has  also  its  angles  supplied  by  isosceles  triangu¬ 
lar  planes;  but  these  planes,  instead  of  1220  34',  form  solid 
angles  of  160°  42',  with  the  said  planes  on  the  extremities. 
(See  fig.  11.  and  12.)  These  new  planes,  which  constitute  a 
new  modification  of  the  primitive  form  of  Corundum,  are  the 
result  of  a  different  order  in  the  decrease  of  the  laminae;  which, 
in  the  primitive  form,  are  deposited  on  the  planes  of  its  pri¬ 
mitive  rhomboid  by  single  rows  of  crystalline  molecules,  and 
increase  the  planes  which  terminate  the  hexaedron :  whereas, 
in  this  second  modification,  the  decrease  of  molecules  is  by  two 
rows,  which  gives  a  more  obtuse  inclination,  and  forms  new 
planes.  The  surface  is  usually  striated,  parallel  to  the;  sides  of 
the  planes  which  terminate  this  crystal ;  an  appearance  always 
announcing  imperfection  in  the  crystallization,  arising  either 
from  a  change  in  the  order  of  decrease  or  increase,  or  from,  a  less 
perfect  union  of  the  crystalline  laminae.  A  section  would  show 
gradual  risings  or  steps,  as  appears  in  fig.  14.  which  is  a  section 
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of  fig.  13.  in  the  line  ADB.  These  striae  are  not  to  be  con¬ 
founded  with  those  in  numberless  substances,  as  in  tourmalines, 
schorls,  &c.  which  arise  from  the  longitudinal  union  of  num¬ 
berless  distinct  crystals.  The  crystal  resulting  from  this  new 
mode  of  decrease  in  the  crystalline  laminae,  will  represent  one 
or  other  of  the  varieties  shewn  in  fig.  11,  12,  and  13,  according 
to  the  period  when  such  decrease  has  begun  in  the  process  of 
the  crystallization;  and,  if  it  has  begun  very  late,  the  new 
faces  will  only  be  small,  nay  almost  imperceptible,  isosceles 
triangles,  forming  solid  angles  of  160°  42',  with  the  planes  of 
the  extremities  of  the  prism,  as  in  fig.  5. ;  the  measure  of  the 
angles  however  must  be  excepted. 

If  this  irregular  mode  of  decrease  had  begun  with  the  first 
crystalline  laminae  which  were  deposited  on  the  primitive 
rhomboidal  parallelopiped,  the  hexaedral  prism  resulting  there¬ 
from  would  have  been  terminated  by  two  very  obtuse  triedral 
pyramids,  whose  planes  would  have  been  rhombs;  and  they 
would  have  been  placed  in  a  contrary  direction  to  each  other, 
as  may  be  seen  in  fig.  12,  by  the  dotted  lines.  I  have  not  met 
with  this  variety,  but  its  existence  may  be  supposed. 

It  happens  sometimes,  that  the  crystallization  has  not  been 
so  perfect  as  to  destroy  every  appearance  of  the  faces  of  the 
primitive  rhomboidal  parallelopiped;  in  this  case,  there  remains, 
on  the  solid  angle  of  1 120,  formed  by  the  junction  of  the  new 
faces  with  the  edges  of  the  prism,  a  small  isosceles  triangle, 
as  in  fig.  13,  which  corresponds  to  those  in  fig.  5.  of  the  pre¬ 
ceding  modification. 

The  crystals  which  explained  the  second  modification,  form 
also  a  part  of  Mr.  Greville’s  collection  :  one,  in  particular,  is 
highly  worthy  of  notice ;  it  is  the  most  perfect  crystal  I  have 
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ever  seen  of  this  substance.  The  surface  of  the  faces  of  the 
prism,  although  rough,  is  infinitely  less  so  than  that  of  the 
others,  and  much  more  brilliant.  The  planes  on  the  ends  have 
the  usual  polish  of  crystals ;  its  colour  is  a  pale  red,  and  its 
transparency  may  be  compared  to  that  of  wax. 

This  substance  presents  a  third  modification,  in  which  the 
hexaedral  prism  diminishes  in  diameter,  as  is  apparent  by  com¬ 
paring  the  diameters  of  its  two  ends ;  in  some,  it  appears  like  a 
regular  hexaedral  pyramid  truncated.  (Fig.  15.)  The  crystals  ^ 
of  this  modification  are  usually  irregular,  and  seldom  admit  of  a 
certain  measure  of  their  angles ;  but,  among  the  numerous 
specimens  in  Mr.  Greville  s  collection,  I  have  been  able  to 
ascertain,  in  the  greater  part,  that  the  hexagonal  plane  at  the 
top  forms  angles  of  about  120°,  with  the  planes  of  the  pyramid , 
and  the  hexagonal  plane  at  the  base  forms  angles  of  about  78  , 
with  the  planes  of  the  pyramid.  In  other  instances,  the  form  of 
the  pyramid  varies  greatly ;  in  some,  the  angle  at  the  upper 
plane  was  no0,  and  the  angle  at  the  base  about  70°;  in  others, 
the  angle  at  the  upper  plane  was  about  ioo°,  and  the  one  at 

the  lower  plane  about  8o°. 

In  these  three  varieties,  the  crystalline  laminae  can  be  sepa¬ 
rated,  as  in  the  hexagonal  prism,  at  the  three  solid  alternate 
angles  of  each  end,  but  in  a  contrary  direction  to  each  other. 
The  planes  which  appear  when  the  laminae  are  detached  re¬ 
gularly,  form  solid  angles  of  220  34',  with  the  planes  of  the  ex¬ 
tremity  :  this  arrangement  is  analogous  to  that  of  the  hexae¬ 
dral  prism.  The  difference  of  form  arises  from  the  crystalline 
laminae  deposited  on  the  planes  of  the  primitive  rhomboid, 
decreasing  by  more  than  one  row  of  molecules,  on  the  planes 
of  one  of  the  triedral  pyramids  of  the  rhomboid,  and  by  less 
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than  one  row,  on  the  planes  of  its  other  pyramid.  This  general 
observation,  on  the  manner  in  which  this  primitive  crystal  of  Co¬ 
rundum  passes  to  the  different  varieties  just  mentioned,  is  the 
only  one  I  have  established  with  any  great  degree  of  certainty 
at  present.  Specimens  with  perfect  crystals,  whose  angles  may 
be  measured  with  accuracy,  will  probably  arrive  from  India, 
and  give  further  demonstration,  as  to  these  and  other  varieties 
of  modifications  of  Corundum.  We  may  conceive,  that  if,  in 
this  modification,  the  crystallization  had  ceased  before  the  en¬ 
tire  formation  of  the  crystal,  there  would  have  remained  small 
isosceles  triangular  planes,  on  three  of  the  alternate  solid  angles, 
formed  by  the  junction  of  the  planes  on  the  ends,  with  the 
edges  of  the  truncated  pyramid.  These  isosceles  triangular 
planes  resemble  those  we  have  seen  in  the  first  modification; 
(fig.  4.  and  5.)  and  form,  in  the  same  manner,  solid  angles  of 
1220  34',  with  the  planes  on  the  ends  of  the  prism.  (Fig.  16.) 

Finally,  if,  during  the  formation  of  the  crystal,  in  this  modi¬ 
fication,  it  should  happen  that  the  laminae  deposited  on  the 
three  planes  of  the  rhomboidal  parallelopiped,  on  the  side 
where  they  undergo  a  greater  decrease,  do  not  undergo  the 
decrease  of  one  row  of  molecules  at  the  acute  angle  of  the  sum¬ 
mit,  the  crystal  will  be  a  real  hexaedral  pyramid,  (fig.  17.) 
whose  acute  angle  at  the  summit,  measured  on  the  sides,  will 
be  nearly  240,  in  one  of  the  varieties;  40°  for  the  most  obtuse; 
and  200  for  the  most  acute  variety :  the  angle  of  their  triangu¬ 
lar  planes,  in  the  first  instance,  130  41';  in  the  second,  220  20'; 
and  ii°  28'  in  the  third.  I  have  not  seen  any  perfect  pyramids; 
but,  in  many,  the  hexagonal  plane  terminating  the  pyramid  is 
so  small,  that  it  renders  its  total  suppression  probable. 
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This  decrease  necessarily  produces  a  single  pyramid,  as 
abovementioned ;  nevertheless,  there  are  instances  of  crystals  of 
Corundum,  belonging  to  the  variety  where  the  terminal  planes 
make,  with  the  planes  of  the  pyramid,  a  solid  angle  of  about 
ioo°,  in  which,  two  pyramids  of  the  same  dimensions,  having 
their  summit  replaced  by  a  small  hexagonal  plane,  are  placed, 
base  to  base. 

I  have  also  observed,  among  the  crystals  of  the  obtuse  va¬ 
riety  abovementioned,  in  Mr. Greville* s  collection, an  instance 
of  the  decrease  taking  place  by  several  rows,  on  one  three-sided 
pyramid  of  the  primitive  rhomboid,  and  by  single  rows  on  the 
other.  Consequently,  the'  crystal  is  a  short  regular  hexaedral 
prism,  terminating  on  one  end  only  by  an  hexaedral  pyramid ; 
the  planes  of  which,  as  well  as  of  the  prism,  are  alternately 
broad  and  narrow,  and  almost  perfect ;  its  apex  being  replaced 
by  a  very  small  plane. 

I  shall  conclude,  by  mentioning  a  variety  of  Corundum,  de¬ 
scribed  by  the  Abbe  Hauy,  in  the  Journal  des  Mines ,  No.  28;  in 
which,  the  edges  of  the  terminal  planes  of  the  hexaedral  prism 
are  replaced  by  planes  which  form  an  angle  of  n6°  3i',  with 
the  terminal  planes ;  but,  in  the  numerous  collection  oi  Mr. 
Greville,  1  have  not  seen  this  variety.  One  crystal  had  an 
appearance  of  such  planes ;  but,  on  examination,  it  was  clearly 
accidental.  The  authority  of  the  Abb6  Hauy,  in  crystallogra¬ 
phy,  is  so  great,  that  the  existence  of  such  modification  ought 
not  to  be  denied,  without  further  examination;  though  I  cannot 
in  this  instance  adopt  it:  he  derives  this  variety,  winch  he 
calls  subpyramidal,  from  a  decrease  of  three  rows  of  molecules, 
at  the  angles  of  the  base  of  the  two  pyramids  of  the  primitive 
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rhomboid  ;  and  he  seems  to  attribute  the  same  formation  to  the 
pyramidal  variety  with  double  pyramid,  which  he  supposes  may 
exist. 

The  primitive  crystals,  and  the  first  and  second  modifications 
of  Corundum,  are  from  the  Peninsula  of  India.  The  third 
modification,  or  the  pyramidal  variety,  is  from  China;  nothing 
approaching  this  form  being  among  the  specimens  which  Mr. 
Greville  received  from  the  Peninsula  of  India. 

The  preceding  observations,  and  particularly  the  last  men¬ 
tioned  modification  of  Corundum,  compared  with  the  best  de¬ 
scriptions  of  the  sapphire,  suggest  the  further  examination  of 
the  degree  of  connection,  if  not  of  identity,  of  these  Oriental 
stones. 

In  both,  the  hexaedral  pyramids  are  usually  incomplete  in 
their  apex,  and  they  vary  in  acuteness.  I  have  stated  the  de¬ 
gree  in  which  the  solid  angles  of  the  pyramid  (taken  as  com¬ 
plete)  vary,  in  Corundum,  to  be  from  20°  to  40°. 

Rome'  de  i/Isle  states,  that  the  sapphire  varies  from  20* 
to  30°.  The  Abbe  Hauy  ( Journal  de  Physique ,  Aug.  1793,) 
mentions  two  varieties  of  the  sapphire,  one  measuring  at  the  so¬ 
lid  angle  of  the  pyramid  40°  6',  the  other  570  24'.  I  never  saw 
a  sapphire  with  so  obtuse  an  angle  as  the  last;  but  many, 
whose  angle  at  the  top,  if  the  pyramid  had  been  complete, 
would  have  been  the  same  as  that  of  the  Corundum.  Besides 
the  analogy  between  the  crystals  of  Corundum  and  the  sap¬ 
phire,  by  the  union  of  two  hexaedral  pyramids  at  their  base,  it 
also  exists  by  the  measure  of  their  tingles ;  and  both  substances 
are  subject  to  the  same  irregularity,  sometimes  appearing  as 
a  single  hexaedral  pyramid,  and  sometimes  as  an  hexaedral 
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prism;  moreover,  the  sapphire  sometimes  has  on  its  solid 
angles,  alternately,  the  same  triangular  planes,  (fig.  5.)  and 
also  the  prominent  triangles  on  the  planes  of  the  extremities, 
(fig.  10.)  which  often  appear  in  the  crystals  of  Corundum. 
The  Abb£  Hauy,  in  the  Journal  de  Physique ,  August,  1793, 
names  this  variety,  Orientale  Knneagone,  which  is  represented 
in  the  annexed  Plate,  (fig.  18.)  and  says,  that  the  small  triangu¬ 
lar  planes  make,  with  the  terminal  planes,  an  angle  of  1220  18'; 
and,  in  the  description  of  the  same  triangular  planes  in  the 
Corundum,  (fig.  16.)  it  appears,  that  these  planes  are  the  re¬ 
mains  of  the  planes  of  the  primitive  rhomboid,  and  form,  with 

the  terminal  planes,  an  angle  of  i22°34'. 

Perhaps  the  rhomboidal  crystal,  which  Rome'  de  l  Isle  had 
given  as  one  of  the  forms  of  the  sapphire,  should  be  restored 
to  it.  He  had  examined  it  at  M.  Jac^uemin's,  jeweller  to  the 
crown,  ( Cristallographie ,  1.  edit.  p.  221.)  and  he  suppressed  it 
in  his  second  edition,  but  often  expressed  to  me  his  regret  in 
having  made  the  alteration.  I  have  before  me  a  letter  from 
that  celebrated  naturalist,  dated  September,  1784,*  in  which  he 
inclosed,  for  my  opinion,  a  copy  of  a  letter  he  had  received  from 
Mr.  Werner,  with  models  of  some  crystals ;  among  them,  two 
called  by  him  rubies;  one  a  rhomboid,  of  which  the  angles  of 
the  summit  are  substituted  by  planes,  (fig.  19.)  the  other  is 
precisely  the  same  as  fig.  3,  4,  and  5,  of  the  annexed  Plate. 

The  following  is  a  translation  of  Rome7  de  l’Isle's  words: 
“  The  first  of  these  rubies  has  exactly  the  same  form  as  I  have 
“  represented  in  Plate  IV.  fig.  60.  of  my  Cristallographie ,  viz. 

*  A  letter  to  the  same  effect  was  written  to  M.  la  Met  her  ie,  and  published  in 
the  Journal  de  Physique ,  May,  1787. 
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“  a  rhomboidal  parallelopiped,  truncated  at  each  of  its  obtuse 
“  angles,  by  an  equilateral  triangular  plane. 

“  You  will  have  a  correct  idea  of  the  other  crystal,  if  you 
“  suppose  the  crystal  represented  in  Plate  IV.  fig.  87.  truncated 
“  at  each  of  the  summits  of  its  pyramids,  by  an  equilateral  tri- 
“  angular  plane,  as  in  the  preceding  modification,  but  deeper, 
“  and  in  so  great  a  degree,  that  the  three  rhombic  planes  of  each 
“  pyramid  disappear,  with  the  exception  ot  three  isosceles  tri- 
“  angles ;  this  modification  differs  from  the  first,  only  by  the 
“  hexaedral  prism,  and  the  deeper  truncature  at  the  summits  of 
“  the  pyramids.” 

It  is  therefore  clear,  that  if  the  primitive  rhomboid  of  Corun¬ 
dum  decreased  only  at  the  superior  angles  of  its  laminae,  it  would 
exhibit  exactly  the  first  of  these  varieties  of  Mr.  Werner's 
ruby,  as  in  the  annexed  fig.  1 9. 

As  to  the  second  variety  of  Mr.  Werner's  ruby,  it  is  equally 
clear,  if  in  fig.  87,  referred  to  by  Rome'  de  l’Isle,  (represented 
by  the  annexed  fig.  20.)  no  more  of  the  pyramid  was  left  than 
the  three  small  triangles  b,  a ,  c,  there  would  be  precisely  one 
of  the  forms  of  Corundum  before  described,  to  which  the  an¬ 
nexed  figure  5  belongs. 

It  may  perhaps  be  objected,  that  the  laminae  appear  to  be 
parallel  to  the  terminal  planes,  in  the  sapphire,  and  inclined,  in 
the  Corundum.  There  are  crystals  of  Corundum,  in  which,  very 
frequently,  the  laminae  appear  parallel  to  the  terminal  plane ; 
I  was  at  first,  and  for  some  time,  deceived  by  that  appearance. 
In  other  Corundum  crystals,  the  laminae  appear  to  be  parallel  to 
the  prismatic  planes;  and,  to  conclude  the  instances  of  analogy, 
the  superposition  of  rhomboidal  laminae  is  sometimes  observable 
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in  Oriental  rubies  and  sapphires.  It  was  by  this  appearance,  Mr. 
Greville  was  led  to  try  the  effect  of  cutting  the  foremen- 
tioned  stones  en  cabochon ;  whereby  a  similar  effect  ©f  triple 
reflection,  which  formed  stars  of  six  rays  from  a  common 
centre,  was  produced  in  the  Oriental  ruby,  in  the  sapphire,  and 
in  the  Corundum. 

It  is  to  be  lamented  that  Mr.  Werner  did  not  send,  with 
his  models,  the  specific  gravity  of  each  of  the  rubies,  and  the 
measures  of  their  angles  :  we  should  then  have  had  data  to  de¬ 
cide,  whether  the  rubies  sent  by  Mr.  Werner  were,  as  I  sup¬ 
pose  them  to  be,  Oriental  rubies,  or  sapphires ;  and,  with  equal 
certainty,  whether  the  parallelopi pedal  rhomboid  corresponds 
precisely  with  that  of  the  Corundum;  by  this,  the  perfect  iden¬ 
tity,  or  analogy,  between  the  Corundum  and  the  sapphire,  would 
have  been  no  longer  doubtful. 
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Table  of  the  specific  Gravity  of  the  Corundum,  Sapphire, 
Topaz,  Ruby,  and  Diamond,  on  different  Authorities. 


Hatchett  and  Greville 
H.  and  G. 

Klaproth 

Klaproth 

Blumenbach 

Brisson 

Hatchett  and  Greville 

Lichtenberg 

Gross 

Hatchett  and  Greville 
H.  and  G. 

H.  and  G. 

H.  and  G. 

H. and  G. 

Klaproth 


Corundum. 

2,768  *  Matrix  of  Corundum.  Coast. 

2,7 85  *Lump  of  Corundum.  Coast. 

3>°75 

3>710 

3,808 

3,873 
3>876 
3,9°8 
3,935 
3,950 
3,954 


*  Corone.  Bengal. 


3,959 

3,959 

3,9^ 

4,180 


*  Crystal  of  Corundum.  Coast. 

*  Ditto  with  vitreous  cross 
fracture.  Coast. 

*  Ruby-coloured.  Coast. 

*  Chatoyant.  China. 

*  Crystal.  China. 


Sapphire. 


Brisson 

Bergman 

Quist 

Bergman 

Klaproth 

Bergman 


-  3,  *3° 
3,650+ 

■  3,80° + 

3,94.°+ 

3,950+ 

3,974+ 


Brasilian;  probably  a  topaz. 
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Brisson 

3  >991 + 

White  Oriental. 

Brisson 

3>994+ 

Biumenbach 

3-994 1 

Blue. 

Hatchett  and  Greville  4,000  f 

*  Greyish  star-stone. 

Werner 

4,000  f 

'j 

Biumenbach 

4,oiof 

:  .  ■  .  : 

\ ».  •  •  -•  •  -•  < 

Hatchett  and  Greville  4,035  f 

Blue  star-stone. 

Brisson 

-  4,076‘f 

From  Puy-en-Velay. 

Biumenbach 

-  4’o83  + 

Crimson. 

Hatchett  and  Greville  4,083  f 

*  Pale  blue  crystal. 

Muschenbroeck 

4,090  f 

Biumenbach 

4,ioof 

Yellow. 

La  Metherie 

4,200  f 

Ouist 

-  4,2  oof 

* 

Topaz. 

La  Metherie 

2,690 

Siberia. 

Bergman 

3>46° 

*  *  -  L 

Werner 

3.464 

Light  blue.  Brazil. 

Quist 

3.500 

Werner 

-  3.521 

Eibenstocker. 

Brisson 

3.531 

Red.  Brazil. 

Brisson 

-  3  536 

Dark  yellow.  Brazil. 

Werner 

3.540 

Dark  yellow.  Brazil. 

Brisson 

-  3.548 

Oriental. 

Werner 

-  3.556 

Schneckensteiner. 

Brisson 

3.564 

Schneckensteiner. 

Brisson 

4,010-j- 

Oriental. 

Bergman 

4.560+ 
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Ruby . 


Bergman 

3,180 

Muschenbroeck 

3,180 

Quist 

3,400 

Spinel. 

Blumenbach 

3’ 454 

Ceylon. 

Quist 

3»5o° 

Brazil. 

Brisson 

3>5S* 

Brazil. 

Klaproth 

3>57° 

*  Octoedral  crystal. 

Hatchett  and  Greville 

3>57* 

H. and  G. 

3>6<*5 

*  Made  of  octoedral  crystal 

Blumenbach 

3’^45 

Blumenbach 

3>76° 

Brisson 

3>76° 

Hatchett  and  Greville 

4,166 

*  Salam  ruby.  Star-stone. 
Coast. 

Quist 

4,200-f 

Bergman 

4>24°*t 

Diamond. 

Hatchett  and  Greville 

3.356 

Perfect  crystal. 

Wallerius 

3>400 

Aggregate  crystal. 

Hatchett  and  Greville 

3.471 

Cronstedt 

3.500 

Muschenbroeck 

3.5i8 

La  Metherie 

3.520 

Brisson 

3.521 

Werner  ,  - 

3.600 
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* 

The  mark  *  distinguishes  the  specimens  in  my  collection,  to 
which  I  have  referred  in  the  foregoing  Paper. 

The  mark  distinguishes  the  stones  which,  from  their 
specific  gravity,  I  think  belong  to  the  genus  of  Corundum. 

The  generic  name  Corundum,  I  am  in  the  habit  of  giving 
to  those  sorts  which  have  a  sparry  or  a  granulated  fracture. 
When  Corundum  has  a  vitreous  cross  fracture,  I  call  it  sap¬ 
phire  ;  and  distinguish  its  varieties  by  their  colours,  white,  red, 
blue,  yellow,  green ;  and  by  the  accidental  reflection  of  light 
from  their  lamina  :  when  in  one  direction,  I  call  the  sap¬ 
phire  chatoyant;  when  the  reflection  is  compounded  of  rays 
which  intersect  each  other,  and  appear  to  diverge  from  a  com¬ 
mon  centre,  I  call  them  star-stones,  as  red,  blue,  or  greyish 
, star-stones,  or  star-sapphires. 
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XX.  An  Inquiry  concerning 
been  attributed  to  Light. 


F.  R.  S.  M.  R.  I.  A . 


the  chemical  Properties  that  have 
By  Benjamin  Count  of  Rumford, 


Read  June  14,  1798. 

In  the  Second  Part  of  my  Seventh  Essay,  (on  the  propagation 
of  heat  in  fluids,)  I  have  mentioned  the  reasons  which  had  in¬ 
duced  me  to  doubt  of  the  existence  of  those  chemical  properties 
in  light  that  have  been  attributed  to  it,  and  to  conclude,  that  all 
those  visible  changes  produced  in  bodies  by  exposure  to  the  ac¬ 
tion  of  the  sun’s  rays,  are  effected,  not  by  any  chemical  combi¬ 
nation  of  the  matter  of  light  with  such  bodies,  but  merely  by 
the  heat  which  is  generated,  or  excited,  by  the  light  that  is  ab¬ 
sorbed  by  them. 

As  the  decision  of  this  question  is  a  matter  of  great  impor¬ 
tance  to  the  advancement  of  science,  and  particularly  to  che¬ 
mistry,  and  as  the  subject  is  in  many  respects  curious  and 
interesting,  it  has  often  employed  my  thoughts  in  my  leisure 
hours ;  and  I  have  spent  much  time  in  endeavouring  to  con¬ 
trive  experiments,  from  the  unequivocal  results  of  which  the 
truth  might  be  made  to  appear.  Though  I  have  not  been  so 
successful  in  these  investigations  as  I  could  wish,  yet  I  cannot 
help  flattering  myself,  that  an  account  of  the  results  of  some 
of  my  late  experiments  will  be  thought  sufficiently  interesting 
to  merit  the  attention  of  the  Royal  Society. 
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Having  found  that  gold,  or  silver,  might  be  melted  by  the 
heat  (invisible  to  the  sight)  which  exists  in  the  air,  at  the  dis¬ 
tance  of  more  than  an  inch  above  the  point  of  the  flame  of  a 
wax-candle,  (see  my  Seventh  Essay,  Part  II.  page  350.)  I 
was  curious  to  know  what  effect  this  heat  would  produce  on 
the  oxides  of  those  metals. 

Experiment  No.  1.  Having  evaporated  to  dryness  a  solution 
of  fine  gold  in  aqua  regia,  I  dissolved  the  residuum,  in  just  as 
much  distilled  water  as  was  necessary  in  order  that  the  solution 
(which  was  of  a  beautiful  yellow  colour)  might  not  be  disposed 
to  crystallize;  and,  wetting  the  middle  of  a  piece  of  white 
taffeta  riband,  ]-§•  inch  wide,  and  about  eight  inches  long,  in 
this  solution,  I  held  the  riband,  with  both  my  hands,  stretched 
horizontally  over  the  clear  bright  flame  of  a  wax  candle  ;  the 
under  side  of  the  riband  being  kept  at  the  distance  of  about 
l-j  inch  above  the  point  of  the  flame.  The  result  of  this  expe¬ 
riment  was  very  striking.  That  part  of  the  riband  which 
was  directly  over  the  point  of  the  flame,  began  almost  imme¬ 
diately  to  emit  steam  in  dense  clouds ;  and,  in  about  10  seconds, 
a  circular  spot,  about  of  an  inch  in  diameter,  having  become 
nearly  dry,  a  spot  of  a  very  fine  purple  colour,  approaching  to 
crimson,  suddenly  made  its  appearance  in  the  middle  of  it, 
and,  spreading  rapidly  on  all  sides,  became,  in  one  or  two  se¬ 
conds  more,  nearly  an  inch  in  diameter. 

By  moving  the  riband,  so  as  to  bring,  in  their  turns,  all  the 
parts  of  it  which  had  been  wetted  with  the  solution  to  be  ex¬ 
posed  to  the  action  of  the  current  of  hot  vapour  that  arose  from 
the  burning  candle,  all  those  parts  which  had  been  so  wetied, 
were  tinged  with  the  same  beautiful  purple  colour. 

This  colour,  which  was  uncommonly  brilliant,  passed  quite 
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through  the  riband,  and  I  found  the  stain  to  be  periectly  in¬ 
delible.  I  endeavoured  to  wash  it  out ;  but  nothing  I  applied 
to  it,  and  among  other  things  I  tried  super-oxygenated  marine 
acid,  appeared  in  the  smallest  degree  to  diminish  its  lustre. 
The  hue  was  not  uniform,  but  varied  from  a  light  ciimson  to 
a  very  deep  purple,  approaching  to  a  reddish  brown. 

I  searched,  but  in  vain,  for  traces  of  revived  gold,  in  its  re- 
guline  form  and  colour  ;  but,  though  I  could  not  perceive  that 
the  riband  was  gilded,  it  had  all  the  appearance  of  being  co¬ 
vered  with  a  thin  coating  of  the  most  beautiful  purple  enamel, 
which,  in  the  sun,  had  a  degree  of  brilliancy  that  was  some¬ 
times  quite  dazzling. 

Experiment  No.  2.  A  piece  of  the  riband  which  had  been 
wetted  with  the  aqueous  solution  of  the  oxide,  was  carefully 
dried  in  a  dark  closet,  and  was  then  exposed,  diy,  over  the 
flame  of  a  burning  wax  candle.  The  part  of  the  riband  which 
had  been  wetted  with  the  solution,  (and  which  on  drying  had 
acquired  a  faint  yellow  colour,)  was  tinged  of  the  same  bright 
purple  colour  as  was  produced  in  the  last-mentioned  experi¬ 
ment,  when  the  riband  was  exposed  wet  to  the  action  of  the 
heat.* 

Experiment  No.  3.  A  piece  of  the  riband  which  had  been 
wetted  with  the  solution,  and  dried  in  the  dark,  was  now  wetted 
with  distilled  water,  and  exposed  wet  to  the  action  of  the  ascend¬ 
ing  current  of  hot  vapour  which  arose  from  the  burning  candle : 
the  purple  stain  was  produced  as  before,  which  extended  as  far 

*  We  shall  hereafter  find  reason  to  conclude,  that  the  success  of  this  experiment,  or 
the  appearance  of  the  purple  tinge,  was  owing  to  the  watery  vapour  which  existed  in 
the  hot  current  that  ascended  from  the  flame  of  the  candle. 
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rs  the  riband  had  been  wetted  with  the  solution,  but  no 
farther. 

I  afterwards  varied  this  experiment  in  several  ways,  some- 
times  using  paper,  sometimes  fine  linen,  and  sometimes  fine 
cotton  cloths,  instead  of  the  silk  riband  ;  but  nearly  the 
same  tinge  was  produced,  whatever  the  substance  was  that 

was  made  to  imbibe  the  aqueous  solution  of  the  metallic 
oxide. 

Similar  experiments,  and  with  similar  results,  were  likewise 
made  with  pieces  of  riband,  fine  linen,  cotton,  paper,  &c. 
wetted  in  an  aqueous  solution  of  nitrate  of  silver ;  with  this 
difference,  however,  that  the  tinge  produced  by  this  metallic 
oxide,  instead  of  being  of  a  deep  purple,  inclining  to  crimson, 
was  of  a  very  dark  orange  colour,  or  rather  of  a  yellowish 
brown. 

In  order  to  discover  whether  the  purple  tinge,  in  the  expe¬ 
riments  with  the  oxide  of  gold,  was  occasioned  by  the  heat 
communicated  by  the  ascending  current  of  hot  vapour,  or 
by  the  light  of  the  candle,  I  made  the  following  experiment, 
the  result  of  which,  I  conceive  to  have  been  decisive. 

/ 

Experiment  No.  4.  A  piece  of  riband  was  wetted  with  the 
aqueous  solution  of  the  oxide  of  gold,  and  held  vertically  by 
the  side  of  the  clear  flame  of  a  burning  wax  candle,  at  the 
distance  of  less  than  half  an  inch  from  the  flame. 

The  riband  was  dried,  but  its  colour  was  not  in  the  smallest 
degree  changed. 

When  it  was  held  a  few  seconds  within  about  i  of  an  inch 
of  the  flame,  a  tinge  of  a  most  beautiful  crimson  colour,  in  the 
form  of  a  narrow  vertical  stripe,  was  produced. 
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The  heat  which  existed  at  that  distance  from  the  flame,  on 
the  side  of  it,  where  this  coloured  stripe  was  produced,  was  suf¬ 
ficiently  intense,  as  I  found  by  experiment,  to  melt  very  fine 
silver  wire,  flatted,  such  as  is  used  in  making  silver  lace. 

The  objects  I  had  in  view  in  the  following  experiments,  are 
too  evident  to  require  any  particular  explanation. 

Experiment  No.  5.  Two  like  pieces  of  riband  were  wetted 
at  the  same  time  in  the  solution,  and  suspended,  while  wet,  in 
two  thin  phials,  A  and  B,  of  very  transparent  and  colourless 
glass ;  the  mouths  pf  the  phials  being  left  open.  Both  these 
phials  were  placed  in  a  window  which  fronted  the  south ;  that 
distinguished  by  the  letter  A  being  exposed  naked  to  the  direct 
rays  of  a  bright  sun ;  while  B  was  inclosed  in  a  cylinder  of  paste¬ 
board,  painted  black  within  and  without,  and  closed  with  a  fit 
cover,  and  consequently  remained  in  perfect  darkness. 

In  a  very  few  minutes,  the  riband  in  the  phial  A  began  sen¬ 
sibly  to  change  its  colour,  and  to  take  a  purple  hue;  and,  at 
the  end  of  five  hours,  it  had  acquired  a  deep  crimson  tint 
throughout. 

The  phial  B  was  exposed  in  the  window,  in  its  dark  cylin¬ 
drical  cover,  three  days  ;  but  there  was  not  the  smallest  appear¬ 
ance  of  any  change  of  colour  in  the  silk. 

Experiment  No.  6.  Two  small  parcels  of  magnesia  alba ,  in 
an  impalpable  powder,  (about  half  as  much  in  each  as  could  be 
made  to  lie  on  a  shilling,)  were  placed  in  heaps,  in  two  China 
plates,  A  and  B,  and  thoroughly  moistened  with  the  before- 
mentioned  aqueous  solution  of  the  oxide  of  gold.  Both 
plates  were  placed  in  the  same  window ;  the  moistened  earth 
in  the  plate  A  being  exposed  naked  to  the  sun’s  rays ;  while 
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that  in  the  plate  B  was  exactly  covered  with  a  tea-cup,  turned 
upside  down,  which  excluded  all  light. 

The  magnesia  alba  in  the  plate  A,  which  was  exposed  to  the 
strong  light  of  the  sun,  began  almost  immediately  to  change 
colour,  taking  a  faint  violet  hue,  which  by  degrees  became 
more  and  more  intense,  and  in  a  few  hours  ended  in  a  deep 
purple ;  while  that  in  the  plate  B,  which  was  kept  in  the  dark, 
retained  the  yellowish  cast  it  had  acquired  from  the  solution, 
without  the  smallest  appearance  of  change. 

Experiment  No.  7.  A  small  parcel  of  magnesia  alba ,  placed 
on  a  china  plate,  having  been  moistened  with  the  aqueous  solu¬ 
tion  of  the  oxide  of  gold,  and  thoroughly  dried  in  a  dark  closet, 
was  now  exposed,  in  this  dry  state,  to  the  action  of  the  direct 
rays  of  a  very  bright  sun. 

It  had  been  exposed  to  this  strong  light  above  half  an  hour, 
before  its  colour  began  to  be  sensibly  changed ;  and,  at  the  end 
of  three  hours,  it  had  acquired  only  a  very  faint  violet  hue. 

Being  now  thoroughly  wetted  with  distilled  water,  it  changed 
colour  very  rapidly,  and  soon  came  to  be  of  a  deep  purple  tint, 
approaching  to  crimson. 

Experunent  No.  8.  A  piece  of  white  taffeta  riband,  which 
had  been  wetted  with  the  solution,  and  thoroughly  dried  in  the 
dark,  was  suspended  in  a  clean  dry  phial  of  very  fine  trans¬ 
parent  glass ;  and  the  phial,  being  well  stopped  with  a  dry  cork, 
was  exposed  to  the  strong  light  of  a  bright  sun. 

After  the  riband  had  been  exposed,  in  this  manner,  to  the 
action  of  the  sun’s  direct  rays  about  half  an  hour,  there  were 
here  and  there  some  faint  appearances  ol  a  change  of  its  colour ; 
but  it  showed  no  disposition  to  take  that  deep  purple  hue  which 
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the  riband  had  always  acquired,  when  exposed  to  the  light  in 
the  preceding  experiments. 

On  taking  the  riband  out  of  the  phial,  and  wetting  it  tho¬ 
roughly  with  distilled  water,  and  exposing  it  again,  while  thus 
wetted ,  to  the  sun’s  rays,  it  almost  instantly  began  to  change 
colour,  and  soon  became  of  a  deep  purple  tint ;  but,  though  I 
examined  the  surface  of  the  riband  with  the  utmost  care,  and 
with  a  good  lens,  both  during  the  experiment  and  after  it,  I 
could  not  perceive  the  smallest  particle  of  revived  gold ,  nor  did 
I  see  any  vestige  remaining  that  appeared  to  indicate  that  any 
had  in  fact  been  revived. 

This  experiment  was  repeated  several  times,  and  always  with 
results  which  led  me  to  conclude,  (what  indeed  was  reasonable 
to  expect,)  that  light  has  little  effect  in  changing  the  colour  of 
metallic  oxides,  as  long  as  they  are  in  a  state  oj  crystallization. 

The  heat  which  is  generated  by  the  absorption  of  the  rays  of 
light  must  necessarily,  at  the  moment  oj  its  generation  at  least, 
exist  in  almost  infinitely  small  spaces ;  and  consequently,  it  is 
only  in  bodies  that  are  inconceivably  small  that  it  can  produce 
durable  effects,  in  any  degree  indicative  of  its  extreme  intensity. 

Perhaps  the  particles  of  the  oxide  of  gold  dissolved  in  water, 
are  of  such  dimensions  ;  and  it  is  very  remarkable,  that  the  co¬ 
lours  produced,  in  some  of  my  experiments  on  white  ribands, 
by  means  of  an  aqueous  solution  of  the  oxide  of  gold,  are  pre¬ 
cisely  the  same  as  are  produced  from  the  oxide  of  that  metal,  by 
enamellers,  in  the  intense  heat  of  their  furnaces. 

As  the  colouring  substance  is  the  same,  and  as  the  colours 
produced  are  the  same,  why  should  we  not  conclude  that  the 
effects  are  produced  in  both  these  cases  by  the  same  means, 
that  is  to  say,  by  the  agency  of  heat  ?  or,  in  other  words,  and 
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to  be  more  explicit,  by  exposing  the  oxide  in  a  certain  tempe¬ 
rature,  at  which  it  becomes  disposed  to  vitrify,  or  to  undergo 
a  change  in  regard  to  the  quantity  of  oxygen  with  which  it  is 
combined  ? 

But  the  results  of  the  following  experiments  afford  still 
more  satisfactory  information,  respecting  the  intensity  of  the 
heat  generated  in  all  cases  where  light  is  absorbed,  and  the 
striking  effects  which,  under  certain  circumstances,  it  is  ca¬ 
pable  of  producing. 

The  facility  with  which  most  of  the  metallic  oxides  are  re¬ 
duced,  in  the  dry  way,  by  means  of  charcoal,  shows  that,  at  a 
certain  (high)  temperature,  oxygen  is  disposed  to  quit  those 
metals,  in  order  to  form  a  chemical  union  with  the  charcoal, 
or  at  least  with  some  one  of  its  constituent  principles,  if  it  be 
a  compound  substance ;  and  hence  I  concluded,  that  gold  might 
be  revived,  in  the  moist  way,  by  means  of  charcoal,  from  a  solu¬ 
tion  of  its  oxide  in  water,  were  it  possible,  under  such  circum¬ 
stances,  to  communicate  to  the  charcoal,  and  to  the  oxide,  at 
the  same  time,  a  degree  of  heat  sufficient  for  that  purpose. 

To  see  if  this  might  not  be  done  by  means  of  light,  I  made, 
or  rather  repeated,  the  following  very  interesting  experiment. 

Experiment  No.  9.  Into  a  thin  tube  of  very  fine  colourless 
glass,  10  inches  long,  and  of  an  inch  in  diameter,  closed 
hermetically  at  its  lower  end,  I  put  as  many  pieces  of  charcoal, 
about  the  size  of  large  peas,  as  filled  the  tube  to  the  height  of 
two  inches;  and,  having  poured  on  them  as  much  of  the  aqueous 
solution  of  nitro-muriate  of  gold  as  nearly  covered  them,  ex¬ 
posed  the  tube,  with  its  contents,  to  the  action  of  the  direct  rays 
of  a  very  bright  sun. 

In  less  than  half  an  hour,  small  specks  of  revived  gold,  in  all 
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its  metallic  splendour,  began  to  make  their  appearance  here 
and  there  on  the  surface  of  the  charcoal ;  and,  in  six  hours,  the 
solution,  which  at  first  was  of  a  bright  yellow  colour,  became 
perfectly  colourless,  and  as  clear  and  transparent  as  the 

PUREST  WATER. 

The  surface  of  the  charcoal  was,  in  several  places,  nearly 
covered  with  small  particles  of  revived  gold;  and  .the  inside 
of  the  glass  tube,  in  that  part  where  it  was  in  contact  with  the 
upper  surface  of  the  contained  liquid,  was  most  beautifully 
gilded. 

This  gilding  of  the  tube  was  very  splendid,  when  viewed  by 
reflected  light;  but,  when  the  tube  was  placed  between  the 
light  and  the  eye,  it  appeared  like  a  thin  cloud,  of  a  greenish 
blue  colour,  without  the  smallest  appearance  of  any  metallic 
splendour. 

From  the  colour,  and  apparent  density  of  this  cloud,  I  was 
induced  to  conclude,  that  the  gilding  on  the  glass  was  less  than 
one  millionth  part  of  an  inch  in  thickness. 

This  interesting  experiment  was  repeated  six  times,  and  al¬ 
ways  with  nearly  the  same  result.  The  gold  was  completely 
revived  in  each  of  them,  and  the  solution  left  perfectly  colour¬ 
less  ;  in  most  of  the  experiments,  however,  the  sides  of  the 
glass  were  not  gilded,  all  the  revived  gold  remaining  attached 
to  the  surface  of  the  charcoal. 

In  two  of  these  experiments,  I  made  use  of  pieces  of  charcoal 
which  had  been  previously  boiled  several  hours  in  a  large  quan¬ 
tity  of  distilled  water,  and  which  were  introduced  wet ,  and  hot, 
into  the  tube,  and  immediately  covered  by  the  solution,  to 
prevent  them  from  imbibing  any  air  ;  and,  in  different  experi¬ 
ments,  the  solution  was  used  of  different  degrees  of  strength. 

3N 
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I  plainly  perceived  that  the  experiment  succeeded  best,  that 
is  to  say,  that  the  gold  was  soonest  revived ,  in  those  cases  in 
which  the  solution  was  most  diluted :  one  of  the  experiments, 
however,  and  which  succeeded  perfectly,  was  made  with  the 
solution  so  much  condensed,  that  it  was  nearly  at  the  point  at 
which  it  became  disposed  to  crystallize.* 

On  examining,  with  a  good  microscope,  the  particles  of 
revived  gold  which  remained  attached  to  the  surface  of  the 
charcoal,  after  it  had  been  dried,  I  found  them  to  consist  of 
an  infinite  number  of  small  scales,  separated  from  each  other  ; 
not  very  highly  polished,  but  possessing  the  true  metallic 
splendour,  and  a  very  deep  and  rich  gold  colour. 

The  gold  which  attached  itself  to  the  inside  of  the  glass 
tube,  was  in  the  form  of  a  ring,  about  ~  of  an  inch  wide, 
(badly  defined  however  below,)  and  adhered  to  the  glass 
with  so  much  obstinacy,  as  not  to  be  removed  by  rincing  out 
the  tube  a  great  number  of  times  with  water ;  it  had,  as  has 
already  been  observed,  a  very  high  polish,  when  seen  by  re¬ 
flected  light. 

Those  who  enter  into  the  spirit  of  these  investigations,  will 
easily  imagine  how  impatient  I  must  have  been,  after  seeing 
the  results  of  these  experiments,  to  find  out  whether  gold 
could  be  revived  from  this  aqueous  solution  of  its  oxide  by 
means  of  charcoal,  without  the  assistance  of  light ,  and  merely  by 
such  a  degree  of  equal  heat  as  could  be  given  to  it  in  the  dark. 
To  determine  that  important  question,  the  following  experi¬ 
ment  was  made. 

*  This  agrees  perfectly  with  the  results  of  similar  experiments  made  by  the  inge¬ 
nious  and  lively  Mrs.  Fulhame.  (See  her  Essay  on  Combustion,  page  124.) 

It  was  on  reading  her  book,  that  I  was  induced  to  engage  in  these  investigations ;  and 
it  was  by  her  experiments,  that  most  of  the  foregoing  experiments  were  suggested. 
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Experiment  No.  10.  A  cylindrical  glass  tube,  of  an  inch 
in  diameter,  and  10  inches  long,  closed  hermetically  at  its  lower 
end,  and  containing  a  quantity  of  a  diluted  aqueous  solution  of 
the  oxide  of  gold,  mixed  with  charcoal  in  broken  pieces,  about 
the  size  of  large  peas,  was  put  into  a  fit  cylindrical  tin  case, 
which  was  nicely  closed  with  a  fit  cover ;  and  the  glass  tube, 
with  its  contents,  so  shut  up  in  the  dark,  was  exposed  two 
hours,  in  the  temperature  of  2100  of  Fahrenheit's  scale. 

On  taking  the  glass  tube  out  of  its  tin  case,  I  found  the  solu¬ 
tion  perfectly  colourless ,  and  the  revived  gold  adhering  to  the 
surface  of  the  charcoal. 

On  repeating  the  experiment,  and  using  the  solution  nearly 
saturated  with  the  oxide,  the  result  was  precisely  the  same ; 
the  solution  being  found  perfectly  colourless,  and  the  revived 
gold  adhering  to  the  surface  of  the  charcoal. 

I  own  fairly,  that  the  results  of  these  experiments  were  quite 
contrary  to  my  expectations,  and  that  I  am  not  able  to  recon¬ 
cile  them  with  my  hypothesis,  respecting  the  causes  of  the  re¬ 
duction  of  the  oxide,  in  the  foregoing  experiments;  but,  what¬ 
ever  may  be  the  fate  of  this,  or  of  any  other  hypothesis  of 
mine,  l  hope  and  trust  that  I  never  shall  be  so  weak  as  to  feel 
pain  at  the  discovery  of  truth,  however  contrary  it  may  be  to 
my  expectations;  and  still  less,  to  feel  a  secret  wish  to  suppress 
experiments,  merely  because  their  results  militate  against  my 
speculative  opinions. 

It  is  proper  l  should  observe,  that  the  charcoal  used  in 
this  last-mention,  d  experiment  had  been  boiled  two  hours  in 
distilled  water,  by  which  means  its  pores  had  been  so  com¬ 
pletely  filled  with  that  fluid,  that  the  pieces  of  it  that  were 
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used  were  specifically  heavier  than  water,  and  sunk-  in  it,  to  the 
bottom  of  the  containing  vessel. 

Having  been  so  successful  in  my  attempts  to  reduce  the 
oxide  of  gold,  by  means  of  charcoal,  in  the  moist  way ,  I  lost  no 
time  in  making  similar  experiments  with  the  oxide  of  silver. 

Experiment  No.  n.  A  solution  of  fine  silver,  in  strong  ni¬ 
trous  acid,  was  evaporated  to  dryness,  and  the  residuum  redis¬ 
solved  in  distilled  water. 

A  portion  of  this  solution,  (which  was  perfectly  colourless,) 
diluted  with  twice  as  much  distilled  water,  was  poured  into  a 
phial  containing  a  number  of  small  pieces  of  charcoal;  and  the 
phial,  being  well  closed  with  a  new  cork  stopple,  was  exposed 
to  the  action  of  the  sun's  rays. 

In  less  than  an  hour,  small  specks  of  revived  silver  began 
to  make  their  appearance  on  the  surface  of  the  charcoal ;  and, 
at  the  end  of  two  hours,  these  specks  became  very  numerous, 
and  had  increased  so  much  in  size,  that  they  were  distinctly  vi¬ 
sible  to  the  naked  eye,  at  the  distance  of  more  than  three  feet. 
They  were  very  white,  and  possessed  the  metallic  splendour  of 
silver  in  so  high  a  degree,  that  when  enlightened  by  the  sun’s 
beams,  their  lustre  was  nearly  equal  to  that  of  very  small  dia¬ 
monds. 

The  phial,  which  was  in  the  form  of  a  pear,  and  about  l-t- 
inch  in  diameter  at  its  bulb,  was  very  thin,  and  made  of  very 
fine  colourless  glass ;  the  aqueous  solution  was  also  perfectly 
transparent  and  colourless;  and,  when  the  contents  of  the 
phial  were  illuminated  by  the  direct  rays  of  a  bright  sun,  the 
contrast  of  the  white  colour  of  these  little  metallic  spangles 
with  the  black  charcoal  to  which  they  were  fixed,  and  their 
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extreme  brilliancy,  afforded  a  very  beautiful  and  interesting 
sight. 

As  the  air  had  been  previously  expelled  from  the  charcoal, 
by  boiling  it  in  distilled  water,  it  was  specifically  heavier  than 
the  aqueous  solution  of  the  metallic  oxide,  and  consequently 
remained  at  the  bottom  of  the  bottle. 

Experiment  No.  12.  A  phial,  as  nearly  as  possible  like  that 
used  in  the  last  experiment,  and  containing  the  same  quantity 
of  diluted  aqueous  solution  of  nitrate  of  silver,  and  also  of  char¬ 
coal,  was  inclosed  in  a  cylindrical  tin  box,  and  exposed  one  hour 
to  the  heat  of  boiling  water,  in  an  apparatus  used  for  boiling 
potatoes  in  steam,  for  the  table. 

The  result  of  this  experiment  was  uncommonly  striking. 
The  surface  of  the  charcoal  was  covered  with  a  most  beautiful 
metallic  vegetation ;  small  filaments  of  revived  silver,  resem¬ 
bling  fine  flatted  silver  wire,  pushing  out  from  its  surface,  in  all 
directions ! 

Some  of  these  metallic  filaments  were  above  one-tenth  of  an 
inch  in  length.  On  agitating  the  contents  of  the  phial,  they 
were  easily  detached  from  the  surface  of  the  charcoal,  to  which 
they  seemed  to  adhere  but  very  slightly. 

These  experiments  were  repeated  several  times,  and  always 
with  precisely  the  same  results. 

When  the  oxide  of  gold  was  reduced  in  this  way,  the  revived 
metal  appeared  under  the  form  of  small  scales,  adhering  firmly 
to  the  surface  of  the  charcoal.  May  not  the  difference  of  the 
forms  under  which  gold  and  silver  are  revived  from  their  oxides, 
in  this  process,  be  owing  to  the  difference  of  the  specific  gravi¬ 
ties  of  those  metals  ? 
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The  following  experiments,  which  were  first  suggested  by  an 
accident,  were  made  with  a  view  to  investigate  still  farther  the 
causes  of  those  effects  which  have  been  attributed  to  the  sup¬ 
posed  chemical  properties  of  light. 

Having  accidentally  put  away  two  small  phials,  each  con¬ 
taining  a  quantity  of  aqueous  solution  of  the  oxide  of  gold  and 
sulphuric  ether,  in  each  of  which  the  ether  had  extracted  the 
gold  completely  from  the  solution,  as  was  evident  by  the  yellow 
colour  of  the  solution  having  been  transferred  to  the  ether,  and 
the  solution  being  left  colourless ;  in  one  of  the  phials,  which 
happened  to  stand  in  a  window  in  which  there  was  occasionally 
a  strong  light,  (though  the  direct  rays  of  the  sun  nevei  fell  on 
it,)  I  found,  in  about  three  weeks,  that  the  oxide  was  almost 
entirely  reduced ;  the  revived  gold  appearing  in  all  its  metallic 
splendour,  in  the  form  of  a  thin  pellicle,  swimming  on  the  sur¬ 
face  of  the  aqueous  liquor  in  the  phial,  and  the  colour  of  the 
ether  which  reposed  on  it  having  become  quite  faint,  while  no 
yisible  change  had  been  produced  in  the  contents  of  the  other 
phial,  which  had  stood  in  a  dark  corner  of  the  room. 

As  these  appearances  induced  me  to  suspect,  or  rathei 
strengthened  the  suspicions  I  had  before  conceived,  that  the 
separation  of  gold  from  ether,  under  its  metallic  form,  when  a 
solution  of  its  oxide  is  mixed  with  that  fluid,  is  always  effected 
by  a  reduction  of  the  oxide  by  means  of  light,  I  made  the 
following  experiment,  with  a  view  to  the  farther  investigation 

of  that  matter. 

Experiment  No.  13.  Into  a  small  pear-like  phial,  of  very  fine 
transparent  glass,  I  put  equal  quantities  of  an  aqueous  solution 
of  the  muriatic  oxide  of  gold  and  sulphuric  ether ;  and  the  phial, 


chemical  Properties  attributed  to  Light .  4^3 

which  was  about  half  filled,  being  closed  with  a  good  corK,  wed 
secured  in  its  place,  was  exposed  to  the  action  ol  the  diiect  rays 
of  a  bright  sun. 

A  pellicle  of  revived  gold,  in  all  its  metallic  splendour,  began 
almost  immediately  to  be  formed  on  the  surface  of  the  aqueous 
liquid,  and  soon  covered  it  entirely ;  and,  at  the  end  ol  two  horn  s, 
the  whole  of  the  oxide  was  completely  reduced,  as  was.  evident 
from  the  appearance  of  the  ether,  which  became  perfectly  co¬ 
lourless. 

On  shaking  the  phial,  the  metallic  pellicle  which  covered  the 
surface  of  the  aqueous  liquid  was  broken  into  small  pieces,  which 
had  exactly  the  appearance  of  leaf  gold,  possessing  the  true 
colour,  and  all  the  metallic  brilliancy,  ol  that  metal. 

On  suffering  the  phial  to  stand  quiet,  the  aqueous  liquor  and 
the  ether  separated,  and  most  of  the  broken  pieces  of  tne  thin 
sheet  of  gold  descended  to  the  bottom  of  the  phial :  the  remain¬ 
der  of  them  floated  on  the  surface  of  the  aqueous  liquid ;  and 
the  ether,  as  well  as  the  aqueous  liquid,  appeared  to  be  peifectly 
transparent  and  colourless. 

By  the  length  of  time  which  was  required  for  the  ether  and 
the  aqueous  liquid  to  separate,  1  thought  I  could  perceive  that 
the  ether  had  lost  something  of  its  fluidity;  but,  as  this  was  an 
event  I  expected,  it  is  the  more  likely,  on  that  account,  that  I 
was  deceived,  when  I  imagined  I  saw  proofs  of  its  having  taken 

place. 

On  removing  the  cork,  after  the  contents  of  the  bottle  had 
been  suffered  to  cool,  there  was  no  appearance  of  any  consider¬ 
able  quantity  of  air,  or  other  permanently  elastic  fluid,  having 
been  either  generated  or  absorbed,  during  the  experiment. 

Finding  that  the  oxide  of  gold  might  be  so  completely  and 
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so  expeditiously  reduced,  by  means  of  ether,  I  conceived  it 
might  be  possible  to  perform  that  chemical  process,  in  the  moist 
way ,  by  means  of  essential  oils  ;  and  this  conjecture  proved  to 
be  well  founded. 

Experiment  No.  14.  Upon  a  quantity  of  a  diluted  aqueous 
solution  of  nitro-muriate  of  gold,  in  a  small  pear-like  phial, 
about  inch  in  diameter  at  its  bulb,  was  poured  a  small 
quantity  of  etherial  oil  of  turpentine,  just  as  much  as  was  suf¬ 
ficient  to  cover  the  aqueous  solution  to  the  height  of  ~  of  an 
inch ;  and  the  phial,  being  well  closed  with  a  good  cork,  well 
secured,  was  exposed  one  hour  to  the  heat  of  boiling  water  in 
a  steam-vessel. 

The  gold  was  revived,  appearing  in  the  form  of  a  splendid 
pellicle,  of  a  bright  gold  colour,  which  floated  on  the  surface 
of  the  aqueous  liquid.  The  oil  of  turpentine,  which,  at  the 
beginning  of  the  experiment,  was  as  pale  and  colourless  as 
pure  water,  had  taken  a  bright  yellow  hue ;  and  the  aqueous 
fluid,  on  which  it  reposed,  had  entirely  lost  its  yellow  colour. 

On  shaking  the  phial,  its  contents  were  intimately  mixed  ; 
but,  on  suffering  it  to  stand  quiet,  the  oil  of  turpentine  soon 
separated  from  the  aqueous  liquid,  retaining  its  bright  yellow 
hue,  and  leaving  the  aqueous  liquid  colourless. 

On  shaking  the  phial,  before  it  had  been  exposed  to  the  heat, 
and  mixing  its  contents,  and  then  suffering  it  to  stand  quiet, 
the  oil  of  turpentine,  on  taking  its  place  at  the  top  of  the 
aqueous  solution,  was  not  found  to  have  acquired  any  colour ; 
nor  was  the  bright  gold  colour  of  the  solution  found  to  be  at 
all  impaired.  When  sulphuric  ether  was  used,  instead  of  the 
oil  of  turpentine,  the  effect  was  in  this  respect  very  different. 

To  find  out  whether  the  oil  of  turpentine  used  in  this  expe- 
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riment,  and  which  had  acquired  a  deep  yellow  colour,  had  lost 
that  property  by  which  it  effected  the  reduction  of  the  metallic 
oxide,  I  now  poured  an  additional  quantity  of  the  aqueous  so¬ 
lution  of  the  oxide  into  the  phial,  and,  shaking  the  phial,  exposed 
it,  with  its  contents,  to  the  heat  of  boiling  water. 

After  it  had  been  exposed  to  this  heat  about  two  hours,  I 
examined  it,  and  found,  that  though  a  considerable  quantity  of 
gold  had  been  revived,  yet  the  aqueous  liquid  still  retained  a 
faint  yellow  colour. 

The  oil  of  turpentine  had  acquired  a  deeper  and  richer  gold 
colour,  approaching  to  orange. 

To  the  contents  of  the  phial,  I  now  added  about  half  as  much 
distilled  water,  and,  mixing  the  whole  by  shaking,  I  exposed  the 
phial  again,  during  two  hours,  to  the  heat  of  boiling  water; 
when  the  remainder  of  the  oxide  was  reduced,  and  the  aqueous 
liquid  left  perfectly  colourless. 

On  repeating  this  experiment  with  oil  of  turpentine,  and  va¬ 
rying  it,  by  using  a  solution  of  the  oxide  of  silver ,  (an  aqueous 
solution  of  nitrate  of  silver,)  instead  of  that  of  gold,  the  result 
was  nearly  the  same :  the  metal  was  revived,  and  the  oil  of 
turpentine  acquired  a  faint  greenish-yellow  colour. 

I  also  revived  the  oxides  of  gold  and  of  silver  with  oil  of  olives , 
by  a  similar  process,  with  the  heat  of  boiling  water.  The  oil  of 
olives  used  in  these  experiments  lost  its  transparency,  and  be¬ 
came  deeply  coloured ;  that  used  in  the  reduction  of  the  oxide 
of  silver,  taking  a  very  deep  dirty  brown  colour,  approaching  to 
black  ;  and  that  employed  in  reducing  the  oxide  of  gold,  being 
changed  to  a  yellowish-brown,  with  a  purple  hue. 

In  the  experiment  with  the  oxide  of  silver,  the  inside  of  the 
phial,  in  the  region  where  the  oil  reposed  on  the  aqueous  solu- 
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tion,  was  beautifully  silvered,  the  revived  metal  forming  a  nar¬ 
row  metallic  ring,  extending  quite  round  the  phial;  and,  in  both 
experiments,  small  detached  pellicles  of  revived  metal  were  vi¬ 
sible  in  the  oil,  and  adhered  in  several  places  to  the  inside  of 
the  phial,  forming  bright  spots,  in  which  the  colour  of  the  me¬ 
tal,  and  its  peculiar  splendour,  were  perfectly  conspicuous. 

Experiment  No.  15.  As  carbon  is  one  of  the  constituent  prin¬ 
ciples  of  spirit  of  wine,  as  well  as  of  essential  oils  and  sulphuric 
ether,  I  thought  it  possible  that  I  might  succeed  in  the  reduc¬ 
tion  of  the  oxide  of  gold,  by  mixing  alcohol,  with  an  aqueous 
solution  of  nitro-muriate  of  gold,  and  exposing  the  mixture,  in 
a  phial  well  closed,  to  the  heat  of  boiling  water ;  but  the  expe¬ 
riment  did  not  succeed. 

By  pouring  upon  this  mixture  a  small  quantity  of  oil  of 
olives,  and  exposing  it  again  to  the  heat  of  boiling  water,  the 
gold  was  revived. 

Is  it  not  probable,  that  the  reason  why  the  oxide  was  not 
reduced  by  alcohol,  is  the  mobility  of  those  elements,  which 
ought  to  act  on  each  other,  in  order  that  the  effect  in  question 
may  be  produced  ?  I  have  no  doubt  but  the  oxide  would  be 
reduced,  could  the  alcohol  be  made  to  rest  on  the  surface  of  the 
aqueous  solution,  without  mixing  with  it. 

I  wished  to  have  been  able  to  have  collected  and  examined 
the  elastic  fluids,  which  probably  were  formed  in  most  of  the 
preceding  experiments ;  but  my  time  was  so  much  taken  up 
with  other  matters,  that  I  had  not  leisure  to  pursue  these  inves¬ 
tigations  farther. 

In  order  to  see  what  effects  would  be  produced  by  the  heat 
generated  at  the  surface  of  an  opaque  body,  of  a  nature  different 
from  those  hitherto  used  in  the  reduction  of  the  metallic  oxides. 
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tmd  one  that  is  little  disposed  to  form  a  chemical  union  with 
oxygen,  ( magnesia  alba ,)  when,  being  immersed  in  an  aqueous 
solution  of  the  oxide  of  gold,  the  rays  of  the  sun  were  made 
to  impinge  on  it,  I  contrived  the  following  experiment. 

Experiment  No.  16.  I  took  four  small  thin  phials,  A,  B,  C, 
and  D,  of  very  fine  glass,  and,  putting  into  each  of  them  about 
five  grains  of  dry  magnesia  alba,  I  filled  the  phial  A,  nearly  full, 
with  a  saturated  aqueous  solution  of  the  oxide  of  gold. 

-  I  filled  the  phial  B,  in  like  manner,  with  some  of  the  same 
solution,  diluted  with  an  equal  quantity  of  distilled  water;  and 
the  phials  C  and  D  were  filled  with  the  solution  still  farther^ 
diluted. 

These  phials,  open  or  without  stoppers,  were  exposed  one 
whole  day  to  the  action  of  the  direct  rays  of  a  bright  sun,  their 
contents  being  often  well  mixed  together,  during  that  time,  by 
shaking. 

The  contents  of  all  these  phials  changed  colour,  more  or  less, 
but  they  acquired  very  different  hues.  The  contents  of  the 
phial  A  became  of  a  very  deep  rich  gold  colour ,  approaching  to 
orange,  the  earthy  sediment  being  throughout  of  the  same  tint. 

The  contents  of  the  phial  B,  which  were  at  first  of  a  light 
straw  colour,  first  changed  to  a  light  green,  and  then  to  a 
greenish  blue.  The  phial  having  been  suffered  to  stand  quiet 
several  days,  in  an  uninhabited  room,  in  a  retired  part  of  the 
house,  the  solution  became  nearly  colourless,  and  the  sediment 
was  found  to  be  of  a  dirty  olive  colour. 

The  colour  of  the  contents  of  the  phials  C  and  D  was  changed 
nearly  in  the  same  manner;  and,  having  been  suffered  to  stand 
quiet  two  or  three  days,  to  settle,  the  solution  was  found  to  be 
quite  colourless,  and  the  sediment  to  be  deeply  coloured.  There 
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was,  however,  a  very  remarkable  difference  in  the  hues  of  the 
two  phials  ;  that  of  the  phial  C  being  of  a  light  greenish-blue; 
while  that  in  the  phial  D  was  indigo,  and  of  so  deep  a  tint,  that 
it  might  easily  have  been  taken  for  black. 

These  appearances  were  certainly  very  striking,  and  well 
calculated  to  excite  my  curiosity ;  but  I  am  so  much  engaged 
in  public  business,  that  it  is  not  at  present  in  my  power  to  pur¬ 
sue  these  inquiries  farther.  I  wish  that  what  I  have  done  may 
induce  others,  who  have  more  time  to  spare,  to  devote  some 
portion  of  their  leisure  to  these  interesting  investigations. 


XXI.  Experiments  to  determine  the  Density  of  the  Earth.  By 
Henry  Cavendish,  Esq.  F.R.S.  and  A.S. 


Read  June  21, 1798. 
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M^any  years  ago,  the  late  Rev.  John  Michell,  of  this  Society, 
contrived  a  method  of  determining  the  density  of  the  earth,  by 
rendering  sensible  the  attraction  of  small  quantities  of  matter ; 
but,  as  he  was  engaged  in  other  pursuits,  he  did  not  complete 
the  apparatus  till  a  short  time  before  his  death,  and  did  not 
live  to  make  any  experiments  with  it.  After  his  death,  the 
apparatus  came  to  the  Rev.  Francis  John  Hyde  Wollaston, 
Jacksonian  Professor  at  Cambridge,  who,  not  having  conveni¬ 
ences  for  making  experiments  with  it,  in  the  manner  he  could 
wish,  was  so  good  as  to  give  it  to  me. 

The  apparatus  is  very  simple ;  it  consists  of  a  wooden  arm, 
6  feet  long,  made  so  as  to  unite  great  strength  with  little 
weight.  This  arm  is  suspended  in  an  horizontal  position,  by 
a  slender  wire  40  inches  long,  and  to  each  extremity  is  hung  a 
leaden  ball,  about  2  inches  in  diameter;  and  the  whole  is  in¬ 
closed  in  a  narrow  wooden  case,  to  defend  it  from  the  wind. 

As  no  more  force  is  required  to  make  this  arm  turn  round 
on  its  centre,  than  what  is  necessary  to  twist  the  suspending 
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wire,  it  is  plain,  that  if  the  wire  is  sufficiently  slender,  the  most 
minute  force,  such  as  the  attraction  of  a  leaden  weight  a  few 
inches  in  diameter,  will  be  sufficient  to  draw  the  arm  sensibly 
aside.  The  weights  which  Mr.  Michell  intended  to  use  were 
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8  inches  diameter.  One  of  these  was  to  be  placed  on  one  side  the 
case,  opposite  to  one  of  the  balls,  and  as  near  it  as  could  conve¬ 
niently  be  done,  and  the  other  on  the  other  side,  opposite  to  the 
other  ball,  so  that  the  attraction  of  both  these  weights  would  con¬ 
spire  in  drawing  the  arm  aside;  and,  when  its  position,  as  affected 
by  these  weights,  was  ascertained,  the  weights  were  to  be  re¬ 
moved  to  the  other  side  of  the  case,  so  as  to  draw  the  arm  the 
contrary  way,  and  the  position  of  the  arm  was  to  be  again  de¬ 
termined  ;  and,  consequently,  half  the  difference  of  these  posi¬ 
tions  would  shew  how  much  the  arm  was  drawn  aside  by  the 
attraction  of  the  weights. 

In  order  to  determine  from  hence  the  density  of  the  earth,  it 
is  necessary  to  ascertain  what  force  is  required  to  draw  the  arm 
aside  through  a  given  space.  This  Mr.  Michell  intended  to 
do,  by  putting  the  arm  in  motion,  and  observing  the  time  of  its 
vibrations,  from  which  it  may  easily  be  computed.* 

Mr.  Michell  had  prepared  two  wooden  stands,  on  which 
the  leaden  weights  were  to  be  supported,  and  pushed  forwards, 
till  they  came  almost  in  contact  with  the  case ;  but  he  seems 
to  have  intended  to  move  them  by  hand. 

As  the  force  with  which  the  balls  are  attracted  by  these 


weights  is  excessively  minute, 


not  more  than  of  their 


weight,  it  is  plain,  that  a  very  minute  disturbing  force  will  be 
sufficient  to  destroy  the  success  of  the  experiment ;  and,  from 
the  following  experiments  it  will  appear,  that  the  disturbing 


*  Mr.  Coulomb  has,  in  a  variety  of  cases,  used  a  contrivance  of  this  kind  for 
trying  small  attractions;  but  Mr.  Michell  informed  me  of  his  intention  of  making 
this  experiment,  and  of  the  method  he  intended  to  use,  before  the  publication  of  any 
of  Mr.  Cqulomb’s  experiments. 
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force  most  difficult  to  guard  against,  is  that  arising  from  the 
variations  of  heat  and  cold;  for,  if  one  side  of  the  case  is  warmer 
than  the  other,  the  air  in  contact  with  it  will  be  rarefied,  and, 
in  consequence,  will  ascend,  while  that  on  the  other  side  will 
descend,  and  produce  a  current  which  will  draw  the  arm  sen¬ 
sibly  aside.* 

As  I  was  convinced  of  the  necessity  of  guarding  against  this 
source  of  error,  I  resolved  to  place  the  apparatus  in  a  room 
which  should  remain  constantly  shut,  and  to  observe  the  motion 
of  the  arm  from  without,  by  means  of  a  telescope;  arid  to  sus¬ 
pend  the  leaden  weights  in  such  manner,  that  I  could  move  them 
without  entering  into  the  room.  This  difference  in  the  man¬ 
ner  of  observing,  rendered  it  necessary  to  make  some  alteration 
in  Mr.  Micheli/s  apparatus ;  and,  as  there  were  some  parts  of 
it  which  I  thought  not  so  convenient  as  could  be  wished,  I 
chose  to  make  the  greatest  part  of  it  afresh. 

Fig.  1.  (Tab.  XXIII.)  is  a  longitudinal  vertical  section 
through  the  instrument,  and  the  building  in  which  it  is  placed. 
ABCDDCBAEFFE,  is  the  case ;  x  and  x  are  the  two  balls, 
which  are  suspended  by  the  wires  hx  from  the  arm  gbmb , 
which  is  itself  suspended  by  the  slender  wire  gl.  This  arm 
consists  of  a  slender  deal  rod  btnb,  strengthened  by  a  silver 

*  M.  Cass  i  n  i,  in  observing  the  variation  compass  placed  by  him  in  the  Observatory, 
(which  was  constructed  so  as  to  make  very  minute  changes  of  position  visible,  and 
in  which  the  needle  was  suspended  by  a  silk  thread,)  found  that  standing  near  the  box, 
in  order  to  observe,  drew  the  needle  sensibly  aside ;  which  I  have  no  doubt  was  caused 
by  this  current  of  air.  It  must  be  observed,  that  his  compass-box  was  of  metal,  which 
transmits  heat  faster  than  wood,  and  also  was  many  inches  deep ;  both  which  causes 
served  to  increase  the  current  of  air.  To  diminish  the  effect  of  this  current,  it  is  by 
all  means  advisable  to  make  the  box,  in  which  the  needle  plays,  not  much  deeper  than 
is  necessary  to  prevent  the  needle  from  striking  against  the  top  and  bottom. 
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wire  hgh  ;  by  which  means  it  is  made  strong  enough  to  sup¬ 
port  the  balls,  though  very  light.* 

The  case  is  supported,  and  set  horizontal,  by  four  screws,  rest¬ 
ing  on  posts  fixed  firmly  into  the  ground  :  two  of  them  are 
represented  in  the  figure,  by  S  and  S ;  the  two  others  are  not 
represented,  to  avoid  confusion.  GG  and  GG  are  the  end  walls 
of  the  building.  W  and  W  are  the  leaden  weights ;  which  are 
suspended  by  the  copper  rods  RrPrR,  and  the  wooden  bar  rr, 
from  the  centre  pin  P p.  This  pin  passes  through  a  hole  in  the 
beam  HH,  perpendicularly  over  the  centre  of  the  instrument,  * 
and  turns  round  in  it,  being  prevented  from  falling  by  the 
plate p.  MM  is  a  pulley,  fastened  to  this  pin ;  and  Mm,  a  cord 
wound  round  the  pulley,  and  passing  through  the  end  wall; 
by  which  the  observer  may  turn  it  round,  and  thereby  move 
the  weights  from  one  situation  to  the  other. 

Fig.  2.  (Tab.  XXIV.)  is  a  plan  of  the  instrument.  AAAA  is  the 
case.  SSSS,  the  four  screws  for  supporting  it.  hh ,  the  arm  and 
balls.  Wand  W,  the  weights.  MM,  the  pulley  for  moving  them. 
When  the  weights  are  in  this  position,  both  conspire  in  drawing 
the  arm  in  the  direction  h  W;  but,  when  they  are  removed  to  the 
situation  w  and  zv,  represented  by  the  dotted  lines,  both  conspire 
in  drawing  the  arm  in  the  contrary  direction  b  w.  These  weights 
are  prevented  from  striking  the  instrument,  by  pieces  of  wood, 
which  stop  them  as  soon  as  they  come  within  ~  of  an  inch  of  the 

*  Mr.  Mich  ell’s  rod  was  entirely  of  wood,  and  was  much  stronger  and  stiffer 
than  this,  though  not  much  heavier ;  but,  as  it  had  warped  when  it  came  to  me,  I  chose 
to  make  another,  and  preferred  this  form,  partly  as  being  easier  to  construct  and 
meeting  with  less  resistance  from  the  air,  and  partly  because,  from  its  being  of  a  less 
complicated  form,  I  could  more  easily  compute  how  much  it  was  attracted  by  the 
weights. 
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case.  The  pieces  of  wood  are  fastened  to  the  wall  of  the  build¬ 
ing  ;  and  I  find,  that  the  weights  may  strike  against  them  with 
considerable  force,  without  sensibly  shaking  the  instrument. 

In  order  to  determine  the  situation  of  the  arm,  slips  of  ivory 
are  placed  within  the  case,  as  near  to  each  end  of  the  arm  as 
can  be  done  without  danger  of  touching  it,  and  are  divided  to 
2oths  of  an  inch.  Another  small  slip  of  ivory  is  placed  at  each 
end  of  the  arm,  serving  as  a  vernier,  and  subdividing  these 
divisions  into  5  parts ;  so  that  the  position  of  the  arm  may  be 
observed  with  ease  to  looths  of  an  inch,  and  may  be  estimated 
to  less.  These  divisions  are  viewed,  by  means  of  the  short  tele¬ 
scopes  T  and  T,  (fig.  1.)  through  slits  cut  in  the  end  of  the  case, 
and  stopped  with  glass ;  they  are  enlightened  by  the  lamps  L 
and  L,  with  convex  glasses,  placed  so  as  to  throw  the  light  on 
the  divisions ;  no  other  light  being  admitted  into  the  room. 

The  divisions  on  the  slips  of  ivory  run  in  the  direction  Wit/, 
(fig.  2.)  so  that,  when  the  weights  are  placed  in  the  positions 
w  and  zu,  represented  by  the  dotted  circles,  the  arm  is  drawn 
aside,  in  such  direction  as  to  make  the  index  point  to  a  higher 
number  on  the  slips  of  ivory;  for  which  reason,  I  call  this  the 
positive  position  of  the  weights. 

FK,  (fig.i.)  is  a  wooden  rod,  which,  by  means  of  an  endless 
screw,  turns  round  the  support  to  which  the  wire  gl  is  fastened, 
and  thereby  enables  the  observer  to  turn  round  the  wire,  till  the 
arm  settles  in  the  middle  of  the  case,  without  danger  of  touch¬ 
ing  either  side.  The  wire  g  l  is  fastened  to  its  support  at  top, 
and  to  the  centre  of  the  arm  at  bottom,  by  brass  clips,  in  which 
it  is  pinched  by  screws. 

In  these  two  figures,  the  different  parts  are  drawn  nearly  in 
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the  proper  proportion  to  each  other,  and  on  a  scale  of  one  to 
thirteen. 

Before  I  proceed  to  the  account  of  the  experiments,  it  will  be 
proper  to  say  something  of  the  manner  of  observing.  Suppose 
the  arm  to  be  at  rest,  and  its  position  to  be  observed,  let  the 
weights  be  then  moved,  the  arm  will  not  only  be  drawn  aside 
thereby,  but  it  will  be  made  to  vibrate,  and  its  vibrations  will 
continue  a  great  while;  so  that,  in  order  to  determine  how  much 
the  arm  is  drawn  aside,  it  is  necessary  to  observe  the  extreme 
points  of  the  vibrations,  and  from  thence  to  determine  the  point 
which  it  would  rest  at  if  its  motion  was  destroyed,  or  the  point 
of  rest,  as  I  shall  call  it.  To  do  this,  I  observe  three  successive 
extreme  points  of  a  vibration,  and  take  the  mean  between  the  first 
and  third  of  these  points,  as  the  extreme  point  of  vibration  in  one 
direction,  and  then  assume  the  mean  between  this  and  the  se¬ 
cond  extreme,  as  the  point  of  rest ;  for,  as  the  vibrations  are 
continually  diminishing,  it  is  evident,  that  the  mean  between 
two  extreme  points  will  not  give  the  true  point  of  rest. 

It  may  be  thought  more  exact,  to  observe  many  extreme 
points  of  vibration,  so  as  to  find  the  point  of  rest  by  different 
sets  of  three  extremes,  and  to  take  the  mean  result;  but  it  must 
be  observed,  that  notwithstanding  the  pains  taken  to  prevent 
any  disturbing  force,  the  arm  will  seldom  remain  perfectly  at 
rest  for  an  hour  together;  for  which  reason,  it  is  best  to  deter¬ 
mine  the  point  of  rest,  from  observations  made  as  soon  after  the 
motion  of  the  weights  as  possible. 

The  next  thing  to  be  determined  is  the  time  of  vibration, 
which  I  find  in  this  manner :  I  observe  the  two  extreme  points 
of  a  vibration,  and  also  the  times  at  which  the  arm  arrives  at 
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two  given  divisions  between  these  extremes,  taking  care,  as  well 
as  I  can  guess,  that  these  divisions  shall  be  on  different  sides  of 
the  middle  point,  and  not  very  far  from  it.  I  then  compute 
the  middle  point  of  the  vibration,  and,  by  proportion,  find  the 
time  at  which  the  arm  comes  to  this  middle  point.  I  then,  after 
a  number  of  vibrations,  repeat  this  operation,  and  divide  the 
interval  of  time,  between  the  coming  of  the  arm  to  these  two 
middle  points,  by  the  number  of  vibrations,  which  gives  the 
time  of  one  vibration.  The  following  example  will  explain 
what  is  here  said  more  clearly. 


Extreme 

Points. 

Division. 

Time. 

Point  of 
rest. 

Time  of  middle 
of  vibration. 

27,2 

25 

h.  ,  . 

IO  23  41 

h.  ,  u 

10  23  23 

22,1 

24 

57  J 

24,6 

27 

- 

- 

34.7 

22,6 

- 

- 

24.75 

26,8 

— 

- 

24,8 

23 

- 

- 

24,85 

2  6,6 

- 

- 

24>9 

2  5 

11  5  22\ 

_ 

11  5  22 

23,4. 

24 

6  48} 

t 

The  first  column  contains  the  extreme  points  of  the  vibra¬ 
tions.  The  second,  the  intermediate  divisions.  The  third,  the 
time  at  which  the  arm  came  to  these  divisions ;  and  the  fourth, 
the  point  of  rest,  which  is  thus  found :  the  mean  between  the 
first  and  third  extreme  points  is  27,1,  and  the  mean  between 
this  and  the  second  extreme  point  is  24 ,6,  which  is  the  point  of 
rest,  as  found  by  the  three  first  extremes.  In  like  manner,  the 
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point  of  rest  found  by  the  second,  third,  and  4th  extremes,  is 
24,7,  and  so  on.  The  fifth  column  is  the  time  at  which  the 
arm  came  to  the  middle  point  of  the  vibration,  which  is  thus 
found :  the  mean  between  27,2  and  22,1  is  24,65,  and  is  the 
middle  point  of  the  first  vibration ;  and,  as  the  arm  came  to  25 
at  ioh  23'  4",  and  to  24  at  ioh  23'  57",  we  find,  by  proportion, 
that  it  came  to  24,65  at  ioh  23'  23".  In  like  manner,  the  arm 
came  to  the  middle  of  the  seventh  vibration  at  nh  5'  22";  and, 
therefore,  six  vibrations  were  performed  in  4 i'  59",  or  one  vibra¬ 
tion  in  7'  o". 

To  judge  of  the  propriety  of  this  method,  we  must  consider 
in  what  manner  the  vibration  is  affected  by  the  resistance  of 
the  air,  and  by  the  motion  of  the  point  of  rest. 

Let  the  arm,  during  the  first  vibration,  move  from  D  to  B,  (Tab. 
XXIV.  fig.  3.)  and,  during  the  second,  from  B  tod;  Br/beingless 
thanDB,  on  account  of  the  resistance.  Bisect  DB  inM,  and  Bd  in 
m,  and  bisect  Mm  in  n,  and  let  x  be  any  point  in  the  vibration  ; 
then,  if  the  resistance  is  proportional  to  the  square  of  the  velocity, 
the  whole  time  of  a  vibration  is  very  little  altered ;  but,  if  T  is 
taken  to  the  time  of  one  vibration,  as  the  diameter  of  a  circle 
to  its  semicircumference,  the  time  of  moving  from  B  to  n  ex¬ 
ceeds  \  a  vibration,  by  -  -XB^  A  nearly ;  and  the  time  of  moving 

from  B  to  m  falls  short  of  ±  a  vibration,  by  as  much ;  and  the 
time  of  moving  from  B  to  x,  in  the  second  vibration,  exceeds 

that  of  moving  from  x  to  B,  in  the  first,  by  -T*  D— *  B- — -* 

supposing  Dd  to  be  bisected  in  so  that,  if  a  mean  is  taken, 
between  the  time  of  the  first  arrival  of  the  arm  at  x  and  its  re¬ 
turning  back  to  the  same  point,  this  mean  will  be  earlier  than 

the  true  time  of  its  coming  to  B,  by 
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The  effect  of  motion  in  the  point  of  rest  is,  that  when  the 
arm  is  moving  in  the  same  direction  as  the  point  of  rest,  the 
time  of  moving  from  one  extreme  point  ot  vibration  to  the 
other  is  increased,  and  it  is  diminished  when  they  aie  moving 
in  contrary  directions ;  but,  if  the  point  of  rest  moves  uniformly, 
the  time  of  moving  from  one  extreme  to  the  middle  point  of 
the  vibration,  will  be  equal  to  that  of  moving  from  the  middle 
point  to  the  other  extreme,  and  moreover,  the  time  of  two  suc¬ 
cessive  vibrations  will  be  very  little  altered ;  and,  therefore,  the 
time  of  moving  from  the  middle  point  of  one  vibration  to  the 
middle  point  of  the  next,  will  also  be  very  little  altered. 

It  appears,  therefore,  that  on  account  of  the  resistance  of 
the  air,  the  time  at  which  the  arm  comes  to  the  middle  point  of 
the  vibration,  is  not  exactly  the  mean  between  the  times  of  its 
coming  to  the  extreme  points,  which  causes  some  inaccuracy 
in  my  method  of  finding  the  time  of  a  vibration.  It  must  be 
observed,  however,  that  as  the  time  of  coming  to  the  middle 
point  is  before  the  middle  of  the  vibration,  both  in  the  first  and 
last  vibration,  and  in  general  is  nearly  equally  so,  the  error 
produced  from  this  cause  must  be  inconsiderable ;  and,  on  the 
whole,  I  see  no  method  of  finding  the  time  of  a  vibration  which 

is  liable  to  less  objection. 

The  time  of  a  vibration  may  be  determined,  either  by  pre¬ 
vious  trials,  or  it  may  be  done  at  each  experiment,  b'y  ascer¬ 
taining  the  time  of  the  vibrations  which  the  arm  is  actually  put 
into  by  the  motion  of  the  weights ;  but  there  is  one  advantage 
in  the  latter  method,  namely,  that  if  there  should  be  any  acci¬ 
dental  attraction,  such  as  electricity,  in  the  glass  plates  through 
which  the  motion  of  the  arm  is  seen,  which  should  increase 
the  force  necessary  to  draw  the  arm  aside,  it  would  also  dnm- 
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nish  the  time  of  vibration;  and,  consequently,  the  error  in  the 
result  would  be  much  less,  when  the  force  required  to  draw  the 
arm  aside  was  deduced  from  experiments  made  at  the  time, 
than  when  it  was  taken  from  previous  experiments. 

Account  of  the  Experiments. 

In  my  first  experiments,  the  wire  by  which  the  arm  was  sus¬ 
pended  was  39^-  inches  long,  and  was  of  copper  silvered,  one 
foot  of  which  weighed  grains  :  its  stiffness  was  such,  as  to 
make  the  arm  perform  a  vibration  in  about  15  minutes.  I  imme¬ 
diately  found,  indeed,  that  it  was  not  stiff  enough,  as  the  at¬ 
traction  of  the  weights  drew  the  balls  so  much  aside,  as  to  make 
them  touch  the  sides  of  the  case ;  I,  however,  chose  to  make 
some  experiments  with  it,  before  I  changed  it. 

In  this  trial,  the  rods  by  which  the  leaden  weights  were  sus¬ 
pended  were  of  iron ;  for,  as  I  had  taken  care  that  there  should 
be  nothing  magnetical  in  the  arm,  it  seemed  of  no  signification 
whether  the  rods  were  magnetical  or  not ;  but,  for  greater  se¬ 
curity,  I  took  off  the  leaden  weights,  and  tried  what  effect  the 
rods  would  have  by  themselves.  Now  I  find,  by  computation, 
that  the  attraction  of  gravity  of  these  rods  on  the  balls,  is  to 
that  of  the  weights,  nearly  as  17  to  2500  ;  so  that,  as  the  attrac¬ 
tion  of  the  weights  appeared,  by  the  foregoing  trial,  to  be  suffi¬ 
cient  to  draw  the  arm  aside  by  about  15  divisions,  the  attraction 
of  the  rods  alone  should  draw  it  aside  about  txq  of  a  division ; 
and,  therefore,  the  motion  of  the  rods  from  one  near  position  to 
the  other,  should  move  it  about  ±  of  a  division. 

The  result  of  the  experiment  was,  that  for  the  first  15 
minutes  after  the  rods  were  removed  from  one  near  position 
to  the  other,  very  little  motion  was  produced  in  the  arm,  and 
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hardly  more  than  ought  to  be  produced  by  the  action  of  gra¬ 
vity;  but  the  motion  then  increased,  so  that,  in  about  a  quarter 
or  half  an  hour  more,  it  was  found  to  have  moved  -j  or  l-f- 
division,  in  the  same  direction  that  it  ought  to  have  done  by 
the  action  of  gravity.  On  returning  the  irons  back  to  their 
former  position,  the  arm  moved  backward,  in  the  same  man¬ 
ner  that  it  before  moved  forward. 

It  must  be  observed,  that  the  motion  of  the  arm,  in  these 
experiments,  was  hardly  more  than  would  sometimes  take  place 
without  any  apparent  cause ;  but  yet,  as  in  three  experiments 
which  were  made  with  these  rods,  the  motion  was  constantly 
of  the  same  kind,  though  differing  in  quantity  from  \  to 
division,  there  seems  great  reason  to  think  that  it  was  pro¬ 
duced  by  the  rods. 

As  this  effect  seemed  to  me  to  he  owing  to  magnetism, 
though  it  was  not  such  as  I  should  have  expected  from  that 
cause,  I  changed  the  iron  rods  for  copper,  and  tried  them  as 
before;  the  result  was,  that  there  still  seemed  to  be  some 
effect  of  the  same  kind,  but  more  irregular,  so  that  I  attributed 
it  to  some  accidental  cause,  and  therefore  hung  on  the  leaden 
weights,  and  proceeded  with  the  experiments. 

It  must  be  observed,  that  the  effect  which  seemed  to  be  pro¬ 
duced  by  moving  the  iron  rods  from  one  near  position  to  the 
other,  was,  at  a  medium,  not  more  than  one  division;  whereas 
the  effect  produced  by  moving  the  weight  from  the  midway  to 
the  near  position,  was  about  15  divisions;  so  that,  if  I  had  con¬ 
tinued  to  use  the  iron  rods,  the  error  in  the  result  caused  there¬ 
by,  could  hardly  have  exceeded  ~  of  the  whole. 
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EXPERIMENT  I.  Aug.  5. 


Weights  in  midway  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

Difference. 

11.4 

n,5 

11.5 

h-  ,  , 

9  42  o 

55  0 

10  5  0 

n>5 

t  » 

At  ioh  5',  weights  moved  to  positive  position. 


23,4 

27,6' 

—  a. 

25,82 

24,7 

- 

- 

26,07 

27,3 

- 

- 

26,1 

25,1 

— 

“ 

At  nh  6',  weights  returned  back  to  midway  position. 


5, 

1 1 

0  O 

48-1 

O  1  13 

18,2 

12 

1 

3  of 

- 

- 

- 

1  2 

—  — 

12 

16 

2  9\ 

l6  9 

11 

17 

20/ 

6,6 

mm 

- 

- 

11,92 

—  _ 

11 

3° 

241 

3°  45 

12 

3i 

16,3 

- 

— 

- 

11,72 

—  _ 

12 

11 

45 

47 

GO  ^ 
*0 

- 

45  58 

7,7 

14  56 


H  36 


15  13 


Motion  on  moving  from  midway  to  pos. 

pos.  to  midway 
Time  of  one  vibration 


=  14,32 
=  14’1 
=  14'  55" 
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It  must  be  observed,  that  in  this  experiment,  the  attraction 
of  the  weights  drew  the  arm  from  11,5  to  25,8,  so  that,  if  no 
contrivance  had  been  used  to  prevent  it,  the  momentum  ac¬ 
quired  thereby  would  have  carried  it  to  near  40,  and  would, 
therefore,  have  made  the  balls  to  strike  against  the  case.  To 
prevent  this,  after  the  arm  had  moved  near  15  divisions,  I  re¬ 
turned  the  weights  to  the  midway  position,  and  let  them  remain 
there,  till  the  arm  came  nearly  to  the  extent  of  its  vibration,  and 
then  again  moved  them  to  the  positive  position,  whereby  the 
vibrations  were  so  much  diminished,  that  the  balls  did  not 
touch  the  sides ;  and  it  was  this  which  prevented  my  obser¬ 
ving  the  first  extremity  of  the  vibration.  A  like  method  was 
used,  when  the  weights  were  returned  to  the  midway  position, 
and  in  the  two  following  experiments. 

The  vibrations,  in  moving  the  weights  from  the  midway  to 
the  positive  position,  were  so  small,  that  it  was  thought  not 
worth  while  to  observe  the  time  of  the  vibration.  When  the 
weights  were  returned  to  the  midway  position,  I  determined 
the  time  of  the  arm’s  coming  to  the  middle  point  of  each  vibra¬ 
tion,  in  order  to  see  how  nearly  the  times  of  the  different  vi¬ 
brations  agreed  together.  In  great  part  of  the  following  expe¬ 
riments,  I  contented  myself  with  observing  the  time  of  its 
coming  to  the  middle  point  of  only  the  first  and  last  vibration. 
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EXPERIMENT  II.  Aug.  6. 

Weights  in  midway  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Timeof  mid. 
of  vibration. 

Difference 

/  a 

h*  /  n 

/  H 

11 

O 

O 

T* 

11 

11  O 

/ 

11 

17  O 

1 1 

2  5  0 

11, 

Weights  moved  to  positive  position. 


2  9>3 

26,87 

24,1 

- 

- 

30 

- 

mm  MB 

2  7,57 

26,2 

- 

- 

28,02 

29,7 

- 

28,12 

2  6,9 

- 

- 

28,05 

28,7 

- 

- 

27,85 

27,1 

28,4 

27,82 

Weights  returned  to  midway  position. 


6 

12 

1  3  5°l 

14  1 

13 

4  34J 

18,5 

- 

- 

12.37 

tm  mm 

13 

12 

18  2Q\ 

19  l8J 

— 

18  53 

6,5 

- 

- 

11,67 

-  - 

1 1 

33  48} 

33  39 

12 

34  51  J 

i5>2 

- 

—  — 

11 

—  *■* 

13 

12 

45  8) 

46  22  J 

— 

47  25 

14  52 


14  46 


13  46 
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Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

Difference. 

7>* 

*3>6 

1 1 

12 

h*  ,  n 

3  3  481 

5  18/ 

10  75 

h*  /  a 

2  2  50 

/  II 

15  25 

Motion  of  arm  on  moving  weights  from 

midway  to  pos. 
pos.  to  midway 
Time  of  one  vibration  - 


=  i5>87 
=  15*45 
=  14'  42" 


Experiment  hi.  Aug.  7. 

The  weights  being  in  the  positive  position,  and  the 

arm  a  little  in  motion. 


Si*5 

29 

mm 

30,12 

3i 

- 

- 

- 

30*02 

29*  1 

Weights  moved  to  midway  position. 


9 

14 

10  34 

00  00 

T— » 

10  34  55 

35 

35 

14,8 

20,5 

— 

— 

— 

—  — 

15 

49 

&} 

— 

49  39 

14 

5° 

27  J 

9*3 

- 

— 

14.07 

—  — 

14 

15 

11  5 
6 

7) 

18/ 

u  4 17 
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Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

Difference. 

17.4 

h-  ,  * 

13>52 

h-  ,  , 

t  H 

14  47 

> 

10,1 

*4 

13 

11  l8  46! 
>9  58/ 

♦ 

13.3 

11  19  4 

14  27 

1 

15>6 

13 

14 

33  4®  I 
35  b6J 

. 

- 

33  31 

Weights  moved  to  positive  position. 


32 

28 

0  2  48  -| 

0  2  59 

27 

3  5®) 

23>7 

- 

- 

27,8 

31*8 

- 

- 

28,27 

/ 

25,8 

- 

-  - 

28,62 

27 

28 

44  58  1 

4®  50  -> 

- 

47  4° 

31’! 

Motion  of  the  arm  on  moving  weights  from 

_/ 

pos.  to  mid.  -  =  15,22 

mid.  to  pos.  -  =  14,5 

Time  of  one  vibration,  when  in  mid.  position  =14'  39" 

pos.  position  =  14  54 

1 

These  experiments  are  sufficient  to  shew,  that  the  attraction 
of  the  weights  on  the  balls  is  very  sensible,  and  are  also  suffi¬ 
ciently  regular  to  determine  the  quantity  of  this  attraction 
pretty  nearly,  as  the  extreme  results  do  not  differ  from  each 
other  by  more  than  ~  part.  But  there  is  a  circumstance  in 
them,  the  reason  of  which  does  not  readily  appear,  namely, 
that  the  effect  of  the  attraction  seems  to  increase,  for  half  an 
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hour,  or  an  hour,  after  the  motion  of  the  weights  ;  as  it  may  be 
observed,  that  in  all  three  experiments,  the  mean  position  kept 
increasing  for  that  time,  after  moving  the  weights  to  the  posi¬ 
tive  position ;  and  kept  decreasing,  after  moving  them  from  the 
positive  to  the  midway  position. 

The  first  cause  which  occurred  to  me  was,  that  possibly  there 
might  be  a  want  of  elasticity,  either  in  the  suspending  wire,  or 
something  it  was  fastened  to,  which  might  make  it  yield  more 
to  a  given  pressure,  after  a  long  continuance  of  that  pressure, 
than  it  did  at  first. 

To  put  this  to  the  trial,  I  moved  the  index  so  much,  that  the 
arm,  if  not  prevented  by  the  sides  of  the  case,  would  have  stood 
at  about  50  divisions,  so  that,  as  it  could  not  move  farther  than 
to  35  divisions,  it  was  kept  in  a  position  15  divisions  distant 
from  that  which  it  would  naturally  have  assumed  from  the  stiff¬ 
ness  of  the  wire ;  or,  in  other  words,  the  wire  was  twisted  15 
divisions.  After  having  remained  two  or  three  hours  in  this 
position,  the  index  was  moved  back,  so  as  to  leave  the  arm  at 
liberty  to  assume  its  natural  position. 

It  must  be  observed,  that  if  a  wire  is  twisted  only  a  little 
more  than  its  elasticity  admits  of,  then,  instead  of  setting, 
as  it  is  called,  or  acquiring  a  permanent  twist  all  at  once,  it 
sets  gradually,  and,  when  it  is  left  at  liberty,  it  gradually  loses 
part  of  that  set  which  it  acquired  ;  so  that  if,  in  this  experiment, 
the  wire,  by  having  been  kept  twisted  for  two  or  three  hours, 
had  gradually  yielded  to  this  pressure,  or  had  begun  to  set,  it 
would  gradually  restore  itself,  when  left  at  liberty,  and  the  point 
of  rest  would  gradually  move  backwards ;  but,  though  the  ex¬ 
periment  was  twice  repeated,  I  could  not  perceive  any  such 
effect. 

The  arm  was  next  suspended  by  a  stiffer  wire. 
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EXPERIMENT  IV.  Aug.  12. 
Weights  in  midway  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

Difference. 

21,6 

21,5 

21,5 

h-  ,  „ 

9  3°  0 

52  0 

10  13  0 

21,5 

,  a 

/  // 

Weights  moved  from  midway  to  positive  position. 


27,2 

22,1 

24,6 

27 

- 

-  - 

24,67 

22,6 

- 

- 

2475 

26,8 

- 

-  - 

24,8 

23>° 

- 

- 

24,85 

2  6,6 

- 

- 

24,9 

23.4 

— 

Weights  moved  to  negative  position. 


15 

17 

19 

19 

20 

22,4 

- 

- 

20 

26 

19 

27 

15, 1 

— 

— 

19 

35 

21,5 

20 

— 

20 

40 

19 

41 

15,3 

-  ^ 

- 

18 

48 

20,8 

19 

49 

- 

- 

19 

54 

18 

55 

15,5 

25  \ 
41  J 

- 

10  20  31 

- 

18,72 

-  - 

45  l 
22  / 

- 

2 7  3i 

- 

18,52 

-  - 

48 } 

- 

34  28 

- 

18,35 

-  - 

23 1 
is} 

- 

41  5i 

18,22 

-  - 

36  \ 

24  > 

-  ■ 

48  39 

- 

18,1 

-  - 

45  \ 
45  J 

- 

55  37 

7  o 
6  57 


7  23 


6  48 


6  58 
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V 

Extreme 

points. 

Divisions. 

Time. 

3b3 

\ 

25 

^  •  /  H 

11  IO  23  1 

23 

11  3/ 

go, 6 

22 

23 

17  6  l 

2  6  J 

M 

GO 

23 

23 

24  33  l 

25  17  / 

2  9>9 

23 

25 

31  21  -i 
3®  9  f 

*9>4 

25 

23 

38  39  \ 

39  31  / 

29.3 

23 

23 

45  16  ) 

46  12  J 

Point  of 
rest. 

Time  of  mid 
of  vibration. 

Differen 

h*  1  0 

11  IO  40 

/  a 

24,02 

17  43 

7  3 

24,17 

24  44 

7  1 

24,32 

3i  49 

7  5 

24,4 

38  48 

6  59 

24,3 

45  54 

7  6 

Motion  of  arm  on  moving  weights  from 

midway  to  pos.  -  =  3,1 

pos.  to  neg.  -  =  6,18 

neg.  to  pos.  -  =  5,92 

Time  of  one  vibration  in  neg.  position  -  =  J'  1" 

pos.  position  -  =73 
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EXPERIMENT  V.  Aug.  20. 

The  weights  being  in  the  positive  position,  the  arm  was  made 
to  vibrate,  by  moving  the  index. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

Difference. 

29.6 
21,1 

29> 

21.6 

- 

k*  ,  n 

25,2 

25.17 

h*  /  u 

I  # 

Weights  moved  to  negative  position. 


22,6 

/ 

20 

10  22  47  1 

10  23  11 

*9 

23  3°  J 

16,3 

- 

- 

19.27 

21,9 

- 

- 

19.15 

16,5 

- 

- 

19.1 

21,5 

- 

- 

19.07 

16,8 

- 

- 

19.07 

21,2 

- 

- 

19.07 

17A 

•- 

- 

19.05 

20,8 

- 

- 

19.02 

r- 

- 

19.05 

20,6 

- 

-  - 

19,02 

•  20 

19 

11  92  l6  1 

33  58/ 

- 

11  33  53 

17,5 

i 

—  — 

18,97 

19 

41  l6  j 

41  6 

20 

43  0  * 

20,3 

# 
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4% 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

„  20,2 

24 

2  6 

h*  ,  tr 

11  49  10  -I 
50  19  J 

m m 

29,4 

— 

- 

24  ’95 

20,8 

2  6  , 
25 

56  15  -1 
47  ; 

24,92 

28,7 

- 

- 

24,87 

21,3 

- 

-  - 

24.85 

28,1 

- 

-  - 

.34.75 

.21,5 

- 

- 

24,67 

2  7,6 

- 

-  - 

24,67 

22 

- 

—  — 

247 

24 

0  45  48  j 

27,2 

25 

4^  43  ; 

24.7 

25 

53  n  ) 

22,4 

24 

54  9  J 

Time  of  mid. 
of  vibration. 


ii  49  37 


56  44 


O  46  21 


53 


Difference. 


/  II 


7  7 


7  i 


Motion  of  arm  on  moving  weights  from 


pos.  to  neg.  -  -  =  5>9 

neg.  to  pos.  =  5>98 

Time  of  one  vibration,  when  weights  are  in 

neg.  position  -  -  =7' 5" 

pos.  position  -  -  =75 

In  the  fourth  experiment,  the  effect  of  the  weights  seemed  to 

\ 

increase  on  standing,  in  all  three  motions  of  the  weights,  con¬ 
formably  to  what  was  observed  with  the  former  wire ;  but,  in 
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the  last  experiment,  the  case  was  different;  for  though,  on 
moving  the  weights  from  positive  to  negative,  the  effect  seemed 
to  increase  on  standing,  yet,  on  moving  them  from  negative  to 
positive,  it  diminished. 

My  next  trials  were,  to  see  whether  this  effect  was  owing  to 
magnetism.  Now,  as  it  happened,  the  case  in  which  the  arm  was 
inclosed,  was  placed  nearly  parallel  to  the  magnetic  east  and 
west,  and  therefore,  if  there  was  any  thing  magnetic  in  the 
balls  and  weights,  the  balls  would  acquire  polarity  from  the 
earth ;  and  the  weights  also,  after  having  remained  some  time, 
either  in  the  positive  or  negative  position,  would  acquire  po¬ 
larity  in  the  same  direction,  and  would  attract  the  balls;  but, 
when  the  weights  were  moved  to  the  contrary  position,  that 
pole  which  before  pointed  to  the  north,  would  point  to  the  south, 
and  would  repel  the  ball  it  was  approached  to ;  but  yet,  as  re¬ 
pelling  one  ball  towards  the  south  has  the  same  effect  on  the 
arm  as  attracting  the  other  towards  the  north,  this  would  have 
no  effect  on  the  position  of  the  arm.  After  some  time,  how¬ 
ever,  the  poles  of  the  weight  would  be  reversed,  and  would 
begin  to  attract  the  balls,  and  would  therefore  produce  the 
same  kind  of  effect  as  was  actually  observed. 

To  try  whether  this  was  the  case,  I  detached  the  weights 
from  the  upper  part  of  the  copper  rods  by  which  they  were 
suspended,  but  still  retained  the  lower  joint,  namely,  that 
which  passed  through  them ;  I  then  fixed  them  in  their  posi¬ 
tive  position,  in  such  manner,  that  they  could  turn  round  on 
this  joint,  as  a  vertical  axis.  I  also  made  an  apparatus,  by  which 
I  could  turn  them  half  way  round,  on  these  vertical  axes,  with¬ 
out  opening  the  door  of  the  room. 

Having  suffered  the  apparatus  to  remain  in  this  manner  for 
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a  day,  I  next  morning  observed  the  arm,  and,  having  found  it 
to  be  stationary,  turned  the  weights  half  way  round  on  their 
axes,  but  could  not  perceive  any  motion  in  the  arm.  Having 
suffered  the  weights  to  remain  in  this  position  for  about  an 
hour,  I  turned  them  back  into  their  former  position,  but  without 
its  having  any  effect  on  the  arm.  This  experiment  was  re¬ 
peated  on  two  other  days,  with  the  same  result. 

We  may  be  sure,  therefore,  that  the  effect  in  question  could 
not  be  produced  by  magnetism  ip  the  weights ;  for,  if  it  was, 
turning  them  half  round  on  their  axes,  would  immediately  have 
changed  their  magnetic  attraction  into  repulsion,  and  have  pro¬ 
duced  a  motion  in  the  arm. 

As  a  further  proof  of  this,  I  took  off  the  leaden  weights,  and 
in  their  room  placed  two  10-inch  magnets ;  the  apparatus  for 
turning  them  round  being  left  as  it  was,  and  the  magnets  be¬ 
ing  placed  horizontal,  and  pointing  to  the  balls,  and  with  their 
north  poles  turned  to  the  north ;  but  I  could  not  find  that  any 
alteration  was  produced  in  the  place  of  the  arm,  by  turning 
them  half  round;  which  not  only  confirms  the  deduction  drawn 
from  the  former  experiment,  but  also  seems  to  shew,  that  in 
the  experiments  with  the  iron  rods,  the  effect  produced  could 
not  be  owing  to  magnetism. 

The  next  thing  which  suggested  itself  to  me  was,  that  pos¬ 
sibly  the  effect  might  be  owing  to  a  difference  of  temperature 
between  the  weights  and  the  case ;  for  it  is  evident,  that  if  the 
weights  were  much  warmer  than  the  case,  they  would  warm 
that  side  which  was  next  to  them,  and  produce  a  current  of  air, 
which  would  make  the  balls  approach  nearer  to  the  weights. 
Though  I  thought  it  not  likely  that  there  should  be  sufficient 
difference,  between  the  heat  of  the  weights  and  case,  to  have 
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any  sensible  effect,  and  though  it  seemed  improbable  that,  in 
all  the  foregoing  experiments,  the  weights  should  happen  to  be 
warmer  than  the  case,  I  resolved  to  examine  into  it,  and  for 
this  purpose  removed  the  apparatus  used  in  the  last  experi¬ 
ments,  and  supported  the  weights  by  the  copper  rods,  as  before ; 
and,  having  placed  them  in  the  midway  position,  I  put  a  lamp 
under  each,  and  placed  a  thermometer  with  its  ball  close  to 
the  outside  of  the  case,  near  that  part  which  one  of  the  weights 
approached  to  in  its  positive  position,  and  in  such  manner 
that  I  could  distinguish  the  divisions  by  the  telescope.  Having 
done  this,  I  shut  the  door,  and  some  time  after  moved  the 
weights  to  the  positive  position.  At  first,  the  arm  was  drawn 
aside  only  in  its  usual  manner;  but,  in  half  an  hour,  the  effect 
was  so  much  increased,  that  the  arm  was  drawn  14  divisions 
aside,  instead  of  about  three,  as  it  would  otherwise  have  been,  and 
the  thermometer  was  raised  near  i°i ;  namely,  from  6i°  to  62°^-. 
On  opening  the  door,  the  weights  were  found  to  be  no  more 
heated,  than  just  to  prevent  their  feeling  cool  to  my  fingers. 

As  the  effect  of  a  difference  of  temperature  appeared  to  be  so 
great,  I  bored  a  small  hole  in  one  of  the  weights,  about  three- 
quarters  of  an  inch  deep,  and  inserted  the  ball  of  a  small 
thermometer,  and  then  covered  up  the  opening  with  cement. 
Another  small  thermometer  was  placed  with  its  ball  close  to 
the  case,  and  as  near  to  that  part  to  which  the  weight  was  ap¬ 
proached  as  could  be  done  with  safety;  the  thermometers 
being  so  placed,  that  when  the  weights  were  in  the  negative 
position,  both  could  be  seen  through  one  of  the  telescopes,  by 
means  of  light  reflected  from  a  concave  mirror. 
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Experiment  vi.  Sept.  6. 


Weights  in  midway  position. 


Extreme 

points. 

Divisions. 

Time. 

.J?ei 

Point  of 
rest. 

Therm< 
in  Air. 

:>meter 

inWeight. 

18,9 

18,85 

h  ' 

9  43 
10  3 

18,85 

55,5 

Weights  moved  to  negative  position. 


13*1 

- 

IO  12 

- 

55*5 

18,4 

- 

18 

15,82 

i.3*4 

- 

25 

missed. 

‘ 

|  "  1 

* 

i3>6 

- 

39 

m  nj  3 0 

55*5 

17,6 

- 

4  6 

1 5,^5 

13.8 

- 

53 

1 5$  5 

!  - 

17.4 

- 

11  0 

15>65 

14.° 

- 

7 

15*65 

- 

17,2 

- 

14 

— 

55,5 

Weights  moved  to  positive  position. 


25,8 

- 

23 

;  r  0 

1  : 

17.5 

- 

30 

21,55 

— 

25.4 

- 

37 

21,6 

, 

18,1 

- 

44 

21,65 

ta/  Xi  J  ■■■*  A 

25,0 

missed. 

51 

\  AT  A 

1  O  1  •  J 

!  - 

24*7 

0  5 

■ 

i 

19* 

— 

12 

2i.77 

24*4 

19 

Motion  of  arm  on  moving  weights  from  midway  to  —  =  3,03 

—  to  +  ==  5 ’9 


494 


Mr.  Cavendish’s  Experiments  to  determine 
Experiment  vii.  Sept.  18. 


Weights  in  midway  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Therm 
in  Air. 

ometer 

inWeight. 

*9>4 

*9>4 

h  • 

8  30 

9  32 

- 

56.7 

56,6 

Weights  moved  to  negative  position. 


13.6 

- 

40 

- 

- 

18,8 

- 

47 

16,25 

i3>8 

- 

54 

Eight  extreme  points  missed. 


i6>9 

- 

10  58 

15,62 

*4>5 

- 

11  5 

16,6 

— 

12 

Weights  moved  to  positive  position. 


26,4 

- 

20 

56,5 

17,2 

- 

28 

21,72 

26,1 

- 

35 

Four  extreme  points  missed. 


*9>3 

- 

0  10 

254 

- 

17 

22,3 

*9>7 

24 

Motion  of  arm  on  moving  weights  from  midway  to  —  =  3,15 

—  to  -f-  =  6,1 
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Experiment  viii.  Sept.  23. 
Weights  in  midway  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Therm 
in  Air. 

ometer 

inWeight. 

1 9>3 
1^2 

h  > 

9  46 

10  45 

19,2 

53*1 

53’1 

Weights  moved  to  negative  position. 


*3>5 

- 

56 

- 

- 

18,6 

- 

11  3 

16,07 

13,6 

- 

10 

Four  extreme  points  missed. 


17>4 

- 

44 

14’1 

- 

5i 

15.7 

17,2 

- 

38 

- 

\ 

Weights  moved  to  positive  position. 


15,7 

- 

0  1 

26,7 

- 

8 

21,42 

16,6 

- 

15 

- 

53^5 

Two  extreme  points  missed* 


25,9 

-  _ 

36 

18,1 

- 

43 

21,9 

23,5 

- 

50 

■ 

Motion  of  arm  on  moving  weights  from  midway  to  —  =  3,13 

—  to  +  =  5,72 
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In  these  three  experiments,  the  effect  of  the  weight  appeared 
to  increase  from  two  to  five  tenths  of  a  division,  on  standing  an 
hour;  and  the  thermometers  shewed,  that  the  weights  were  three 
or  five  tenths  of  a  degree  warmer  than* the  air  close  to  the  case. 
In  the  two  last  experiments,  I  put  a  lamp  into  the  room,  over 
night,  in  hopes  of  making  the  air  warmer  than  the  weights,  but 
without  effect,  as  the  heat  of  the  weights  exceeded  that  of  the 
air  more  in  these  two  experiments  than  in  the  former. 

On  the  evening  of  October  17,  the  weights  being  placed  in 
the  midway  position,  lamps  were  put  under  them,  in  order  to 
warm  them;  the  door  was  then  shut,  and  the  lamps  suffered 
to  burn  out.  The  next  morning  it  was  found,  on  moving  the 
weights  to  the  negative  position,  that  they  were  warmer 
than  the  air  near  the  case.  After  they  had  continued  an  hour 
in  that  position,  they  were  found  to  have  cooled  i°±,  so  as  to 
be  only  6°  warmer  than  the  air.  They  were  then  moved  to  the 
positive  position;  and  in  both  positions  the  arm  was  drawn  aside 
about  four  divisions  more,  after  the  weights  had  remained  an 
hour  in  that  position,  than  it  was  at  first. 

May  22,  1798.  The  experiment  was  repeated  in  the  same 
manner,  except  that  the  lamps  were  made  so  as  to  burn  only 
a  short  time,  and  only  two  hours  were  suffered  to  elapse  before 
the  weights  were  moved.  The  weights  were- now  found  to  be 
scarcely  20  warmer  than  the  case ;  and  the  arm  was  drawn  aside 
about  two  divisions  more,  after  the  weights  had  remained  an 
hour  in  the  position  they  were  moved  to,  than  it  was  at  first. 

On  May  23,  the  experiment  was  tried  in  the  same  manner, 
except  that  the  weights  were  cooled  by  laying  ice  on  them ; 
the  ice  being  confined  in  its  place  by  tin  plates,  which,  on 
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moving  the  weights,  fell  to  the  ground,  so  as  not  to  be  in  the 
way.  On  moving  the  weights  to  the  negative  position,  they 
were  found  to  be  about  8°  colder  than  the  air,  and  their  effect 
on  the  arm  seemed  now  to  diminish  on  standing,  instead  of  in¬ 
creasing,  as  it  did  before ;  as  the  arm  was  drawn  aside  about 
2-j  divisions  less,  at  the  end  of  an  hour  after  the  motion  of  the 
weights,  than  it  was  at  first. 

It  seems  sufficiently  proved,  therefore,  that  the  effect  in  ques¬ 
tion  is  produced,  as  above  explained,  by  the  difference  of  tem¬ 
perature  between  the  weights  and  case ;  for,  in  the  6th,  8th, 
and  9th  experiments,  in  which  the  weights  were  not  much 
warmer  than  the  case,  their  effect  increased  but  little  on  stand¬ 
ing;  whereas,  it  increased  much,  when  they  were  much  warmer 
than  the  case,  and  decreased  much,  when  they  were  much 
cooler. 

It  must  be  observed,  that  in  this  apparatus,  the  box  in 
which  the  balls  play  is  pretty  deep,  and  the  balls  hang  near 
the  bottom  of  it,  which  makes  the  effect  of  the  current  of  air 
more  sensible  than  it  would  otherwise  be,  and  is  a  defect 
which  I  intend  to  rectify  in  some  future  experiments. 

Experiment  ix.  April  29. 


Weights  in  positive  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  middle 
of  vibration. 

34.7 

h  >  " 

34>84 

h  >  a 

3.5 

3i’®5 

mm 

' 

3s 
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Weights  moved  to  negative  position. 


Extreme 

points. 


23,8 


33>2 


23>9 

32 

24,15 

31 

24,4 

3°>4 


24,7 


Divisions. 


28 

29 

29 

28 


28 

27 


Time. 


/  // 

11  18  2cn 

58 1 


25  271 


37i 


074-1 
33  j 


Point  of 
rest. 


28,52 


28,25 

28,01 

27,82 

27.63 

27.55 

27.47 


Time  of  mid. 
of  vibration. 


h. 


11  l8  43 


25  40 


Difference. 


Motion  of  arm 
Time  of  vibration  - 


o  7  26 

=  6,32 

=  &  58" 


34.5 

33.5 
34>4 

22,3 

33>3 

22.6 


Experiment  x.  May  5. 
Weights  in  positive  position. 

-  33.97 


Weights  moved  to  negative  position. 


28 

29 

10  43  42  ) 
^4  6  J 

- 

10  43  36 

- 

27,82 

- 

28 

27 

30  331 
51  °J 

- 

50  36 

- 

- 

27,72 

the  Density  of  the  Earth . 
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Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibratioh. 

Difference. 

h*  ,  a 

h*  1  n 

1  a 

32>5 

— 

- 

27.7 

23,2 

- 

-  - 

CO 

e\ 

01 

3Mf5 

- 

—  — 

27.4 

23,5 

- 

-  - 

CO 

ct 

27 

28 

11  2^  201 

11  25  24 

58i 

3°>7 

- 

-  - 

27,21 

—  - 

7  3 

28 

32  01 

32  27 

27 

32  40  J 

6  56 

23>9S 

!  - 

- 

27,21 

- 

27 

28 

39  19} 

40  2J 

- 

39  23 

3°>25 

Motion  of  arm  -  =6, 15 

Time  of  vibration  -  =6'  59" 


Experiment  xi.  May  6. 


Weights  in  positive  position. 


34>9 

34’1 

«.  — 

34,47 

34>^ 

- 

-  - 

34>49 

34>25 

Weights  moved  to  negative  position. 


23>3 

28 

9  59  59 1. 

00~ 

0 

0 

rH 

33>3 

29 

IO  O  27 J 

28,42 

7  5 

29 

27 

6  52 

7  51 

3  S  2 
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Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

h*  /  a 

28,3  5 

h.  ,  „ 

23,8 

- 

- 

32,5 

- 

- 

28,3 

24j4 

missed. 

24,8 

28,17 

Sh3 

- 

- 

2Q 

28 

10  48  37] 

49  21 J 

- 

10  49  8 

2  5,3 

- 

-  - 

28,2 

28 

56  8l 

56 13 

29 

56  36} 

3  0,9 

Motion  of  arm  -  =  6, 07 

Time  of  vibration  -  =  7'  1" 


In  the  three  foregoing  experiments,  the  index  was  purposely 
moved  so  that,  before  the  beginning  of  the  experiment,  the 
balls  rested  as  near  the  sides  of  the  case  as  they  could,  without 
danger  of  touching  it ;  for  it  must  be  observed,  that  when  the 
arm  is  at  35,  they  begin  to  touch.  In  the  two  following  expe¬ 
riments,  the  index  was  in  its  usual  position. 

Experiment  xii.  May  9. 


Weights  in  negative  position. 


374 

9  45 

O 

17.4 

58 

O 

17.4 

io  8 

O 

i7>4 

TO 

0 

174 

the  Density  of  the  Earth . 


Weights  moved  to  positive  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

h-  ,  /, 

h.  ,  g 

28,85 

24 

IO  20  50 1 

10  20  59 

22 

2  1  40  J 

18,4 

- 

- 

2349 

28,3 

- 

-  - 

23.57 

19>3 

- 

- 

23  >67 

27,8 

- 

-  - 

23.72 

20 

- 

- 

23.8 

27,4 

- 

-  - 

23,83 

24 

11  3  13' 

11  3  14 

23 

34 J 

20,55 

- 

-  - 

23,87 

23 

9  45  1 

10  18 

24 

10  28  I 

27 

Motion  of  arm  =  6,09 

Time  of  vibration  -  -  =  f  3" 


16 

18,3 

16,2 


experiment  xiii.  May  25. 
Weights  in  negative  position. 

17,2 


Weights  moved  to  positive  position. 


2  9,6 

25 

10  22  22  1 

24 

0  45  J 

17,4 

- 

-  - 

23.32 

23 

2 9  59) 

24 

30  23  j 

28,9 

- 

- 

234 

24 

S6  58) 

23 

37  24,  J 

• 

18,4 

- 

-  - 

23.52 

22  56 


30  3 

37  7 


5  01 


5  02 
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Extreme 

Divisions 

Time. 

• 

Point  of 

Time  of  mid. 

points. 

rest. 

of  vibration. 

'N 

/  a 

h.  ;  „ 

28,4 

23 

24 

1°  44  3) 
31  J 

- 

10  44  14 

- 

-  - 

23,62 

*9>3 

- 

- 

23.7 

27,8 

- 

- 

23>7 

24 

11  5  26  \ 

11  5  31 

23 

6  1  J 

19,9 

- 

- 

23,72 

23 

12  12  i 

24 

30  J 

12  35 

27>3 

Weights  moved  to  negative 

position. 

13^5 

21,8 

- 

- 

17.75 

18 

17 

37  341 

38  10  J 

- 

37  39 

i3>9 

- 

- 

17.67 

17 

18 

44  26  ^ 
45.  4 J 

- 

44  45 

21,1 

- 

- 

17,62 

H>4 

- 

- 

17,6 

20,5 

— 

-  - 

17.52 

14.7 

— 

-  - 

17.47 

20 

- 

- 

17T2 

18 

0  19  571 

0  20  24 

17 

20  52  J 

- 

-  - 

17.37 

• 

17 

18 

27  i5V 

28  15  j 

- 

27  30 

i9>5 

Motion  of  the  arm  on  moving  weights  from  —  to  + 

-f-  to  — 

-  + 


6,12 

5>97 

7'  6" 

7  7 


Time  of  vibration  at 


the  Density  of  the  Earth. 

experiment  xiv.  May  2 6. 
Weights  in  negative  position. 


5°3 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

l6,l 

h-  ,  „ 

9180 

h.  ,  „ 

l6,l 

24  0 

l6,l 

4 6  0 

16,1 

49  ° 

l6,l 

Weights  moved  to  positive  position. 

®7>7 

23 

22 

10  0  46  1 

1  16  J 

- 

IO  1  1 

!7»3 

— 

-  - 

22,37 

22 

23 

7  58  ] 

8  27  J 

- 

8  5 

2  7,2 

- 

-  - 

22,5 

23 

15  2  l 

15  9 

i8>3 

22 

32  J 

- 

- 

22,65 

26,8 

- 

- 

22.75 

19,1 

- 

- 

22,85 

26,4 

- 

- 

22,97 

23 

22 

43  4°  ) 

44  22  J 

- 

43  32 

20 

- 

- 

23^5 

22 

23 

49  53 ) 

5°  37  J 

- 

5°  41 

26,2 

Weights  moved  to  negative  position. 

12,4 

16 

17 

11  7  53  ) 

8  27  J 

- 

11  8  25 

21,5 

- 

-  - 

17,C)2 

17 

16 

15  3°  \ 
16'  3  J 

- 

J5  27 
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5°4 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

12,7 

h-  /  ,/ 

16,9 

t**  /  « 

20,7 

- 

- 

16,85 

13-3 

- 

- 

16,82 

20 

- 

-  - 

ib, 72 

i3>6 

- 

-  - 

lb,  67 

l6 

11  5°  33  ) 

mm 

11  50  58 

T  9,5 

17 

51  19  J 

16,65 

17 

57  53  \ 

58  6 

14 

l6 

58  44  ; 

Motion  of  arm  by  moving  weights  from  —  to  +  =  6,27 

+  to  —  =  6,13 
Time  of  vibration  at  -f  =  7'  6" 

~  =  7  6 

In  the  next  experiment,  the  balls,  before  the  motion  of  the 
weights,  were  made  to  rest  as  near  as  possible  to  the  sides  of 
the  case,  but  on  the  contrary  side  from  what  they  did  in  the 
9th,  10th,  and  1  ith  experiments. 

experiment  xv.  May  27. 


Weights  in  negative  position. 


3,9 

3.61 

3,35 

- 

-  — 

3>83 

- 

- 

3.61 

3>4 

the  Density  of  the  Earth. 
Weights  moved  to  positive  position. 


$05 


Extreme 

points. 


Divisions. 


15,4 


4,8 


1 4?  8 


5,9 
14  >35 
6,8 

13, 9 


7,5 


10 

9 

9 
10 

10 
9 


11 

10 

10 

11 


13,5 

Motion  of  the  arm 
Time  of  vibration 


10  5  59  \ 
6  27  ■> 

12  43  1 

13  11  J 


20  24  | 


56 


48  30  -1 

«  n  J 

55  26  1 
56'  10  i 


Point  of 
rest. 


Time  of  mid. 
of  vibration. 


9,95 


10,07 


10,22 

10,35 

10,46 

10,52 


10,6 


h. 


IO  5  56 


!3  5 


20  13 


48  42 


55  48 


6,34 

7/ 


The  two  following  experiments  were  made  by  Mr.  Gilpin, 
who  was  so  good  as  to  assist  me  on  the  occasion. 


experiment  xvi.  May  28. 


Weights  in  negative  position. 


22,55 

8,4 

- 

- 

15,09 

21 

- 

—  m? 

14,9 

9,2 

MDCCXCVIII. 

ST 
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Weights  moved  to  positive  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

2  6,6 

22 

h*  ,  « 

IO  22  53  1 
23  20  J 

15,8 

21 

21 

20 

21 

3°  7  \ 
36  J 

- 

25)8 

- 

- 

21,05 

22 

37  23  ] 
55  j 

16,8 

2  1 

21,  1  1 

20 

21 

44  29 1 

45  4 

- 

2  5>°5 

- 

-  - 

21,1  1 

17.57 

22 

21 

51  54  1 

52  32  J 

21,2 

24,6 

21 

22  - 

59  3i  \ 
11  01 3  J 

31,28 

18,3 

22 

21 

6  24  1 

7  9 J 

- 

Motion  of  the  arm 
Time  of  vibration 


Time  of  mid. 
of  vibration. 


10  23  13 

30  30 


37  45 
45  1 

32  20 

59  34 

ii  6  49 

=  6,1 

=  7'  1 6 


>/ 


experiment  xvii.  May  30. 


Weights  in  negative  position. 


17,2 

IO  19 

0 

N. 

*74 

25 

0 

17,07 

2.9 

0 

17^5 

4° 

0 

1745 

49 

0 

1742 

51 

0 

;  1742 

11  1 

0 

1742 

the  Density  of  the  Earth. 
Weights  moved  to  positive  position. 
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Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

00  I-1 

00  00 

I'd 

24 

23 

h.  ,  , 

11  11  23  1 
49  ^ 

23,2 

27,8 

22 

2  3 

18  13  I 
43  J 

23,12 

18,8 

24 

23 

25  19  \ 
49  ; 

23,2 

37,38 

23 

24 

32  41  ) 

33  *3  ; 

23,31 

24 

39  28 1 
4°  3  i 

19,7 

23 

23,44 

23 

4®  33  ) 
47  11  J 

27 

24 

23.52 

20,4 

24 

23 

53  36'  \ 

54  x7  J 

23.57 

• 

26,5 

23 

24 

0  0  34  1 

1  18  J 

23.55 

20,8 

24 

23 

7  34  \ 

821/ 

23.59 

i 

23 

14  3°  ) 

mm 

26’, 25 

24 

15  24  J 

STs 

Time  of  mid. 
of  vibration. 

h.  t  « 
11  11  37 

l8  4* 

25  40 

32  43 

39  44 

4 6  46 

53  48 
o  o  55 

7  5° 
14  58 
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Weights  moved  to  negative  position. 


Extreme 

points. 

Divisions. 

Time. 

Point  of 
rest. 

Time  of  mid. 
of  vibration. 

1  a 

h.  ,  „ 

13’3 

17 

°  32  191 

O  32  44 

l8 

48/ 

22,4 

- 

- 

37  >95 

38 

17 

39  461 

40  19/ 

- 

39  44 

13.7 

- 

- 

17.85 

17 

18 

46  2  6 1 

47  °  ] 

- 

46  48 

21,6 

- 

17,72 

l8 

17 

53  431 

54  20  J 

- 

53  50 

14 

- 

- 

17,6 

17 

18 

1  0  391 

1  20J 

- 

1  0  55 

20,8 

- 

- 

17.47 

l8 

17 

7  391 

8  21  J 

- 

7  59 

T4>3 

- 

■»  mm 

17.37 

*7 

18 

*4  54  1 
15  42/ 

- 

15  4 

20,1 

- 

- 

17.27 

18 

17 

21  321 

22  22  J 

- 

22  5 

i4>6 

Motion  of  the  arm  on  moving  weights  from  —  to  -f  =  £>78 

+  to  —  =  5,64 

Time  of  vibration  at  «->  ~  -f-  =  7' 

—  =73 


* 


the  Density  of  the  Earth. 
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On  the  Method  of  computing  the  Density  of  the  Earth  from  these 

Experiments. 

I  shall  first  compute  this,  on  the  supposition  that  the  arm 
and  copper  rods  have  no  weight,  and  that  the  weights  exert 
no  sensible  attraction,  except  on  the  nearest  ball ;  and  shall 
then  examine  what  corrections  are  necessary,  on  account  of 
the  arm  and  rods,  and  some  other  small  causes. 

The  first  thing  is,  to  find  the  force  required  to  draw  the 
arm  aside,  which,  as  was  before  said,  is  to  be  determined  by 
the  time  of  a  vibration. 

The  distance  of  the  centres  of  the  two  balls  from  each  other 
is  73,3  inches,  and  therefore  the  distance  of  each  from  the  centre 
of  motion  is  36,65,  and  the  length  of  a  pendulum  vibrating  se¬ 
conds,  in  this  climate,  is  39,14;  therefore,  if  the  stiffness  of  the 
wire  by  which  the  arm  is  suspended  is  such,  that  the  force  which 
must  be  applied  to  each  ball,  in  order  to  draw  the  arm  aside  by 
the  angle  A,  is  to  the  weight  of  that  ball  as  the  arch  of  A  to  the 
radius,  the  arm  will  vibrate  in  the  same  time  as  a  pendulum 

whose  length  is  3 6,65  inches,  that  is,  in  seconds ;  and 

therefore,  if  the  stiffness  of  the  wire  is  such  as  to  make  it  vibrate 
in  N  seconds,  the  force  which  must  be  applied  to  each  ball,  in 
order  to  draw  it  aside  by  the  angle  A,  is  to  the  weight  of  the 

ball  as  the  arch  of  A  x  i  x  t0  the  radius.  But  the  ivory 

scale  at  the  end  of  the  arm  is  38,3  inches  from  the  centre 
of  motion,  and  each  division  is  of  an  inch,  and  therefore 
subtends  an  angle  at  the  centre,  whose  arch  is  y— ;  and  there¬ 
fore  the  force  which  must  be  applied  to  each  ball,  to  draw  the 


5io  Mr.  Cavendish’s  Experiments  to  determine 

arm  aside  by  one  division,  is  to  the  weight  of  the  ball  as 


36,65 


to  1,  or  as 


to  1. 


766  N2,  39,14  ^  818  N2, 

The  next  thing  is,  to  find  the  proportion  which  the  attraction 
of  the  weight  on  the  ball  bears  to  that  of  the  earth  thereon, 
supposing  the  ball  to  be  placed  in  the  middle  of  the  case,  that 
is,  to  be  not  nearer  to  one  side  than  the  other.  When  the 
weights  are  approached  to  the  balls,  their  centres  are  8,85 
inches  from  the  middle  line  of  the  case ;  but,  through  inadver¬ 
tence,  the  distance,  from  each  other,  of  the  rods  which  support 
these  weights,  was  made  equal  to  the  distance  of  the  centres  of 
the  balls  from  each  other,  whereas  it  ought  to  have  been  some¬ 
what  greater.  In  consequence  of  this,  the  centres  of  the  weights 
are  not  exactly  opposite  to  those  of  the  balls,  when  they  are  ap¬ 
proached  together ;  and  the  effect  of  the  weights,  in  drawing  the 
arm  aside,  is  less  than  it  would  otherwise  have  been,  in  the  tri¬ 
plicate  ratio  of  — to  the  chord  of  the  angle  whose  sine  is 

or  in  the  triplicate  ratio  of  the  cosine  of  ~  this  angle  to 
the  radius,  or  in  the  ratio  of  ,9779  to  1. 

¥ 

Each  of  the  weights  weighs  2439000  grains,  and  therefore 
is  equal  in  weight  to  10,64  spherical  feet  of  water;  and  there¬ 
fore  its  attraction  on  a  particle  placed  at  the  centre  of  the  ball, 
is  to  the  attraction  of  a  spherical  foot  of  water  on  an  equal  par- 

tide  placed  on  its  surface,  as  10,64  x  >9779  x  to  1.  The 
mean  diameter  of  the  earth  is  41800000  feet ;  *  and  therefore, 
if  the  mean  density  of  the  earth  is  to  that  of  water  as  D  to  one, 
the  attraction  of  the  leaden  weight  on  the  ball  will  be  to  that 

*  In  strictness,  we  ought,  instead  of  the  mean  diameter  of  the  earth,  to  take  the 
diameter  of  that  sphere  whose  attraction  is  equal  to  the  force  of  gravity  in  this  cli¬ 
mate  ;  but  the  difference  is  not  worth  regarding. 


the  Density  of  the  Earth. 
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— 6~^l* 

of  the  earth  thereon,  as  10,64  x  ,9779  x  g-gy  to  41800000  D 
::  1  to  8739000  D. 

It  is  shewn,  therefore,  that  the  force  which  must  be  applied 
to  each  ball,  in  order  to  draw  the  arm  one  division  out  of  its 

natural  position,  is  of  the  weight  of  the  ball ;  and,  if  the 

mean  density  of  the  earth  is  to  that  of  water  as  D  to  1,  the  at¬ 
traction  of  the  weight  on  the  ball  is  8  of  the  weight  of 

that  ball ;  and  therefore  the  attraction  will  be  able  to  draw  the 
arm  out  of  its  natural  position  by  or  --—p  divisions ; 

and  therefore,  if  on  moving  the  weights  from  the  midway  to  a 
near  position  the  arm  is  found  to  move  B  divisions,  or  if  it 
moves  2  B  divisions  on  moving  the  weights  from  one  near  po¬ 
sition  to  the  other,  it  follows  that  the  density  of  the  earth,  or  D, 

.  Na 
^  10683  B  ' 

We  must  now  consider  the  corrections  which  must  be  ap¬ 
plied  to  this  result ;  first,  for  the  effect  which  the  resistance  of 
the  arm  to  motion  has  on  the  time  of  the  vibration :  2d,  for 
the  attraction  of  the  weights  on  the  arm  :  3d,  for  their  attrac¬ 
tion  on  the  farther  ball :  4th,  for  the  attraction  of  the  copper 
rods  on  the  balls  and  arm  :  5th,  for  the  attraction  of  the  case 
on  the  balls  and  arm  :  and  6th,  for  the  alteration  of  the  attrac¬ 
tion  of  the  weights  on  the  balls,  according  to  the  position  of 
the  arm,  and  the  effect  which  that  has  on  the  time  of  vibration. 
None  of  these  corrections,  indeed,  except  the  last,  are  of  much 
signification,  but  they  ought  not  entirely  to  be  neglected. 

As  to  the  first,  it  must  be  considered,  that  during  the  vibra¬ 
tions  of  the  arm  and  balls,  part  of  the  force  is  spent  in  accele- 
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rating  the  arm ;  and  therefore,  in  order  to  find  the  force  re¬ 
quired  to  draw  them  out  of  their  natural  position,  we  must  find 
the  proportion  which  the  forces  spent  in  accelerating  the  arm 
and  balls  bear  to  each  other. 

Let  EDC  e  d  c  (fig.  4.)  be  the  arm.  B  and  b  the  balls.  C  s 
the  suspending  wire.  The  arm  consists  of  4  parts  ;  first,  a  deal 
rod  T>cd,  73,3  inches  long;  2d,  the  silver  wire  DC  d>  weigh¬ 
ing  170  grains  ;  3d,  the  end  pieces  DE  and  e  d,  to  which  the 
ivory  vernier  is  fastened,  each  of  which  weighs  45  grains ;  and 
4th,  some  brass  work  C  c,  at  the  centre.  The  deal  rod,  when 
dry,  weighs  2320  grains,  but  when  very  damp,  as  it  commonly 
was  during  the  experiments,  weighs  2400  ;  the  transverse  sec¬ 
tion  is  of  the  shape  represented  in  fig.  5  ;  the  thickness  BA,  and 
the  dimensions  of  the  part  DE  ed,  being  the  same  in  all  parts ; 
hut  the  breadth  B  b  diminishes  gradually,  from  the  middle  to 
the  ends.  The  area  of  this  section  is  ,33  of  a  square  inchat  the 
middle,  and  ,146  at  the  end ;  and  therefore,  if  any  point  x  (fig. 


2400  x  ,33 
73’3  X  ,23s 


4.)  is  taken  in  c  d ,  and  — /  is  called  x,  this  rod  weighs 
per  inch  at  the  middle;  2400  x—  46  at  the  end,  and  ---- x  '-’l84 

r  73,3  X  ,238  1  71.2  "  .218 


73’3 


,238 


3320  — 1848  x 


733 


at  x ;  and  therefore,  as  the  weight  of  the  wire  is 


170 

73T3 


per  inch,  the  deal  rod  and  wire  together  may  be  considered 

as  a  rod  whose  weight  at  x  =  349-~I~----~  per  inch. 

But  the  force  required  to  accelerate  any  quantity  of  matter 
placed  at  x ,  is  proportional  to  x 1 ;  that  is,  it  is  to  the  force  re¬ 
quired  to  accelerate  the  same  quantity  of  matter  placed  at  d  as 
x*  to  1  ;  and  therefore,  if  c  d  is  called  /,  and  x  is  supposed  to 
flow,  the  fluxion  of  the  force  required  to  accelerate  the  deal  rod 
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and  wire  is  proportional  to  — !— —  ,the  fluent  ol  which, 

generated  while  x  flows  from  do  a,  =  — -  x  — - — 350; 

so  that  the  force  required  to  accelerate  each  half  of  the  deal  rod 
and  wire,  is  the  same  as  is  required  to  accelerate  350  grains 
placed  at  d. 

The  resistance  to  motion  of  each  of  the  pieces  de ,  is  equal  to 
that  of  48  grains  placed  at  d ;  as  the  distance  of  their  centres  Oi 
gravity  from  C  is  38  inches.  The  resistance  oi  the  brass  work 
at  the  centre  may  be  disregarded;  and  therefore  tne  whole  iorce 
required  to  accelerate  the  arm,  is  the  same  as  that  required  to 
accelerate  398  grains  placed  at  each  of  the  points  D  and  d. 

Each  of  the  balls  weighs  1 1 262  grains,  and  they  are  placed  at 
the  same  distance  from  the  centre  as  D  and  d ;  and  thei  efoi  e,  the 
force  required  to  accelerate  the  balls  and  arm  togethei,  is  the 
same  as  if  .each  ball  weighed  1 1660,  and  the  ai  m  had  no  weight, 
and  therefore,  supposing  the  time  ol  a  vibration  to  be  given,  the 
force  required  to  draw  the  arm  aside,  is  greater  than  if  the  arm 
had  no  weight,  in  the  proportion  of  11660  to  11262,  or  of 
1,0353  to  *1. 

To  find  the  attraction  of  the  weights  on  the  arm,  through  d 
drawr  the  vertical  plane  d  w  b  perpendicular  to  D  d ,  and  let  w 
be  the  centre  of  the  weight,  which,  though  not  accurately  in  this 
plane,  may,  without  sensible  error,  be  considered  as  placed 
therein,  and  let  b  be  the  centre  of  the  ball;  then  w  b  is  horizontal 
and  =  8,85,  and  d  b  is  vertical  and  =  5,5  ;  let  w  a  —  a,  w  b  = 

b  and  let  or  1  —  x  =  2 ;  then  the  attraction  of  the  weight 
4  dc 

on  a  particle  of  matter  at  x ,  in  the  direction  die,  is  to  its  attrac- 

; ,  *  _ _ _ _ _3_ 

tion  on  the  same  particle  placed  at  b  :  :  V  :  a  z  i  ,  or  is  pro- 

3U 
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portional  to  , ,  and  the  force  of  that  attraction  to  move 

r  a1  +  zl  I'Y 


the  arm,  is  proportional  to  and  the  weight  of  the 

deal  rod  and  wire  at  the  point  x ,  was  before  said  to  be 
-I-84&  x-  =  ■  -42--+~? 8-4— "  per  inch ;  and  therefore,  if  d  x  flows, 

71,1  71,1  1  ’  ’ 


73>3 


the  fluxion  of  the  power  to  move  the  arm  =  /  z  x 


I  b 3  X  I—Z 


z  x  821  +  9242  x 


b2  X  I — Z 


73>3 

b3zy.  821  + 103  z — 924.2* 


b2  x  x  821 4- 103  z  -f 


924  a5 

' 


,3  •  41  ,  t 

924  63  zX-^  +  2* 


«**+/»**> 

&3  ZX  893-f  103  z  924  £3  * 


_ ^  ;  which,  as  4-  =  ,08  = 

The  fluent  of  this  =  , \  ,f  ^ 


ai  +  /*zr |i- 

—  ~Ja'+rz>  +  log-  and  the  force 

with  which  the  attraction  of  the  weight,  on  the  nearest  half  of 
the  deal  rod  and  wire,  tends  to  move  the  arm,  is  proportional 
to  this  fluent  generated  while  %  flows  from  o  to  1,  that  is,  to 
128  grains. 

The  force  with  which  the  attraction  of  the  weight  on  the 

end-piece  de  tends  to  move  the  arm,  is  proportional  to  47  x  -p, 
or  29  grains ;  and  therefore  the  whole  power  of  the  weight  to 
move  the  arm,  by  means  of  its  attraction  on  the  nearest  part 
thereof,  is  equal  to  its  attraction  on  157  grains  placed  at  b, 

which  is  --'1^-,  or  ,0139  of  its  attraction  on  the  ball. 

It  must  be  observed,  that  the  effect  of  the  attraction  of  the 
weight  on  the  whole  arm  is  rather  less  than  this,  as  its  attrac¬ 
tion  on  the  farther  half  draws  it  the  contrary  way ;  but,  as  the 
attraction  on  this  is  small,  in  comparison  of  its  attraction  on  the 
nearer  half,  it  may  be  disregarded. 
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The  attraction  of  the  weight  on  the  farthest  ball,  in  the  di¬ 
rection  bw ,  is  to  its  attraction  on  the  nearest  ball  :  :  wd3 :  w I)1 
: :  ,0017  :  1 ;  and  therefore  the  effect  of  the  attraction  of  the 
weight  on  both  balls,  is  to  that  of  its  attraction  on  the  nearest 
ball  :  :  ,9983  :  1. 

To  find  the  attraction  of  the  copper  rod  on  the  nearest  ball, 
let  b  and  w  (fig.  6.)  be  the  centres  of  the  ball  and  weight,  and 
ea  the  perpendicular  part  of  the  copper  rod,  which  consists  of 
two  parts,  ad  and  de .  ad  weighs  22000  grains,  and  is  16 
inches  long,  and  is  nearly  bisected  by  w.  de  weighs  41000, 
and  is  4 6  inches  long,  wb  is  8,83  inches,  and  is  perpendicular 
to  ew.  Now,  the  attraction  of  a  line  ew,  of  uniform  thickness, 
on  b ,  in  the  direction  bw,  is  to  that  of  the  same  quantity  of 
matter  placed  at  w  :  :  bw  :  eb ;  and  therefore  the  attraction  of 

the  part  da  equals  that  of  -2-~yU-  or  16300,  placed  at  w; 

and  the  attraction  of  de  equals  that  of  41000  x  x  ^  —  41000 

x  "^TcT  x  TT’  or  2500>  placed  at  the  same  point ;  so  that  the  at¬ 
traction  of  the  perpendicular  part  of  the  copper  rod  on  b,  is  to 
that  of  the  weight  thereon,  as  18800  :  2439000,  or  as  ,00771 
to  1.  As  for  the  attraction  of  the  inclined  part  of  the  rod  and 
wooden  bar,  marked  Pr  and  rr  in  fig.  1,  it  may  safely  be 
neglected,  and  so  may  the  attraction  of  the  whole  rod  on  the 
arm  and  farthest  ball;  and  therefore  the  attraction  of  the 
weight  and  copper  rod,  on  the  arm  and  both  balls  together,  ex¬ 
ceeds  the  attraction  of  the  weight  on  the  nearest  ball,  in  the 
proportion  of  ,9983  -j-  ,0139  -j-  ,0077  to  one,  or  of  1,0199  t0  *• 
The  next  thing  to  be  considered,  is  the  attraction  of  the  ma¬ 
hogany  case.  Now  it  is  evident,  that  when  the  arm  stands  at 
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the  middle  division,  the  attractions  of  the  opposite  sides  of  the 
case  balance  each  other,  and  have  no  power  to  draw  the  arm 
either  way.  When  the  arm  is  removed  from  this  division,  it  is 
attracted  a  little  towards  the  nearest  side,  so  that  the  force  re¬ 
quired  to  draw  the  arm  aside  is  rather  less  than  it  would  other¬ 
wise  be ;  but  yet,  if  this  force  is  proportional  to  the  distance  of 
the  arm  from  the  middle  division,  it  makes  no  error  in  the  re¬ 
sult  ;  for,  though  the  attraction  will  draw  the  arm  aside  more 
than  it  would  otherwise  do,  yet,  as  the  accelerating  force  by 
which  the  arm  is  made  to  vibrate  is  diminished  in  the  same 
proportion,  the  square  of  the  time  of  a  vibration  will  be  in¬ 
creased  in  the  same  proportion  as  the  space  by  which  the  arm 
is  drawn  aside,  and  therefore  the  result  will  be  the  same  as  if 
the  case  exerted  no  attraction ;  but,  if  the  attraction  of  the  case 
is  not  proportional  to  the  distance  of  the  arm  from  the  middle 
point, -the  ratio  in  which  the  accelerating  force  is  diminished  is 
different  in  different  parts  of  the  vibration,  and  the  square  of 
the  time  of  a  vibration  will  npt  be  increased  in  the  same  pro¬ 
portion  as  the  quantity  by  which  the  arm  is  drawn  aside,  and 
therefore  the  result  will  be  altered  thereby. 

On  computation,  I  find  that  the  force  by  which  the  attrac¬ 
tion  draws  the  arm  from  the  centre  is  far  from  being  propor¬ 
tional  to  the  distance,  but  the  whole  force  is  so  small  as  not  to 
be  worth  regarding ;  for,  in  no  position  of  the  arm  does  the  at¬ 
traction  of  the  case  on  the  balls  exceed  that  of  yth  of  a  spheric 
inch  of  water,  placed  at  the  distance  of  1  inch  from  the  centre 
of  the  balls;  and  the  attraction  of  the  leaden  weight  equals  that 
of  10,6  spheric  feet  of  water  placed  at  8,85  inches,  or  of  234 
spheric  inches  placed  at  1  inch  distance;  so  that  the  attraction 
of  the  case  on  the  balls  can  in  no  position  of  the  arm  exceed 
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ytVo  °f  that  °f  the  weight.  computation  is  given  in  the 

Appendix. 

It  has  been  shewn,  therefore,  that  the  force  required  to 
draw  the  arm  aside  one  division,  is  greater  than  it  would  be  if 
the  arm  had  no  weight,  in  the  ratio  of  1,0353  to  1,  and  therefore 

—  L?3^ h__  0f  the  weight  of  the  ball ;  and  moreover,  the  attrac¬ 
tion  of  the  weight  and  copper  rod  on  the  arm  and  both  balls 
together,  exceeds  the  attraction  of  the  weight  on  the  nearest  ball, 


in  the  ratio  of  1,0199  to  1,  and  therefore  -8~~{ooD  the 

8 1 8  N* 

weight  of  the  ball ;  consequently  D  is  really  equal  to  — 


x  1>olg-9-—  or  — — rr",  instead  of  ™  ,v-,  as  bv  the  former 

8-» 39000  B  ’  1084413’  10683  B  ’ 


computation.  It  remains  to  be  considered  how  much  this  is 
affected  by  the  position  of  the  arm. 

Suppose  the  weights  to  be  approached  to  the  balls ;  let  W, 
(fig.  7.)  be  the  centre  of  one  of  the  weights;  let  M  be  the  centre 
of  the  nearest  ball  at  its  mean  position,  as  when  the  arm  is  at 
20  divisions ;  let  B  be  the  point  which  it  actually  rests  at ;  and 
let  A  be  the  point  which  it  would  rest  at,  if  the  weight  was  re¬ 
moved;  consequently,  AB  is  the  space  by  which  it  is  drawn 
aside  by  means  of  the  attraction  ;  and  let  M  /3  be  the  space  by 
which  it  would  be  drawn  aside,  if  the  attraction  on  it  was  the 
same  as  when  it  is  at  M.  But  the  attraction  at  B  is  greater 
than  at  M,  in  the  proportion  of  \VM2 :  WB1;  and  therefore, 

AB  =  M/3  x  M/3  x  1  +  very  nearly. 

Let  now  the  weights  be  moved  to  the  contrary  near  position, 
and  let  w  be  now  the  centre  of  the  nearest  weight,  and  b  the 
point  of  rest  of  the  centre  of  the  ball ;  then  A  b  =  MjQ  x  1  + 


2Mb 

MW 


2M/1  ,  2MB 


,  and  B6  =  M/3x  *+££■+£$  =  »M|3xi  + 


Bb 


SO 


MW 
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that  the  whole  motion  B  b  is  greater  than  it  would  be  if  the 
attraction  on  the  ball  was  the  same  in  all  places  as  it  is  at  M, 

in  the  ratio  of  1  -f  to  one;  and,  therefore,  does  not  depend 

sensibly  on  the  place  of  the  arm,  in  either  position  of  the 
weights,  but  only  on  the  quantity  of  its  motion,  by  moving 
them. 

This  variation  in  the  attraction  of  the  weight,  affects  also  the 
time  of  vibration ;  for,  suppose  the  weights  to  be  approached 
to  the  balls,  let  W  be  the  centre  of  the  nearest  weight ;  let  B 
and  A  represent  the  same  things  as  before ;  and  let  x  be  the 
centre  of  the  ball,  at  any  point  of  its  vibration;  let  AB  repre¬ 
sent  the  force  with  which  the  ball,  when  placed  at  B,  is  drawn 
towards  A  by  the  stiffness  of  the  wire ;  then,  as  B  is  the  point 
of  rest,  the  attraction  of  the  weight  thereon  will  also  equal  AB; 
and,  when  the  ball  is  at  x,  the  force  with  which  it  is  drawn 
towards  A,  by  the  stiffness  of  the  wire,  =  A  x,  and  that  with 
which  it  is  drawn  in  the  contrary  direction,  by  the  attraction, 

WBl 

=  AB  x  ;  so  that  the  actual  force  by  which  it  is  drawn  to¬ 
wards  A  =  Ax - —  AB  -f-  B  x  —  AB  x  1  +  = 

Bx  —  "B^vqp  ~  t  very  nearly.  So  that  the  actual  force  with 

which  the  ball  is  drawn  towards  the  middle  point  of  the  vibra¬ 
tion,  is  less  than  it  would  be  if  the  weights  were  removed,  in 

2  AB 

the  ratio  of  1  —  to  one,  and  the  square  of  the  time  of  a 

2  A  B 

vibration  is  increased  in  the  ratio  of  1  to  1  —  which  differs 

very  little  from  that  of  1  -f  to  x,  which  is  the  ratio  in  which 
the  motion  of  the  arm,  by  moving  the  weights  from  one  near 
position  to  the  other,  is  increased. 
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The  motion  of  the  ball  answering  to  one  division  of  the  arm 
=  ~6^ *  g-  ■ ;  and,  if  m  B  is  the  motion  of  the  ball  answering  to 

d  divisions  on  the  arm,  ^^-=3  — v  ■  —  — ;  and  there- 

’  WM  20x38,3x8,85  185 

fore,  the  time  of  vibration,  and  motion  of  the  arm,  must  be  cor¬ 
rected  as  follows  ; 

If  the  time  of  vibration  is  determined  by  an  experiment  in 
which  the  weights  are  in  the  near  position,  and  the  motion  of 
the  arm,  by  moving  the  weights  from  the  near  to  the  midway 
position,  is  d  divisions,  the  observed  time  must  be  diminished 
in  the  subduplicate  ratio  of  1  to  1,  that  is,  in  the  ratio 

of  1  —  ~  to  1 ;  but,  when  it  is  determined  by  an  experiment 

in  which  the  weights  are  in  the  midway  position,  no  correc¬ 
tion  must  be  applied. 

To  correct  the  motion  of  the  arm  caused  by  moving  the 
weights  from  a  near  to  the  midway  position,  or  the  reverse, 
observe  how  much  the  position  of  the  arm  differs  from  20  di¬ 
visions,  when  the  weights  are  in  the  near  position :  let  this  be 
n  divisions,  then,  if  the  arm  at  that  time  is  on  the  same  side  of 
the  division  of  20  as  the  weight,  the  observed  motion  must  be 

diminished  by  the-—  part  of  the  whole;  but,  otherwise,  it  must 
be  as  much  increased. 

If  the  weights  are  moved  from  one  near  position  to  the  other, 
and  the  motion  of  the  arm  is  2d  divisions,  the  observed  mo¬ 
tion  must  be  diminished  by  the  ~  part  of  the  whole. 

If  the  weights  are  moved  from  one  near  position  to  the  other, 
and  the  time  of  vibration  is  determined  while  the  weights  are 
in  one  of  those  positions,  there  is  no  need  of  correcting  either 
the  motion  of  the  arm,  or  the  time  of  vibration. 
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CONCLUSION. 


The  following  Table  contains  the  Result  of  the  Experiments. 


Exper. 

Mot.  weight 

VIot.  arm 

Do.  corr. 

rime  vib. 

Do.  corr^ 

Density. 

.  1 

m.  to  + 

i4*32 

13»42 

/  n 

- 

5*5 

M 

-|-  to  m. 

14*1 

13,17 

14^55 

- 

5*6i 

o 

m.  to 

15.87 

14’69 

- 

- 

4,88 

1 

-j-  to  m. 

15*45 

14*14 

14*42 

— 

5>°7 

Q  \ 

-j-  to  m. 

15,22 

13,56 

14*39 

— 

5*26 

3 

m.  to  + 

14*5 

13,28 

14,54 

- 

5*55 

V 

m.  to  -j- 

3*1 

2*95 

6,54 

5,36 

4^ 

-(-to  — 

6,18 

- 

7*i 

- 

5,29 

—  to  -f 

5*92 

- 

7*3 

- 

5,58 

r  5 

-f  to  — 

5*9 

- 

7*5 

— 

5*65 

5 1 

—  to  -j- 

5.9  s 

- 

7*5 

- 

5,57 

R  ( 

m.  to  — 

3>°3 

2  *9 

- 

— 

5*53 

1 

—  to  + 

5*9 

5*7i 

''J*  c 

„  ^  >, 
X''.  £0  U 

a 

_ 

- 

5*6  2 

7i 

m.  to  — 
—  to  — (- 

3>!5 

6,1 

3*°3 

5*9 

6,5  7 

5,29 

5,44 

o 

m.  to  — 

3U3 

3,00 

,  *  • 

— 

5,34 

l 

—  to 

5.72 

5*54 

j 

— 

5*79 

9 

-{-  to  — 

6*32 

/ 

6,58 

- 

5*1 

io 

-j-  to  — 

6,15 

- 

6*59 

— 

5*27 

11 

4-  to  — 

6, 07 

- 

7*i 

— 

5,39 

12 

—  to  -j- 

6,o  9 

- 

7*3 

- 

•  5,4s 

13  | 

—  to  -j- 

6,12 

- 

7*6 

- 

5,47 

+  to  — 

5,97 

- 

7>7 

- 

5,63 

V 

—  to  -f 

6,27 

- 

7,6 

- 

5,34 

14] 

4-  to  ■ — 

6,13 

\  , 

7*6 

- 

5*46 

15 

—  to  -j- 

6,34) 

- 

7*7 

— 

5*3 

16 

- to  -f- 

6,1 

- 

7,16 

- 

5,75 

— .  to  -f- 

5*78 

- 

7*2 

5,68 

17 1 

4-  to . — 

5,64 

- 

7,3 

- 

5,85 
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From  this  table  it  appears,  that  though  the  experiments  agree 
pretty  well  together,  yet  the  difference  between  them,  both  in 
the  quantity  of  motion  of  the  arm  and  in  the  time  of  vibration, 
is  greater  than  can  proceed  merely  from  the  error  of  observa¬ 
tion.  As  to  the  difference  in  the  motion  of  the  arm,  it  may 
very  well  be  accounted  for,  from  the  current  of  air  produced 
by  the  difference  of  temperature ;  but,  whether  this  can  account 
for  the  difference  in  the  time  of  vibration,  is  doubtful.  If  the 
current  of  air  was  regular,  and  of  the  same  swiftness  in  all  parts 
of  the  vibration  of  the  ball,  I  think  it  could  not ;  but,  as  there 
will  most  likely  be  much  irregularity  in  the  current,  it  may  very 
likely  be  sufficient  to  account  for  the  difference. 

By  a  mean  of  the  experiments  made  with  the  wire  first  used, 
the  density  of  the  earth  comes  out  5,48  times  greater  than  that 
of  water;  and  by  a  mean  of  those  made  with  the  latter  wire,  it 
comes  out  the  same;  and  the  extreme  difference  of  the  results  of 
the  23  observations  made  with  this  wire,  is  only  ,75;  so  that 
the  extreme  results  do  not  differ  from  the  mean  by  more  than 
,38,  or  of  the  whole,  and  therefore  the  density  should  seem 
to  be  determined  hereby,  to  great  exactness.  It,  indeed,  may 
be  objected,  that  as  the  result  appears  to  be  influenced  by  the 
current  of  air,  or  some  other  cause,  the  laws  of  which  we  are 
not  well  acquainted  with,  this  cause  may  perhaps  act  always, 
or  commonly,  in  the  same  direction,  and  thereby  make  a  con¬ 
siderable  error  in  the  result.  But  yet,  as  the  experiments  were 
tried  in  various  weathers,  and  with  considerable  variety  in  the 
difference  of  temperature  of  the  weights  and  air,  and  with  the 
arm  resting  at  different  distances  from  the  sides  of  the  case, 
it  seems  very  unlikely  that  this  cause  should  act  so  uniformly 
in  the  same  way,  as  to  make  the  error  of  the  mean  result  nearly 
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equal  to  the  difference  between  this  and  the  extreme ;  and, 
therefore,  it  seems  very  unlikely  that  the  density  of  the  earth 
should  differ  from  5,48  by  so  much  as  of  the  whole. 

Another  objection,  perhaps,  may  be  made  to  these  experi¬ 
ments,  namely,  that  it  is  uncertain  whether,  in  these  small 
distances,  the  force  of  gravity  follows  exactly  the  same  law  as 
in  greater  distances.  There  is  no  reason,  however,  to  think 
that  any  irregularity  of  this  kind  takes  place,  until  the  bodies 
come  within  the  action  of  what  is  called  the  attraction  of  co¬ 
hesion,  and  which  seems  to  extend  only  to  very  minute  dis¬ 
tances.  With  a  view  to  see  whether  the  result  could  be  affected 
by  this  attraction,  I  made  the  9th,  10th,  11th,  and  15th  expe¬ 
riments,  in  which  the  balls  were  made  to  rest  as  close  to  the 
sides  of  the  case  as  they  could  ;  but  there  is  no  difference  to  be 
depended  on,  between  the  results  under  that  circumstance,  and 
when  the  balls  are  placed  in  any  other  part  of  the  case. 

According  to  the  experiments  made  by  Dr.  Maskelyne, 
on  the  attraction  of  the  hill  Schehallien,  the  density  of  the 
earth  is  ^  times  that  of  water ;  which  differs  rather  more 
from  the  preceding  determination  than  I  should  have  ex¬ 
pected.  But  I  forbear  entering  into  any  consideration  of 
which  determination  is  most  to  be  depended  on,  till  I  have  exa¬ 
mined  more  carefully  how  much  the  preceding  determination 
is  affected  by  irregularities  whose  quantity  I  cannot  measure. 
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APPENDIX. 


On  the  Attraction  of  the  Mahogany  Case  on  the  Balls. 


The  first  thing  is,  to  find  the  attraction  of  the  rectangular 
plane  c  k  (3  b  (fig.  8.)  on  the  point  a ,  placed  in  the  line  a  c  per¬ 
pendicular  to  this  plane. 

a*  bx 

Let  a  c  ==  a,  c  k  —  b,  c  b  — ■  x}  and  let  ^  zv  ,  and 

then  the  attraction  of  the  line  b  (3  on  a ,  in  the  direction 

a  b,  =  — r~~ — o ;  and  therefore,  if  c  b  flows,  the  fluxion  of  the  at- 
1  a  b  x  a  p  7 

traction  of  the  plane  on  the  point  a ,  in  the  direction  c  b , 

b  x  x  _  — bw  _  — b  w  _  — ’v 

Va1  x  V  a1  +  bz + xz  Vtf+x1  ^  \/'b1wz-\-u%  vA-fi/4* 

n>  b  + 


the  variable  part  of  the  fluent  of  which  =  —  log.  v  +  %/  i+v\ 

and  therefore  the  whole  attraction  =  log.  x  ;  so 

that  the  attraction  of  the  plane,  in  the  direction  c  by  is  found 
readily  by  logarithms,  but  I  know  no  way  of  finding  its  attrac¬ 
tion  in  the  direction  ac ,  except  by  an  infinite  series. 

The  two  most  convenient  series  I  know,  are  the  following : 

First  series.  Let  ■—  =  tt,  and  let  A  =  arc  whose  tang,  is  7 r, 


13  —  A _ 7T,  C  =  B  +  y,  D  =  C  —  J,  &c.  then  the  attrac- 

x - i  A  ,  Bffi1  ,  3C#  ,  3.5  w6 

tion  in  the  direction  ac  =  v  1  —  w  xA+-  riT^T  2.4.6s 
&c. 
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For  the  second  series,  let  A  =  arc  whose  tang.  =  ,  B  =  A  —  l-  3 

C  =  B  ,  D  =  C  - — — 5  &c.  then  the  attraction  =  arc .  oo° 
1  3» 3  5^5  J 


y 


1  -f  vx  x  A  — 


B  v2 


+ 


3  C  v4-  3  .  5  D  v6 


4 . 6 


&C. 


It  must  be  observed,  that  the  first  series  fails  when  n  is 
greater  than  unity,  and  the  second,  when  it  is  less ;  but,  if  b  is 
taken  equal  to  the  least  of  the  two  lines  ck  and  cb,  there  is  no 
case  in  which  one  or  the  other  of  them  may  not  be  used  con¬ 
veniently. 


By  the  help  of  these  series,  I  computed  the  following  table. 


,1962 

>3714 

>5  >45 

,6248 

,7071 

,7808 

1 

>857.5 

>9285 

>9815 

h 

,1962 

,00001 

.3714 

,00039 

00148 

,5145 

,00074 

00277 

00521 

• 

,6248 

OOl  10 

00406 

OO778 

01183 

>7071 

00140 

00322 

OlOOB 

01525 

02002 

,780(8 

00171 

00637 

01245 

0 1 896 

02405 

03247 

,&57  5 

00207 

00772 

01522 

02339 

03116 

03964 

*0 

0 

0 

,9285 

00244 

00910 

Ol8lO 

02807 

03778 

04867 

06319 

08119 

,9815 

00271 

01019 

00 

O 

Cl 

0 

°3'93 

04368 

05039 

07478 

°9931 

12849 

1-  1 

00284 

01054 

02135, 

°3347l045^0 

05975 

07978 

10789 

14632 

1961s 

Find  in  this  table,  with  the  argument  ^  at  top,  and  the  argu¬ 
ment  ~  in  the  left  hand  column,  the  corresponding  logarithm; 
then  add  together  this  logarithm,  the  logarithm  of  and  the  lo¬ 
garithm  of  ~ ;  the  sum  is  logarithm  of  the  attraction. 
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To  compute  from  hence  the  attraction  of  the  case  on  the 
ball,  let  the  box  DCBA,  (fig.  1.)  in  which  the  ball  plays,  be 
divided  into  two  parts,  by  a  vertical  section,  perpendicular  to 
the  length  of  the  case,  and  passing  through  the  centre  of  the 
ball  ;  and,  in  fig.  9,  let  the  parallelopiped  ABDE  abde  be  one 
of  these  parts,  ABDE  being  the  abovementioned  vertical  sec¬ 
tion  ;  let  x  be  the  centre  of  the  ball,  and  draw  the  parallelogram 
fin  pm  ox  parallel  to  B  b  d  D,  and  xgrp  parallel  to  fiB  bn,  and 
bisect  fi  $  in  c.  Now,  the  dimensions  of  the  box,  on  the  inside, 
are  B6=  1,75;  BD  =  3,6;  B /3  =  1,7 5;  andj6A  =  5;  whence 
I  find,  that  if  x  c  and  fix  are  taken  as  in  the  two  upper  lines  of 
the  following  table,  the  attractions  of  the  different  parts  are  as 
set  down  below. 


xc 

fix 

Excess  of  attract  of  Ddrg  above  B brg 

- mdrp  above  nbrp 

- mesp  above  nasp 

.75 

1,05 

.2374 

>2374 

>37°5 

>5 

x>3 

,1614 

,1614 

,2516 

i>55 

,0813 

,0813 

,1271 

Sum  of  these 

Excess  of  attract,  of  Bbn  fi  above  D  dmH 
- - - Aanfi  above  Eem  $ 

.8453 

>5°°7 

,4677 

.5744 

.3271 

»3°7  9 

.2K97 

,1606“ 

Whole  attraction  of  the  inside  surface! 
of  the  half  box  j 

,1231 

,0606 

,0234 

It  appears,  therefore,  that  the  attraction  of  the  box  on  x  in¬ 
creases  faster  than  in  proportion  to  the  distance  xc. 

The  specific  gravity  of  the  wood  used  in  this  case  is  ,61,  and 
its  thickness  is  -J  of  an  inch ;  and  therefore,  if  the  attraction  of 
the  outside  surface  of  the  box  was  the  same  as  that  of  the  in¬ 
side,  the  whole  attraction  of  the  box  on  the  ball,  when  cx  =  ,75, 
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would  be  equal  to  2x,i23ix,6ix-J  cubic  inches,  or  ,201 
spheric  inches  of  water,  placed  at  the  distance  of  one  inch  from 
the  centre  of  the  ball.  In  reality,  it  can  never  be  so  great 
as  this,  as  the  attraction  of  the  outside  surface  is  rather  less 
than  that  of  the  inside ;  and,  moreover,  the  distance  of  x  from  c 
can  never  be  quite  so  great  as  ,75  inch,  as  the  gieatest 

motion  of  the  arm  is  only  inch. 
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XXII.  An  improved  Solution  of  a  Problem  in  physical  Astro¬ 
nomy  ;  by  which,  swiftly  converging  Series  are  obtained ,  which 
are  useful  in  computing  the  Perturbations  of  the  Motions  of 
the  Earth ,  Mars ,  and  Venus ,  by  their  mutual  Attraction.  To 
which  is  added  an  Appendix ,  containing  an  easy  Method  of 
obtaining  the  Sums  of  many  slowly  converging  Series  which 
arise  in  taking  the  Fluents  of  binomial  Surds,  &c.  By  the 
Rev.  John  Hellins,  F.  R.  S.  Vicar  oj  Potter  s  Pury,  in  North¬ 
amptonshire.  In  a  Letter  to  the  Rev.  Nevil  Maskelyne,  D.  ZX 
F.  R.  S.  and  Astronomer  Royal. 

Read  June  28, 1798. 


REVEREND  SIR,  Potter’s  Pury,  April  17,  1797. 

Such  is  the  subject  of  the  inclosed  paper,  and  such  the  repu¬ 
tation  for  skill  and  industry,  which  the  many  valuable  papers 
you  have  communicated  to  the  Royal  Society,  and  your  other 
learned  works,  have  justly  procured  to  you,  that  it  could  not 
with  more  propriety  be  submitted  to  the  judgtnent  of  any  other 
person  than  yourself,  even  if  the  writer  of  it  were  a  stranger 
to  you. 

But  there  are  circumstances  which  render  my  presenting  it 
to  you,  in  some  measure,  a  duty.  I  had  the  advantage  of  being, 
for  some  years,  your  Assistant  in  the  Royal  Observatory  at 
Greenwich ;  during  which  time,  you  made  the  important  obser¬ 
vations  on  the  mountain  Schehallien,  in  Scotland,  which  afford 
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an  ocular  demonstration  of  the  attraction  of  that  mountain,  and 
a  strong  argument  for  the  general  attraction  of  matter,  a  sub¬ 
ject  nearly  connected  with  that  of  the  following  pages ;  and  it 
was  from  you  that  I  received  the  problem  of  which  you  will 
here  find  an  improved  solution. 

The  diffidence  with  which  I  entered  on  a  speculation  which 
had  engaged  the  attention  of  such  learned  men  as  Simpson, 
Euler,  and  De  la  Grange,  is  well  known  to  you.  Consi¬ 
dering  the  great  abilities  of  these  men,  and  the  length  of  time 
which  Euler,  in  particular,  appears  to  have  employed  on  the 
subject,  all  that  I  at  first  expected  to  effect  was,  to  facilitate 
the  summation  of  the  slowly  converging  series  by  means  of 
which  they  had  computed  the  perturbations  of  the  motions  of 
the  planets  in  their  orbits,  which  arise  from  their  actions  on 
one  another,  by  the  force  of  gravity ;  and  that  this  might  be 
done  by  a  method  which  I  had  some  time  before  discovered, 
was  evident,  on  inspecting  their  series.  Here,  it  is  probable,  I 
should  have  stopped,  had  not  you  been  pleased  to  put  into  my 
hands  a  sheet  of  paper,  written  by  the  late  Mr.  Simpson,  which, 
though  very  ingenious,  was,  by  mistakes,  which  seem  to  have 
entered  in  transcribing  it,  rendered  unintelligible  to  some  emi¬ 
nent  mathematicians  who  had  perused  it;  in  which  state  it 
had  remained  thirty-six  years.  On  perusing  this  paper,  the 
first  thing  that  occurred  to  me  was,  a  different  method  of  find¬ 
ing  the  fluent,  from  that  which  had  been  used  by  Mr.  Simpson; 
by  which  means,  series  converging  by  the  powers  of  p  were 
obtained,  while  the  series  brought  out  the  common  way  lost  all 
convergency  by  a  geometrical  progression,  and  a  computation 
by  it  was  more  difficult  than  the  computation  of  the  length  of 
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a  quadrantal  arch  of  the  circle  by  the  series  1  4-  4-  — - — U 

*.4.6.7*  Afterwards,  I  discovered  the  method  of  trans¬ 
forming  that  series  which  had  lost  all  convergency  by  a  geo¬ 
metrical  progression,  into  another  in  which  the  literal  powers 

decrease  very  swiftly ;  which  is  the  improvement  I  now  offer 
to  you. 


In  comparing  the  series  here  produced,  for  computing  the 
values  of  A  and  B  in  the  equation  (a  —  b  x  cos.  2)“”=  A  +  B  . 
cos.  z  -J-  C  .  cos.  qz  4*  D  .  cos.  qz  4*  &c.  with  those  which  have 
been  published  for  that  purpose,  by  Messrs.  Euler  and  De  la 
Grange,  it  will  appear,  that  those  cases  which  were  the  most 
difficult  to  be  computed  by  their  methods,  are  the  most  easy 
by  mine.  For  instance,  if  Venus's  perturbation  of  the  motion 
of  the  Earth  were  to  be  computed,  (and  vice  versa,)  the  literal 
powers  which  have  place  in  M.  Euler's  series,  would  be  very 
nearly  equal  to  the  powers  of  ;  the  literal  powers  which  have 
place  in  M.  De  la  Grange  s  series,  would  be  nearly  equal  to 
the  powers  of  £ ;  and,  in  the  series  now  produced,  the  literal 
powers  would  decrease  somewhat  swifter  than  the  powers 
<*Tf 

M.  De  la  Grange  has  indeed,  by  a  very  ingenious  device, 
obtained  a  convergency  in  the  numeral  coefficients  of  the  series' 


that  he  uses,  which,  for  the  first  five  terms  of  it,  is  nearly  equal 
to  the  powers  of  \ ;  but  this  convergency  becomes  less  and 
less  in  every  succeeding  term,  and  the  coefficients  approach 
pretty  fast  to  a  ratio  of  equality ;  so  that,  to  obtain  the  sum  of 
the  series  to  six  places  of  decimals,  he  proposes  to  compute 
the  first  ten  terms  of  it.  The  case  in  which  those  coefficients 
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h^ve  that  convergency,  is  when  n  (which  answers  to  his  s,) 

is  =  — ,  a  case  which  does  not  often  happen  ;  however,  from 

2 

the  values  of  A  and  B,  when  n  =  — ,  he  derives  their  values 
when  n  —  &c.  by  another  very  ingenious  device,  worthy 

of  that  skill  for  which  he  is  justly  celebrated.  But,  by  the  me¬ 
thod  now  proposed,  the  chief  part  of  the  convergency  is  in  the 
literal  powers ;  and  such  a  difference  in  the  numeral  coeffi¬ 
cients,  for  a  different  value  of  n ,  does  not  take  place. 

For  Mars’s  perturbation  of  the  Earth’s  motion,  the  literal 
powers  by  which  the  three  different  series  converge,  are  nearly 
as  follows : 

M.  Euler’s,  "j  [t* 

M.  De  la  Grange’s,  >by  the  powers  of<j  ; 

The  series  now  proposed,  J  L To-* 

If,  indeed,  the  perturbation  which  arises  from  the  action  of 
Jupiter  upon  the  earth  was  to  be  computed,  M.  De  la  Grange’s 
series  would  be  the  best  that  has  hitherto  been  published  for 
the  purpose,  as  the  literal  powers  of  it  would,  in  that  case,  be 


*  For  obtaining  nearly  the  different  rates  of  convergency  of  the  literal  powers  in 
the  three  series,  it  will  be  sufficient  to  consider  the  distance  of  the  two  planets  of  which 
the  perturbations  are  to  be  computed,  as  rr  V  (RR  +  rr — 2R  r*c,  z),  where  R  and  r 
denote  their  mean  distances  from  the  sun,  of  which  R  is  the  greater,  and  c,  z  the  cosine 
of  the  angle  of  commutation.  Then  will  M.  De  la  Grange’s  series  converge  by  the 

powers  of  the  quantity  ;  and,  since  RR  +  r  r-a,  and  2R  r-b,  in  our  notation. 

and  the  converging  quantity  in  M.  Euler’s  series  is  (n  n)  =  -jjp  it  will  be  = 

p,  ^  m  a  •—  b 

. .  A _ _ -  ;  and  c  c,  by  the  powers  of  which  the  new  series  converges,  is  =  — -£  = 

(RR  -f-  T  T )a 

RR— zRr-f  rr  __  (R—O^  gee  the  j \femoirs  of  the  Royal  Academy  of  Sciences  and 

RR  +  aRr-f rr  ~  (R  +  r)a 

Belles-Lettres  at  Berlin,  for  1781,  p.  257  ;  M.  Euler’s  lnstitutiones  Calculi  Integrals, 
Vol.  I.  p,  186 ;  and  Art.  4,  in  what  follows. 
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nearly  equal  to  the  powers  of  ~j ,  while  the  literal  powers  in 
the  new  series  would  differ  but  little  from  those  of  So 
that,  for  computing  the  perturbation  of  each  of  these  three  pla¬ 
nets,  we  now  have  series  converging  so  very  swiftly,  that  the 
first  four  terms  are  sufficient  for  the  purpose. 

These  indeed  are  the  perturbations  of  motion,  arising  from 
the  actions  of  the  planets,  which  the  inhabitants  of  this  globe 
have  most  frequent  occasion  to  compute.  And,  since  two  of  the 
three  are  most  easily  calculated  by  the  method  explained  in  the 
following  pages,  I  am  not  without  hopes  that  I  have  rendered 
an  acceptable  piece  of  service  to  astronomers  in  general,  and 
more  especially  to  those  who  are  most  intent  upon  improving 
astronomical  tables. 

But  it  may  be  proper  to  remark,  that  the  use  of  the  new  series 
is  not  confined  to  the  computations  just  mentioned,  but  may 
successfully  be  used  in  computing  the  perturbations  of  the  mo¬ 
tions  of  other  planets.  For  instance,  in  the  computation  of 
the  perturbation  of  Saturn’s  motion  by  Jupiter,  (and  vice  versa,) 
the  convergency  of  this  series  will  be  nearly  by  the  powers  of 
TV,  which  is  a  swift  rate  of  convergency.  And,  for  the  pertur¬ 
bation  of  the  Georgium  sidus  by  Saturn,  (and  vice  versa,)  the 
series  will  converge  nearly  by  the  powers  of  i,  which  is  also 
swiftly. 

And  it  is  further  to  be  remarked,  that  in  the  last  instance, 
and  indeed  whenever  the  radii  of  the  orbits  of  the  two  planets 
differ  from  each  other  in  the  ratio  of  2  to  1,  M.  De  la  Grange’s 
series  may  be  used  with  advantage,  since  the  convergency  of 
the  first  five  terms  of  it  will  then  be  nearly  by  the  powers 
of  ;  the  numeral  coefficients  of  those  terms  converging  as 
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swiftly  as  the  literal  powers  do  in  that  case.  And,  when  the' 
ratio  of  the  two  radii  is  greater  than  that  of  2  to  1,  his  series 
will  converge  more  swiftly.  : 

With  great  pleasure  therefore  I  see,  that,  by  one  or  other 
of  these  methods,  some  of  the  longest  and  most  difficult 
calculations  which  formerly  arose  in  the  theory  of  astrono¬ 
my,  may  now  be  exchanged  for  others  which  are  short  and 
easy. 

It  is  with  satisfaction  also,  that  I  perceive  the  facility  of  com¬ 
puting  by  the  series  I  now  present  to  you,  is  not  at  all  less¬ 
ened  by  the  more  general  notation  you  have  given  to  the 
denominator  of  the  fraction  from  which  it  is  derived,  at  the 
same  time  that  a  more  accurate  result  is  obtained  than  M.  De 
la  Grange  proposed.  For,  in  the  computations  of  which  I 
have  been  speaking,  he  neglected  both  the  excentricities  of  the 
orbits  of  the  planets,  and  their  inclinations  to  the  ecliptic,  as 
inconsiderable :  you,  finding  the  effect  of  these  omissions  to  be 
greater  than  he  imagined,  have  taken  them  in.  Your  other 
ingenious  labours  on  this  subject  will  be  best  described  by  your¬ 
self,  and  cannot  fail  of  being  gratefully  received  by  all  learned 
astronomers. 

With  respect  to  the  method  by  which  the  sums  of  the  very 
slowly  converging  numerical  series,  which  occur  in  the  sub¬ 
sequent  pages,  are  obtained,  I  need  not  say  to  you,  that  it  is 
of  extensive  utility,  and  may  be  successfully  applied  in  many 
cases. 

I  have  only  to  request,  that,  if  the  paper  here  inclosed  meets 
with  your  approbation,  you  will  communicate  it  to  the  Royal 
Society.  For,  although  I  think  I  cannot  be  mistaken  re- 
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specting  the  utility  of  the  invention  explained  in  it,  yet  such 
is  my  respect  for  that  learned  body,  that  I  am  unwilling  to 
send  them  any  paper  of  mine,  on  so  difficult  and  important 
a  subject,  till  it  has  been  examined  by  an  able  judge  of  the 
subject. 

I  am, 

Rev.  Sir,  &c. 

JOHN  HELLINS. 


An  improved  Solution  of  a  Problem  in  physical  Astronomy,  See , 

1.  The  perturbation  of  the  motions  of  the  planets  in  their 
orbits,  by  the  action  of  one  upon  another,  is  a  curious  pheno¬ 
menon,  which,  while  it  affords  to  the  philosopher  a  clear  proof 
of  the  general  attraction  of  matter,  produces  a  problem  of  no 
small  difficulty  to  the  astronomer;  viz.  to  compute  the  quan¬ 
tity  by  which  a  planet,  so  acted  upon,  deviates  from  an  ellipsis 
in  its  course  round  the  sun :  a  problem  which  hath  called  forth 
the  skill  of  several  of  the  most  learned  philosophers  and  astro¬ 
nomers  of  the  last  and  present  age. 

A  preparatory  step  to  the  solution  of  this  problem  is,  to  find 
a  convenient  expression  for  the  reciprocal  of  the  cube,  or  ra¬ 
ther  of  the  nth  power,  of  the  distance  of  any  two  planets.  Such 
an  expression  was  first  given  by  M.  Euler,  in  series  proceed¬ 
ing  by  the  cosines  of  the  multiples,  in  arithmetic  progression, 
of  the  angle  of  commutation ;  but  the  calculations  of  the  first 
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two  coefficients  in  it  were  very  laborious,  requiring  the  sum¬ 
mation  of  series  of  the  common  form,  which  converged  very 
slowly.  Afterwards,  other  series  were  discovered  by  other 
authors,  whereby  the  same  coefficients  might  be  computed  with 
less  labour ;  the  best  of  which,  that  I  have  seen,  appear  to  be 
those  that  were  pointed  out  to  me  by  Dr.  Maskelyne,  in¬ 
vented  by  M.  De  la  Grange,  and  published  in  the  Memoirs 
of  the  Royal  Academy  of  Sciences  at  Berlin ,  for  the  year  1781. 
Yet,  the  calculation  of  the  two  first  coefficients,  A  and  B,  for 
the  perturbations  of  Mars,  Venus,  and  the  Earth,  by  his  me¬ 
thod,  is  not  shorter,  if  it  be  so  short  as  by  my  method,  to  the 
investigation  of  which  I  now  proceed. 


PROBLEM. 

2.  To  determine  the  values  of  A,  B,  C,  D,  &c.  in  the  equation 

c~ Vo's~  =  *  (A+B  .  cos.  z  +  C  .  cos.  2S  +  D  .  cos.  3 x,&c.) 

z  being  the  arch  of  a  circle  of  which  the  radius  is  1,  and  b  less 
than  a. 

First,  to  find  the  coefficient  A. 

3.  The  fluent  of  the  right-hand  side  of  this  equation  is  A  z 
+  B  .  sin.  z- j-yC  .  sin.  2  z  +  jD  .  sin.  sz  +  i E .  sin.  4 z*  &c- 
which  evidently  vanishes  when  z  =  o ;  and,  when  z  =  3  •  1 4 139, 
&c.  the  arch  of  180°,  it  becomes  barely  =  A  z,  the  sines  of  z, 
2  z,  3  z,  &c.  being  then  each  =  o.  If,  therefore,  the  fluent  of 
the  first  side  of  the  equation  be  taken,  the  increase  of  it,  while 
z  increases  from  o  to  3  •  14159  &c.  =  tt,  will  be  =  7r  A;  and, 
consequently,  A  will  be  determined. 

•  See  M.  Euler’s  Institutiones  Calculi  Integrals ,  Vol.  I.  p.  150. 
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-,  we  haver 

i  n  *  I 


4-  Now> t0  find  the  fluent  of  {a_b  «v 

—  - — - - — ,  x  being  put  =  the  cosine  of  % ;  in  which 

*/(i—xx)  ( a—bx)n 1  &  1 

expressions,  while  %  increases  from  o  to  3- 1 41 59,  x  will  de¬ 
crease  from  1  to  —  1.  Therefore,  to  obtain  a  more  convenient 

expression,  put  vv  =  ~~nr  5  then,  while  x  decreases  from  1  to 

—  1,  vv  will  increase  from  to  ~~r  =  1 ;  and  we  shall  have 

J  a-\-b  a-\-o 

the  following  equations  : 

a—bx=(a-\-b)vv,  (a-bx)n—(a-\-b)nv™,  x  —  a  — > — 

• _  (a  +  b)2vV'  „  ,  ,  a—  (a  +  b)vv _ a  +  b -(a  +  b)vv _ a  +  b  f  ^ _ (r|V|^„ 

X —  £  5  l-\-X l~t  b  —  b  —  b  \  1' 

a—{a-\-b'vv  b— a+ (a-\-b)vv _ q^.b\b—a  ,  _ 

t  %  —  t  b  b  b  [a  +  b  '  I 

tr(vv~^)=‘1TL(vv-cc'l’  cc  bei"S  Put  =7Tb-  from 

these  equations,  the  three  following  are  easily  obtained,  viz. 

^/{x+x)  v/(i-x)  =  s/(^(i -w)]*v/(t(”-cc)| 

_ v/ ( ( !  —  vv)  (I'r-a)];  and, 


27W 


—  x  (a  -{-!>)  2v<i>  _ & _ _ _ _ - 

vy-xx)  =  T  X  („  +  &)✓(( v-vv)  (vv-cc))  ‘/(l-w)v(w-ccy 


2  W 


and,  lastly,  (a—bx)n  yqi  —  vv)\/(vv  —  cc)  (a  +  b)nv‘ln 


—  n 


Z'VV 


;  the  fluent  of  which  may  be  found 


( a-\-b )  ^/(i — w/)  — cc) 

when  the  value  of  n  is  given. 

5.  Now,  the  values  of  n  with  which  astronomers  are  most 
concerned,  are  f  and  f .  Let,  therefore,  f  be  written  for  n,  and 
the  radical  quantity  %/(* — vv)  be  converted  into  series,  and 
the  last  expression  will  be  , 
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=U+b)^%~±£l-f1  +  SZ  +  dSL  +  &c\ 

'  ‘  '  V(vv—cc)  \  *  2  2.4  *  2.4.6  »  2.4.6.8,  v  * 


=  b)  2  x 


* 

2W 


1 


\/(vv—cc) 

1  ^  /  1  3 vv  1  3*5 v*  1  3-5-7  v6  x 

+  fivv-~  (  1  +  —  +  —  +  .  £*•) 

And  the  fluents  of  these  several  terms,  without  their  coeffi¬ 
cients,  are  as  follows : 

_  \/(vv—cc)  # 


IS 


C  C  V 


/iv 

Viyv—cc) 

f 
f 
f 
f 


These  fluents,  being  multiplied  by  their  proper  coefficients, 
and  collected  together,  and  the  whole  multiplied  by  the  com- 

-  3_ 

mon  factor  ( a-\-b )  2,  the  fluent  sought  will  be 

2-y  (vv—c  c ) 

{a-{-b)  2  x 


<v 

TJ  T  v-l~\/(vv — C  c) 

\/(VV — cc) 

<VVr 

c 

a/[vv—Cc)  V  +  CCa. 

a } 

^/{y  v — c  c) 

2 

n>  v* 

*/[yx >—cc)  ^3  +  3 cc£ 

x/{vv  —  cc) 

4 

y  > 

*i>v6 

cc)  V*+$CCy 

*/(vv—c  c) 

&c. 

-  6 

&C. 

0  t 

c  c  V 


+  a  +  T^  +  ¥ky  + 


3-5-7 


£  &C. 


4  *  4.6  •  *  4.6.8 

6.  We  must  now  inquire  what  value  this  series  has  when 
z  =  o;  in  which  case,  x  being  =  1,  vv  is  =  -j^~b  =  cc.  And 

it  will  appear  that,  with  this  value  of  vv,  every  term  of  the  se- 

■ 

ries  vanishes,  so  that  the  fluent  needs  no  correction.  If,  there- 

.-  ■  ,  ■'  .  ;  j ,  •  )  •  ...  ;  „  ,  * ,  t •:  i} * i 

fore,  we  compute  the  value  of  this  series  when  z  —  v,  i.  e.  when 

u  A-  b 

x  =  —  1,  and  vv  =  — l~r  =  1,  we  shall  have  the  value  of  A n, 

1  a  +  b  ’ 
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and  consequently,  A  will  be  determined.  But,  with  this  value 
of  v,  the  terms  £,  y,  £  &c.  lose  all  convergency  by  the  geo¬ 
metrical  progression  v ,  v\  v\  &c.  and  the  computation  of  the 
value  of  the  series,  by  the  common  method,  would  be  more 
laborious  than  the  computation  of  the  quadrantal  arch  of  the 


circle,  by  the  series  1  -| — - — | - - - 1 - — ,  & c.  Here  then 

3  J  J  2.3  *  2.4.5  2.4.67 

we  are  stopped.  But,  by  contemplating  this  series,  expressed 
in  terms  of  a,  and  c,  as  it  stands  below,  a  very  different  method 
of  obtaining  the  value  of  it  is  suggested. 


7.  cc  =  cc 

2  f  3  y/  (1  —  cc) 

4  4 2 

__  3-5  a/  (*— cc) 
4.6  ^  4.6.4 

3-5-7  ^ 3.5-7y/(i-cc) 

4.6.8  4.6. 8. 6 

3-5-79  g  __  3-5-79y(i-cg) 
4.6.8.10  4.6.8.10.8 

&c.  &c. 


+ 

+ 

+ 

+ 


3  c  c  » 

4-2 

3-5-3  ccy(i-cc) 
4. 6.4.2 

3-5-7-5 cc  x/ji—cc) 
4. 6.8. 6. 4 

3.5.7.9.7cgA/(i—  cc) 
4.6.8. xo.8. 6 


&C. 


+ 

+ 

+ 


3.5.3 


4.6. 4.2 


3-5-7-5-3^V(1-^) 

4.6. 8. 6.4. 2  3 


3-5-7-9-7-5  cW(i-cc) 

4.6.8. 10.8.6.4 

&C. 


;&C. 


Here  it  appears,  1st.  That  the  geometrical  progression  1,  cc, 
cA ,  &c.  has  place  in  the  first,  second,  third,  &c.  columns  of 
quantities  on  the  right-hand  side  of  the  equation,  the  terms  of 
which,  when  b  is  nearly  =  a,  decrease  very  swiftly. 

2dly.  That,  in  the  diagonal  line  of  quantities  in  which  a  en¬ 
ters,  besides  this  decrease  of  the  terms,  by  the  literal  powers 
before  mentioned,  the  numeral  coefficients  are  so  simple  that 
a  considerable  number  of  the  terms  may  quickly  be  com¬ 
puted. 

gdly.  That,  if  this  diagonal  line  of  quantities  be  taken  away, 
the  first,  second,  third,  &c.  infinite  columns  of  quantities  which 

3Z 


MDCCXCVIII. 


538  Mr.  Hellins’s  improved  Solution  of 


remain  will  have  the  literal  factors  s/(i  —  cc ),  cc  —  ce), 
cV(i  —  cc),  &c.  respectively,  which  are  in  the  progression 
before  mentioned. 

4thly.  That,  if  the  sum  of  the  infinite  series  of  numeral  co¬ 
efficients  below  the  line,  in  each  of  these  columns,  can  be  ob¬ 
tained,  then  the  original  series,  which  had  lost  all  convergency 
by  the  literal  powers  v,  v\  v%,  &c.  may  be  transformed  into 
two  others,  in  which  the  literal  powers  will  be  cc,  c 4,  &c. 

8.  But  the  sums  of  these  infinite  series  are  attainable,  and 
are  as  follows : 


3 

4.2 


+ 


_3_5_ 

4.6.4 


+ 


3-5-7 


+  &c.  is 

1  4. 6. 8. 10. 8’ 


4. 6. 8. 6 

=  -§-  -f  H.  L.  2  =  a; 

,  .3:5-7-97 _ 1  3-5-7-9*1 **9 _  &  • 

4. 6. 8. 6. 4  »  4.6.8. xo. 8. 6  ^  4.6.8.10.12.10.8  * 

=  iy  +  |H.L.2  =  f *; 

3±7±3  ,  3-5-7-9-7S  1  3-S-7-9-'i-9-7  r# 

4. 6. 8. 6. 4. 2  •  4.6.8.10.8.6.4  *  4.6. 8. 10. 12. 10. 8. 6* 


3-5-3 

4.64.2 


+ 


&c. 


17  -f  c  i  H.  L.  2  .*. 

- - =  v ;  * 

64 

„  &c. 


But  these  three  sums  are  as  many  as  are  requisite,  when  the 
perturbation  of  the  motion  of  either  the  Earth,  Mars,  or  Venus, 
by  the  attraction  of  any  one  ofithe  other,  is  to  be  computed. 

9.  The  sum  of  the  coefficients  in  the  first,  second,  and  third 


columns  in  Art.  7.  being  now  obtained,  take  for  the 

value  of  the  series  a  (1  4-  —  4-  &c.),  which  will  be 

v  1  4.2  1  4.64.2  7  J 

exact  enough  for  the  purpose,  and  we  shall  have,  by  Art.  3,  5, 
6,  7,  and  8, 


*  See  the  Appendix. 
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2^/(1  —  CC) 


cc 


2X< 


,  8  —  2  cc 

-j-  r - : — -  cx. 


8  —  5  cc 

+  x  v/(i — cc)  -}-/^cr  v/(i — cc)  +  vc*K/(i— cc); 
and  thence,  by  a  more  commodious  arrangement  of  the  terms, 
and  dividing  both  sides  by  7 r, 

f  8^—  2  cc 

A  = - — 


8  —  5  c  c 


cc 


+  l_  +  ^(i_,c)(i  +  x  +  KC  +  ,C4) 

10.  The  value  of  A,  when  ?z  ~  being  now  found,  let  us 
next  investigate  the  value  of  it  when  n  =  j- ;  which,  for  the 
sake  of  distinction,  in  a  use  to  be  made  of  it  in  a  subsequent 
article,  I  denote  by  A'. 

By  writing  j-  for  n  in  the  fluxionary  expression  obtained  in 

Art.  4.  we  have  (a  4-  b)  *  x  — - - 2—.vA. - -  which,  by 

converting  the  radical  quantity  >/( 1  —  vv)  into  series,  becomes 

/  1  L\~l  2iv~4’  I  |  VV  I  3  C+  ,  3.5  v6  .  5.5.7  tJ8  \ 

fl-f  0  X  —7 - 5  H - +  - - f  ^-r  +  &C. 

v  1  '  —  cc)  \  1  2  *  2.4  3  2.4.6  1  2. 4. 6. 8*  / 


r 


2  *VV 


—  4 


/in  a  J  V'  (77 
=  (a  +  6)  x< 

+ 


— - L 

V  —  cc)  1 


'VV' 


<v 


[vv  —  cc) 
3-5  vv 


i  + 


1  3-5 -7V*  1  3  5  7-9^  ^ 
iTITT  77T7 


L  1  <y(vv  —  c-c)  1  4.6  «  4.6.8  •  4.6.8.10 

Now,  the  fluents  of  these  terms,  without  their  coefficients, 
are  as  follows : 


/ 

/ 

/ 

/ 


' vv 


—  4 


{vv  —  CC ) 


cc)  # 


O'  V 


*/{yv  —  cc) 


»/  {vv  —  cc) 


‘Z'tr 


is  ==  x/(vv  -  I  2  '/{w  — 

3  cc  v3  *  j  c+i/ 

*/{vv  —  cc)  a 

CO)  ’ 

=  H.  L.-+y^vv-cc)  =  a; 


\/(vv  —  cc)  V  -f  c  Cot, 


\T[vv  —  cc)  2 

as  they  are  exhibited  in  Art.  5. 

3Z  ^ 


£;  and  the  rest 
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These  fluents  being  multiplied  by  their  proper  coefficients, 
and  collected  together,  and  their  sum  multiplied  by  the  com- 

— j. 

mon  factor  (<?  -|-  b)  *,  we  shall  have 


(a  +  b) 


2  \/{yv  —  c  c) 


3  c  cvs 

i*  + 


■  4  ^/{vv—cc)  .  */(vv  —  cc) 

T  ,  /-+r.  *1 


3-5 

4.6 


3  c*v 

£  4- 

‘  4.6.8 


C  C  V 


y  + 


3-5-79 

4.6.8. JO 


&C . 


which  fluent  needs  no  correction,  since,  when  v  =  c,  the  whole 
vanishes.  The  value  of  it  therefore,  when  v  =  1,  will  be  =  AV, 
which  is  what  we  want ;  and,  in  obtaining  it,  the  only  difficulty 
is,  to  compute  the  series  in  which  a,  £,  y,  &c.  enter,  which 
may  be  overcome  in  the  manner  shewn  above  in  Art.  7.  For 
the  value  of  this  series,  when  11=1,  will  be  as  follows : 


11.  % 

a  : 

=  ** 

2J 

4.6 

£: 

3.5  A/(I  —cc) 

4 .6.2 

+ 

3.5  CC  a 

4.6.2 

3-3-7 

3-5-7v'(i- 

•  cc) 

+ 

3  5-7-3  cc\/(i — cc) 

4. 

3.5.7.3  c*  • 

4.6.8 

y 

4.6. 8. 4 

4. 6. 8. 4.2 

4.6. 8. 4. 2 

3-5*7-9 

* 

.  3-5-7-9a/(i- 

—cc) 

+ 

3*5-7-9-5ccv/  ( 1 — cc) 

4- 

3- 5-7-9  5-3c4a/(i  — 

cc) 

4.6.8.10 

0 

4.6.8.10.6 

4.6.8.10.6.4 

4.6.8.10.6.4.2 

j 

3*5 -7*9- 1 1 

 3 - 5  7-9 • 1 1  vd 

I — cc)  , 

3. 5. 7. 9.11. cc)  , 

3-5  7  91 1-7*5  *V(i 

—cc) 

4.6.8.10.12 

k 

4.6.8.10.12.8 

I 

4.6.8.10.12.8.6 

4.6.8.10.12.8.6.4 

&C. 

&C. 

&C. 

&C. 

&c. 

,&c. 


Here,  by  attending  to  the  same  things  which  were  observed 
in  Art.  7,  we  may  easily  obtain  the  values  of  as  many  of  the 
infinite  columns  of  quantities  on  the  right-hand  side  of  the 
equation  as  are  wanted ;  which,  for  the  planets  Mars,  Venus, 
the  Earth,  and  some  of  the  rest,  are  but  three. 

12.  The  value  of  the  series,  of  which  a  is  the  factor,  viz . 

a  ELfi  _j_  i±Z Ail,  &?c.J,  will  be  obtained  sufficiently  near 
for  the  purpose,  by  this  expression,  a,  which  is  some¬ 

what  more  exact  than  the  three  first  terms  of  it ;  and  the  infi¬ 
nite  series 
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3‘5 

4.6.2 


3-5-7-3 

4.6. 8. 4.2 


3-5-7-9?'3 

4.6.8.10.6.4.2 


+ 


+ 


+ 


3-5-7 

4. 6. 8. 4 


3-5 -7-9-$ 

4.6.8.10.6.4 


9_  ,  _3:5:7;9;I,L-  Afc  jo 

*  4.6.8.10.6  V  4.6.8.10.12.8’ 


4.6.8.10.6  *"  4.6.8.10.12.8 

—  4“  ‘T  H.  L.  2 


.  / . 


+ 


■>5-7-9-“-7  js 

4.6.8.10.12.8.6  ’ 


3.5.79 -^7-5 _ 

4.6.8.10.12.8.6.4  “T"  4.6.8.10.12.14.10.8,6’ 


+  .  e?c.  is 


_  4 °^7  1  329  tt  t  _  _  / 

12288  1  jia**.L.  2 — 

We  therefore  now  have ^  »+\'x/{i—cc)+ft'cc^'{i—cc) 
+  v'c*</(i--cc)  for  a  near  value  of  the  infinite  series-^-  a  -f 

t + 

13.  Having  thus  obtained  a  sufficiently  near  value  of  the  in¬ 
finite  series  which  entered  into  the  fluent,  in  Art.  10,  we  have 
only  to  add  to  it  the  three  radical  terms  there  found,  v  being 

put  =  1,  and  to  multiply  the  whole  by  (a +  b)~  2 ,  and  we  shall 
have 


r  vc1- 

,-r  !  3? 


— cc)  ,  4  \/{i—cc)  ,  a/ (1  —cc) 

"1“  3C4  fl- 


CC 


tt A'=(a fl- bj~ I  9^~ 23cc 

j  '  128— S4CC 

L  —  cc)+[4Scc^/[i—cc]-\-vfc*x/[i — cc) 

which  equation  being  more  concisely  expressed,  and  divided 
by  tt,  gives 

96  —  23CC 


A’= - x  <;  I28_84£C 

1  +y/(1-cc)  ( 


4  +$cc 
3c4 


“f*  xf -J-  jw  cr -|-  v  c* ) » 


*  See  the  Appendix. 
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Secondly,  to  find  the  Coefficient  B. 

14.  Multiply  the  equation  in  Art.  2.  by  2  cos.  z  =  2  x,  and  we 
shall  have— =z(Ax  2Cos.%  +  Bx  2cos.%xcos.2;  +C  x  2  cos.  z 

( a—bx)n  v 

X  COS.  2  %  +  Dx  2  cos .z  x  cos.  gz,  &c.);  which,  because  2  cos. z 
x  cos.  m  z  is  =  cos.  ( m  —  1 )  z  cos.  [ni  -|~  1 )  2,  will  be  =  z 
(2A.COS.2  4-  B  ( 1  -{-cos,  22)  -j-  C  (cos .z-{-  cos. 3 z)  +  D(  cos. 2 z 
+  cos.  4  z),  &c .)*  And,  by  taking  the  fluents,  we  have 

—  aA  -  sin-~  +  B  x  f  B.sm.  ss-f  c  (sin.z-t-ism.3s:) 

4-  D  (i  sin.  qz  +  4  sin.  4  z),  &c.;  which  equation,  when  z  = 

3-14159,  &c.  =  7 r,  becomes  f- =  barely  B  %  =  B  tt,  the 

sines  of  z,  2  z,  32;,  &c.  being  then  =  o. 

15.  Now  it  appears,  by  the  notation  in  Art.  4,  that  -  ^ 


2W 


1  —2  n 


_ _ Zf _ —  (a4-b)  X _ - 

v'Ci -xx)  (a— bx)n  '  '  '  -/(i  —vv)\/{yv—cc) 

(a+bpw_.  we  therefore  have,  by  proper  substitution, 


,  and  that  x 


2XZ 


2  XX 


2  a 


2-VV 


1 — 2  n 


(a  —  bx)n  </\i—xx)  ( a—bx)n 


b(a  +  b)n 
—  2 


b{a  +  b) 


•v/(i — vv)\/{vv — cc)  I 

2^3~2n  |  ’ 

—  vv)  V  (w  —  cc)  J 


of  which  two  fluxions  the  fluents  may  be  found,  when  n  has 
any  particular  value. 

16.  First,  let  n  be  \  ;  then  the  last  expression  in  the  pre- 

.  — - 

1 .  .’ll  2W  2 

ceding  article  becomes  - -  x - 7  x 

0  b{a-{-b jx  */[i — vv)  *y{yv — cc)  b(a-\-by-i 

- — - - .  Now,  the  fluent  of  the  affirmative  part  of  this 

-v/(l — vv)  \/VV — cc)  1 

expression  is  evidently  =  y  x  the  fluent  of  the  fluxion  in  Art.  5, 


See  Simpson’s  Miscellaneous  Tracts,  lemma  I.  p.  76. 
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that  is,  =  —  Att;  and  the  negative  part,  by  converting 


into  series,  will  become 


v  _ 2± _  ( i  jl  VL  4.  4- 

k/ Iw — cc)  >•  *  2  '  2.4  ' 


b{a  +  b) t  V(vv—cc)  \  -2-2.4 


&c.)  ;  the  fluent  of  which  appears,  by  Art.  5,  to  be 
(a  +  e  +  ^  +  -^  +  ^,  &c.),  which  will  vanish 


b[a-\-bfi  v  1  4  1  4  6  4.6.8 

when  v  =  c,  and  therefore  needs  no  correction ;  and,  when 
v  =  1,  the  series,  without  the  factor,  will  be  as  follows  : 

2a  =  2« 


e  = 


4* 


a/(I—  cc) 

2 

££) 

44 


+ 


C  C  cl 


+ 


3.3  CC  y/(  1 — cc) 

4.4.2 


+ 


3-3  c‘ “■ 

4.4.2 


3J_  w _ 3.5v/(i  —  cc)  ,  3.5.5  cc\/ ( 1  —  cc)  ,  3.5.5. 3c*y  ( i  —  cc) 

4.6  °  —  4.6.6  *  4. 6. 6. 4  ”•  4. 6. 6. 4. 2 

3-5  7  3.5.7  v/(i  —cc)  ,  3.5. 7. 7 cc  y/ ( 1  —  cc)  .  3.5.7.7.5c4  y/(i—cc)  ^ 

4.6.8  6  —  4.6.8. 8  1  a. 6.8. 8. 6  4.6.8. 8.6.4  * 


4.6.8. 8. 6 

6?c.  fsV.  ij'c. 

Now,  the  sum  of  the  infinite  series 


4. 6. 8. 8. 6. 4 

&c. 


of 


T  +  Ta  +  iXS  +  PX8>  &c-  beinS  =  2  H .  L  .  2  =  p, 

+  ^  +  IXSXS  +  being  =  -~H .  L  .3  =  <r, 


4.4.2  "*  4. 6. 6. 4  ‘  4. 6. 8. 8. 6  *  4.6.8. 

3-$«5-3  .  3-S-7-7-5  i  3 -S-7-9-9-7  _  .  3-5-7-9-n-'  »»9  _ 

01  4.6.64.2  »  4.6. 8.8.6  4  ‘  4.6.8.10.10.8.6  *  4.6.8.10.12.12,10.8’ 


—  1 


4-  —  H  .  L  .  2  =  T,  &C. 

64  ■  32 


&c. 


By  proceeding  as  above,  in  Art.  9,  a  sufficiently  near  value 
of  the  whole  series  will  be  obtained  in  this  expression, 

"  +  v/(i  —  cc  )  (p  +  <rcc  tc4)  ;  and  this,  multiplied 


32 


—  IOCC 


16— 9CC 

by  its  proper  factor,  gives 
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—  2 


b  (a  -j-  b)l 


X  < 


32  — IOCC 
16—9  CC 


cc 


+  y/(i  —  cc)  (p  +  a-cc  +  r  c4)  for  the  other  part 
of  the  fluent  sought.  And  since,  by  Art.  14,  this  fluent  is 
=  B  7r,  we  have,  by  dividing  both  sides  by  7 r, 


B  =  ^  A - - — 7 

"  n  b  (a  +  b)z 


X 


32  — 10  cc 


16  — 


9  CC 


a 


l+v/(i  —  cc)  (p  +  <r  cc  +  r  c4),  which 

is  its  value  when  n  = 

17.  We  are  next  to  find  the  value  of  this  coefficient,  when 
n  =  j- ;  which,  for  the  sake  of  distinction,  I  denote  by  B'. 

With  this  value  of  n ,  the  fluxionary  expression  in  Art.  15,  be- 

.  4  .  —2 

2  a  2  w  2  2t>i/ 

comes  ^ _ ^ _ - _ _  • 

b{a  +  b)^  \/{i—vv)V'{vv—cc)  b(a  +  b)i  v'O  —  vv)  S{vv— cc)  9 

which  being  compared  with  the  fluxions  in  Art.  5  and  10,  it 
will  appear  that  the  fluent  of  the  former  part,  when  v  =  1,  is 

=  ~  AV,  and  that  the  fluent  of  the  latter  part  is  =  Att; 
which  fluents,  taken  together,  are,  by  Art.  14,  =  B'tt.  There¬ 
fore  we  have  B'  =  yA'  — A  =  y  ( A' a  —  A). 


Thirdly,  to  find  the  Values  of  C,  D,  E,  &c. 

18.  The  values  of  the  coefficients  A  and  B  being  now  found, 
corresponding  to  the  values  of  n  \  and  we  might  proceed  in 
the  same  manner  to  find  the  value  of  C.  For,  if  the  equation 
in  Art.  2,  be  multiplied  by  2  cos.  2  2,  and  cos.  ( m —  2)2?  + 
cos.  (m  +  2)  z  be  written  for  2  cos.  2 z  y.  cos.  mz,  it  will  become 

SX2COS.2 z  £  (2  A  X  cos.  2  z  +  B  (cos.  %  +  cos.  3  %)  + 
(a— bx  cos.z)”  v  1  v 

C  ( 1  +  cos.  4 z)  +  D  (cos.  s  +  cos.  5 z),  &c.)  And  the  sum 
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of  the  fluents  on  the  right-hand  side,  when  £=7t,  will  become 
barely  C  z  =  C  %.  Therefore,  the  fluent  of  the  left-hand  side 

of  the  equation,  when  z  =  tt,  or  of  --  9 wIien  x~ 1  * 


or  of 


4  a  a — 2  bb — 8a  (a  +  6)  4(  a-f&)2T>4 

b  b{a  +  b)n 


2'VV 


1—2  n 


X 


-v/(i — vv)  \/(vv — cc)9 


when 


v  =  1,  will  be  =  C7r.  The  fluent  of  this  fluxion,  it  is  evident, 
will  consist  of  three  parts,  the  first  and  second  of  which,  n  be¬ 
ing  =  J-,  are  obviously  attainable  from  the  values  of  A  and  B 
above  found  in  Art.  g.  and  1 6. ;  and  the  third  in  series  similar  to 
those  which  have  been  given  in  the  former  part  of  this  paper. 

It  is  evident  also  that,  if  n  be  =  |-,  all  three  parts  of  this  fluent 
are  attainable  from  the  values  of  the  two  coefficients  already 
found,  and  C  would  be  ==  —  2 A'  -|-  y  (B 'a  —  B). 

19.  And  in  this  manner  may  the  other  coefficients,  D,  E, 
F,  &c.  be  determined.  And  since  the  cosines  of  32,  yz,  &c . 
are  =  4 x3  —  3 x,  8 x4 —  8^-J-  1,  &c.  respectively;  and  since 

x  —  it  is  evident  that  the  numerator  of  the  fraction 

into  which  the  fluxion  in  the  preceding  article  is  to  be  multi¬ 
plied,  will  be  always  of  this  form,  viz.  p-\-qvv-\-rv*-\-  sv6,  &c.; 
from  which  it  follows,  that,  if  the  values  of  A',  A,  A,  &c.  cor- 

S' 

responding  to  ;z,  n  —  1,  n  —  2,  &c.  be  computed,  the  values  of 
C,  D,  E,  F,  and  all  the  rest,  may  be  found  in  terms  of  A',  A, 
A,  &c.  with  the  coefficients  a  and  b.  But,  since  the  easiest 
method,  that  has  come  to  my  hands,  of  computing  the  values 
of  C,  D,  E,  &c.  after  A  and  B  are  found,  is  explained  in  M. 
Euler’s  Institutiones  Calculi  integralis,  Vol.  I.  p.  181,*  I  shall 


*  The  coefficients  2,  3,  and  4,  after  2C  sin.  3  D  sin.  and  4E  sin.  in  line  8  of  the 
page  above  referred  to,  are  wanting;  and  —  is  printed  for  -j-  before  2  C,  in  line  13. 
And  there  are  press  errors  in  many  other  places.  It  is  to  be  regretted,  that  so  excel¬ 
lent  a  book  was  not  more  correctly  printed. 
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not  pursue  this  method  any  further  ;  but,  having  examined  his 
process,  and  corrected  the  errors  of  the  press  which  occur  in  it, 
now  give  the  equations  expressing  the  values  of  C,  D,  E,  F,  &c. 
which  were  obtained  by  that  method. 


20.  For  the  sake  of  brevity,  let  y  =  d ;  then  will  the  general 
values  of  C,  D,  E,  F,  &c.  be  expressed  by  these  equations  : 


C 

D 

E 

F 


in  A  —  2  d B 
n  —  2 

(a  +  OB  —  4^C 
n  —  3 

(w-j-2)  C  —  6  dD 
«  “  4 

(«4  3)D  —  St/E 


n  -  5 


&C. 


where  the  law  of  continuation  is  very  obvious.  And  the  parti¬ 
cular  values  of  these  letters,  when  n  =  •§-,  and  A,  will  be  as 
expressed  in  the  following  columns  : 


n  =  i 

II 

Si 

II 

C=  4<f  B  —  >-A 

3  3 

-^-B  -  6  A 

I 

—  B  +  ioA 

D  =  — C  — -B 

—  C  —  i-B 

ILc  —  -Z-B 

5  5 

3  3 

I  1 

E—  12rf D  5  C 

' ,zd  D  iC 

-ii!?  D  —  —  C 

7  7 

*5  5 

3  3 

F  —  ,6rfE  7D 

—  E  — -2-D 

—  E  —  —  D 

9  9 

7  7 

5  5 

&C. 

&C. 

&C. 

2 1 .  The  solution  of  the  problem  being  now  finished,  it  may 
perhaps  be  satisfactory  to  the  reader  to  see  how  the  sums  of 
the  very  slowly  converging  numerical  series,  which  arose  in 
Art.  7,  u,  and  16,  were  obtained;  the  investigations  of  which, 
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because  they  would  have  detained  him  too  long  from  the  im¬ 
mediate  subject  of  this  paper,  if  they  had  been  inserted  in  it, 
are  given  in  the  following  Appendix. 


AN  APPENDIX  TO  THE  FOREGOING  PAPER  : 

In  zvhich  the  Method  of  obtaining  the  Sums  of  the  very  slozvly 
converging  numerical  Series  which  are  used  therein ,  and  of 
many  others  of  that  Kind  which  arise  in  the  Fluents  of  Bino - 
mial  Surds,  is  explained  and  illustrated;  and  some  Observa-* 
tions,  tending  to  facilitate  and  abridge  the  Computations  of 
the  Coefficients  A  and  B,  are  added. 

1.  As  the  sums  of  the  very  slowly  converging  numerical 
series,  which  arose  in  Art.  7, 11,  and  16,  of  the  preceding  paper, 
are  not  exhibited  in  any  book  that  has  come  to  my  hands,  and 
as  series  of  that  kind  frequently  occur,  I  conceive  that  the  fol¬ 
lowing  method  of  obtaining  their  sums  will  be  acceptable  to 
the  lovers  of  mathematics  in  general,  and  particularly  to  those 
who  have  frequent  occasion  to  use  the  sums  of  such  series. 
And,  having  observed,  while  considering  the  literal  expressions 
in  the  preceding  paper  for  the  values  of  A  and  B,  that  others, 
no  less  accurate,  might  be  derived  from  them,  by  which  the 
arithmetical  operations  would  be  facilitated  and  abridged,  I 
thought  these  observations  might  likewise  be  acceptable  to  those 
who  are  engaged  in  the  theory  of  astronomy,  and  have  inserted 
them  also  in  this  paper;  which,  therefore,  consists  of  two  prin¬ 
cipal  parts,  the  summation  of  the  slowly  converging  series,  and 
the  observations  now  mentioned. 

4A  2 
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I.  The  Summation  of  the  slowly  converging  Series. 

2.  But,  before  I  begin  the  investigation,  it  will  be  proper  to 
premise  a  few  particulars,  an  attention  to  which  will  shorten 
and  facilitate  the  operations  now  to  be  performed. 

lst  That1-  1/(1  ~yy)  being  =  x  L+ 

isr.  mat  t  +  oeing  i  +  ✓  0  — jj)  x  i  +  ^{i—yy), 

;  from  which  it  follows,  that  H.  L.  of 


is  = 


i  +  ^/(i  _ yy ) 


i  —  v'  ( i  —  y  y)  • 


is  =  2  H.  L. 


»  +  V(i  -  w) IU  “7  1  +  v'C1  —  y y)’ 

sdly.  That  the  fluxion  of  H.L. ,  +  ^  _  ,,-j  is  = 

_  j—.  For  it  is  =  the  fluxion  of  —  H.  L.  Ii  -)-  \/(1— ^>')) 

;  and,  if  both  numerator  and  de- 


yy 


a/(  —yy)  1  +  ✓  (*  —  yy) 
nominator  of  this  expression  be  multiplied  by  l  —  \/(  *  —  yy)9 

it  will  become  ,  x 


v/C1— 


- — — 1 — — ,  which  is  = 


y 


yy 


ys/^—yy) 


+  v  (i  -  yy) 

3-5  y 


is  therefore  ==  f—/  - 

J  yv  u  — 


■yy) 


gdly.  That  the  H.  L.  - 

_  I  y  __  yj__ i_  JLZl  _l  _ _ 

J  y  2.2  ‘  2.4.4  ‘  2.4.O.6 

4thly.  That,  Q  being  put  =  v/(1  —}’}’)>  the  fluxion  of 


4  ±±Tf  & c. 

• 1  z.4.6.8.8  7 


CL 


=  will  be  =  -LlyLV  +  7^)-  For  it  will  be  ^  -  *0- 


—  yy  ny  CL  

yn  CL  '  '  ~ 


—  i  _  ny  —  yy)  _  —  »} 

y-f  ‘  Q_  ^"“"cL  yn  +  *  CL 


1  —  0  i 

yn  + 1  CL-1"  y-‘CL 


—  n  (  w  —  1  ^ 

ojy +7  *  "r~l* 

5thly.  That,  when  any  quantities,  as 
are  circumscribed  by  a  parallelogram,  it  denotes  that  a  substi- 


u  1 4  4  —  +  b 
,v+  7  jv 


549 


a  Problem  in  physical  Astronomy. 


tution  for  these  quantities  has  been  made  in  the  same  equation 
in  which  it  occurs,  and  consequently  that  they  are  no  longer  to 
be  considered  as  part  of  that  equation.  This  I  have  found  to 
be  better  than  cancelling,  as  it  answers  the  same  end  without 
obliteration. 

We  may  now  proceed  to  the  summation  of  the  series  before- 
mentioned,  in  which  the  utility  of  what  has  been  premised  will 
quickly  appear. 

3.  As  it  does  not  seem  necessary  to  set  down  the  operations 
of  computing  the  sums  of  all  the  series  which  arose  in  the  pre¬ 
ceding  paper,  I  will  make  choice  of  the  summation  of  those 
which  occur  in  Art.  11,  they  being  the  most  difficult,  as  the 
properest  examples  to  illustrate  this  method. 


•  —  5 

It  is  well  known  that  the  expression  I jyj  is  =  2 y  y 


—5 


i  2  yy  3  ,  2.-\yy~ 
*  2  2.4 


+ 


l±sj2 

2.4.O 


+ 


2-3-5-7J'r 


+ 


2  3-5-7-9i/ 


2. 4.6. 8  *  2.4.6.8.10  ’ 


&C. 


from  which  equation  we  have 


2  y  v 


—  .5 


O-o'j) 


—  2  yy 


—5 


y  y 


3  yy 


3  syy 

4.6 


-f-  AiiZJA!  q_  ±HpyL,  &c.  Now  the  fluents  of 

1  4.6.8  1  46.8.10 


the  terms  on  the  | 
first  side  are  ^ 


r  —  y/(i— xv)  3\s(l  —yy 


2  y* 


4 y 


+  —  H.L.- 

1  4  1 


4  ^{i-yy) 


l 


+  TvT  + 


2y 


2yy 


AH.L.y  +-LH.L.- 

4  y  1  4  I 


+  V 


on  the  second  side,  the  fluents  are  ~3’i2Z  _l  _±_  tLZSL 

4.6.2  1  4. 6. 8. 4  1  4.0.8.  io.6’ 

&c.  And,  to  find  whether  these  two  expressions  are  =  each 
other,  or  have  a  constant  difference,  we  may  compute  their 
numerical  values,  y  being  put  =  any  small  simple  fraction, 
such  as  -A,  T  A,  or  yAj,  either  of  which  values  of  y  is  a  very 
convenient  one  for  the  purpose.  But  an  easier  method  to  dis- 
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cover  the  constant  quantities  which  lie  concealed  in  some  of 
the  terms  on  the  first  side,  is  to  convert  that  side  into  series,  by' 
the  binomial  theorem ;  which  will  then  be  as  follows : 

^lfjA  =  -  ir*  +  +  tV  +  jt/  + 

-  i  y~*  +  1  +  3 hf  +  -h  /• &c- 
=  +  iy~ 1  +  iy~‘ 

-iH.L.2+TV/+Tfe/>^- 


~-3v/  ( 1  —yy)  __ 

4  yy 

i  .  i 


4-  _L 

*  zy*  *  2  yy 

+  JH.L.— -1 ‘ - \ 

■  4  i  +  a/Ci— _ _ _ _ 

The  sum  is  =  *  *  +iV  — +  75<r/+ 

which  evidently  differs  from  the  series  on  the  second  side  by 

the  constant  quantity  ~  H.L.  2.  We  therefore  have,  by 
subtracting  this  constant  quantity  from  the  first  side, 
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which  is  the  series  denoted  by  x'  in  Art.  12.  of  the  preceding 
paper. 

4,  If  the  equation  of  fluents  in  the  preceding  Article  be  di¬ 
vided  by  y,  and  if  -~J2~  =  y  be  then  taken  from  both  sides 

of  it,  and  u  be  written  for  H.L.  ■■  — — r,  we  shall  have 
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And,  if  this  equation  be  put  into  fluxions,  and  Q  be  written 
for  (1  —yy),  for  the  sake  of  brevity,  there  will  be 
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And  this  equation,  more  concisely  expressed  and  divided  by  y, 
gives 
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Now  the  fluent  of  the  series  on  the  second  side  of  this  equation 
is  found,  by  the  methods  which  have  been  long  known,  to  be 
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the  terms  on  the  first  side  will  be  very  easily  obtained,  by  the 
following  assumption,  and  attention  to  what  was  shewn  in  Art. 
2.  of  this  paper. 

For  the  fluent  of  the  terms  on  the  first  side  of  this  equation, 
assume 
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y  !>y,  which  being  put  =  the  first  side  of 
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the  foregoing  equation,  there  will  arise  as  many  simple  equa¬ 
tions  for  determining  the  coefficients  a,  b,  c,  &c.  as  there  are 
letters  of  that  kind  in  the  assumed  fluent,  from  which  their 
values  will  easily  be  found.  For  there  will  be 
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The  variable  part,  therefore,  of  the  fluent  of  the  first  side  of  the 
above  equation  is 
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Now,  to  discover  the  constant  quantities  which  lie  concealed  in 
this  expression,  we  must  proceed  as  above  in  Art.  3. 
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The  sum  is 
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which  exceeds  the  series  above  found,  by  the  constant  quantity 
-5L.  We  therefore  now  have 
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which  is  the  value  of  p'  in  Art.  12.  of  the  preceding  paper. 

5.  If  the  last  literal  equation  be  divided  by  y,  and 
=  be  then  taken  from  both  sides,  we  shall  have 
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whicli  equation,  in  fluxions,  gives 
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And  this  equation,  more  concisely  expressed,  and  divided  by  y. 

gives 
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Now  the  fluent  of  the  fluxionary  series  on  the  second  side 


of  the  equation  being  obviously  the  series  ^’g^0563^-  + 
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fluent  of  the  expression  on  the  first  side,  and  to  correct  it,  that 
it  may  be  =  this  series ;  which  may  be  done  as  follows  : 

For  the  fluent  sought,  assume 
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of  this  expression,  which  will  be 
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being  put  =  to  those  on  the  first  side  of  the  preceding  equa¬ 
tion,  there  will  arise 
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Our  assumed  fluent,  therefore,  is 
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rected  in  the  manner  shewn  in  the  two  preceding  Articles,  or 
more  expeditiously,  as  follows. 

It  is  pretty  evident,  from  the  correction  of  the  fluent  in  the 
preceding  Article,  that  the  constant  quantities  which  lie  con¬ 
cealed  in  this  fluent,  will  appear  in  those  terms  only,  (when 
the  radical  quantity  </(i  — y y),  and  the  logarithm  u,  is  ex¬ 
pressed  in  series,)  in  which  the  index  of  y  is  o.  Thus,  the  con¬ 
stant  quantities  will  appear  as  below. 
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which,  when  y  =  1 ,  becomes 
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&c.  which  is 


the  value  of  /in  Art.  12.  of  the  foregoing  paper. 

These  three  examples,  I  conceive,  are  sufficient  to  illustrate 
this  method  of  summing  the  slowly  converging  numerical  series 
which  arose  in  the  solution  of  the  problem  in  the  preceding 
paper.  The  three  series  of  which  the  sums  are  now  investi¬ 
gated  are,  as  was  before  observed,  the  most  difficult  to  sum  of 
all  that  arose  in  that  solution;  so  that,  whoever  understands 
what  is  done  here,  may,  with  great  ease,  compute  the  sums  of 
the  rest  of  the  series  which  are  found  there,  and  of  many  others 
of  this  kind,  which  arise  in  the  solution  of  problems. 


II.  Observations,  tending  to  facilitate  and  abridge  the  numerical 
Computations  of  A  and  B  in  the  preceding  Paper. 

6  The  radical  factor  ^/(i  —  cc),  in  the  literal  expressions  of 
the  values  of  A  and  B,  may  be  taken  away,  by  multiplying  the 

c  c  * 

other  factors  by  its  equivalent  1  — -  • g  —  &c.  in  con¬ 
sequence  of  which,  other  expressions  will  be  obtained,  better 
adapted  to  the  purpose  of  numerical  calculation.  This  will  ap¬ 
pear  by  the  following  operations. 

The  product  of  ^/(l  —  cc)  x  the  other  factor  in  the  ex¬ 
pression  of  the  value  of  A,  in  Art.  9.  of  the  preceding  paper, 
will  be 
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where  e,  /,  and  g,  are  ==  x  —  1 ,  p  —  £  x  —  £,  and  v  —  ^  —  f  x  —  f , 
respectively;  in  numbers  =  0*1931472,  0*1036802,  and 
0*0687064,  respectively.  And  this  expression,  which  is  evi¬ 
dently  more  simple  than  the  former,  is  somewhat  nearer  than 
that  to  the  value  of  the  whole  series,  as  will  appear  to  any  one 
who  shall  compute  the  value  of  the  next  coefficient. 

7.  In  like  manner,  the  product  of  the  two  factors  in  the 
value  of  A',  in  Art.  13.  will  be 
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which  expression  also  is  more  simple  than  that  from  which  it 
is  derived,  while  the  accuracy  of  it  is  not  less,  as  is  pretty  evi¬ 
dent  on  inspection.  And,  that  the  numerical  values  of  ht  i, 
and  ky  are  very  easily  attainable  from  the  values  of  a',  p,  and  /, 
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given  above  in  Art.  3,  4,  and  5,  of  this  paper,  is  very  obvious. 
In  a  subsequent  Article,  these  values  will  be  inserted. 

8.  And  the  product  of  the  two  factors  in  the  value  of  B,  in 
Art.  16,  may  also  be  exchanged  for  a  more  convenient  expres¬ 
sion,  by  a  like  process. 

p  -{-  <rCC  -j-  tC* 


c  c 


2 


—  \pcc  —  \(rc'  >  =  p  +  lee  +  mc\  &c. 


which  expression  also  is  more  accurate  than  that  from  which 
it  is  derived,  as  well  as  more  simple.  The  numerical  values  of 
l  and  m ,  which  are  evidently  given  from  those  of  p,  <r,  and  r, 
will  be  inserted  a  little  further  on,  when  we  come  to  an  example 
of  calculating  the  values  of  A  and  B  in  numbers. 

9.  The  numerical  calculation  of  the  other  member  also,  in 
which  a  enters,  may  be  facilitated  and  abridged,  by  the  follow¬ 
ing  considerations. 

If  c  be  put  for  the  sine  of  an  angle,  radius  being  1,  then  will 
1 ( 1  —  c  c)  be  the  versed-sine  of  the  supplement  of  that  angle, 
and  ^  t  ^ — — -  will  be  =  the  tangent  of  half  that  angle;  from 

which  it  follows,  that  the  reciprocal  of  this  quantity,  viz . 
14V7 l-o)  ^  __  t|ie  co_j-angent  of  half  the  angle  of  which  the 

sine  is  c.  The  common  logarithm  of  may  therefore 

be  taken  out  from  Taylor’s  excellent  Tables,*  and  quickly  con¬ 
verted  into  an  hyperbolic  logarithm,  by  Table  XXXVII.  of 
Dodson’s  Calculator. 


*  These  valuable  Tables  are  computed  to  every  second  of  the  quadrant. 
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10.  An  expression  of  this  kind,  when  c  is  the  only  va¬ 

riable  quantity,  consisting  of  several  figures,  and  r  and  s  are 
likewise  long  numbers,  will  be  much  better  adapted  to  the  use 
of  logarithms,  when  put  in  this  form,  -  j  x  ’  because  the 

multiplications  of  r  and  s  into  cc,  or  additions  of  their  loga¬ 
rithms  and  taking  out  two  numbers,  are  by  this  means  ex¬ 
changed  for  the  addition  of  the  constant  logarithm  of  ~  :  the 
quotients  ~  and  — once  found,  being  constant  numbers.  Thus, 
the  numerical  value  of  even  where  r  and  s  are  single 

8  —  5  cc  7  0 

figures,  is  more  easily  obtained  by  T  x  ■  than  by  the 

former  expression. 

11.  But  it  will  appear  upon  trial,  that  the  arithmetical  value 
of  any  three  terms  p'-\-  q'cc  -\-r 'r4,  in  which  p',  q',  and  r,  are 
constant  quantities,  and  cc  consists  of  five  or  six  places  of 
figures,  may,  in  general,  be  more  easily  obtained  by  logarithms 

than  the  arithmetical  value  of  —  x  ^  And,  since  the  dif- 

s  q—s±  c  c 

ference  of  the  values  of  these  two  expressions  is  inconsiderable 
in  the  present  case,  I  shall  make  no  further  use  of  the  frac¬ 
tional  expression;  but  observe,  that  the  logarithm  of  q'cc ,  in 
the  other  expression,  being  found,  the  logarithm  of  r'c*  will  be 
had,  by  adding  to  it  the  logarithm  of  -^cc ;  for  q'cc  x  ~^cc  =  fc*. 
And,  since  the  logarithms  of  the  numbers  which  stand  in  the 

places  of  q'  and  may  be  taken  out  and  reserved  for  use,  and 
the  logarithms  of  cc  and  a,  once  found,  will  serve  for  all  the  terms 
in  which  these  quantities  occur,  it  will  appear  by  an  example, 
that  neither  many  logarithms,  nor  many  numbers  correspond- 
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ing  to  logarithms,  need  be  taken  out  of  other  tables,  in  com¬ 
puting  the  value  of  A  or  B. 


12.  It  will  now  be  proper,  since  the  literal  expressions  of  the 
values  of  A  and  B  have  been  exchanged  for  others  which  are 
more  convenient,  to  bring  the  new  equations  together  in  one 
view,  and,  after  that,  to  give  an  example  of  the  numerical  cal¬ 
culations  by  them. 

It  appears,  by  Art.  9,  10,  13,  16,  and  17  of  the  preceding 
paper,  and  6,  7,  and  8  of  this,  that 

T e  +fcc+gc* 

T"  x  -f~ ctCC-\-  -|y|-  aC*. 


1.  A 


TS  +  1 


X 


A'  = 


w 


" 4-  —  +  h  +  ice  +  k  c* 

X  T«T  „  • 


3-5  _  1  3-5-21 


4-  -  a  -f  ■ — —  xC C  -\- 

14  '4.12  1 


4.12.32 


xC*. 


B  =  -^-A - — r 

b  %  b  (#  -(-  b)  1 


X 


-j-  Ic c  -{- 


mc 


4  f  aCc4  2.i6  xC'- 


4.  B'=  (A'a  —  A). 

In  which  equations,  the  values  of  the  coefficients  are  as  follows  : 
e  =  0-1931472,  h  =  0-0823604,  p  =  1 '3862944, 

/=  0*1036802,  i  =00551502,  l  =0*3465736, 

g=  0*0687064,  £  =  0-0408309,  m  —  0-1793226. 


13.  The  constant  numbers  which  will  be  wanted,  in  com¬ 
puting  the  arithmetical  values  of  A  and  B,  are  those  denoted 
by  e,  h ,  and  P,  which  are  given  in  the  preceding  Article;  and 
the  constant  logarithms  are  the  following,  which  are  respec¬ 
tively  set  down  to  as  many  places  of  figures  as  are  requisite. 

4  c 
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L.  2  =  0*3010,300, 
L.  -f-  =  1-5740,3 

l-T~  ^'796- 
L.  /=  1-0157,0 
L.  --•=  1-821 


L-  —  —  1-8239,087, 
L-  —  =  1-8750,6, 

L^  =  r6,97>9. 

L.  i  =274,15,5 
L. -f  =  T-869 
L.  7T  =0-4971,499*. 


L.  |  =  7-8i7, 

L-  V  =  1-6989,7, 

L-  ^  =  1-75° 

L.  I  =“.5398,0 

Lm  — 

1*714 


14.  An  example,  to  illustrate  the  method  of  computing  by 
these  theorems,  may  now  be  proper. 

Let  it  be  required  to  compute  A  and  B  by  the  1st  and  3d 
theorems,  in  Art.  12.  when  the  two  planets  are  Venus  and  the 
Earth. 

This  arithmetical  work  may  stand  as  follows,  in  three  co¬ 
lumns,  the  logarithms  being  in  the  middle,  and  the  numbers 
corresponding  to  them  on  the  two  sides ;  where  a  distinction 
is  made,  which  is  too  obvious  to  need  any  description.  By  this 
arrangement,  a  frequent  repetition  of  words,  number,  and  lo¬ 
garithm,  will  be  avoided. 


*  All  these  constant  logarithms  are  to  be  written  on  a  slip  of  paper,  for  the  sake  of 
expedition  in  the  use  of  them. 
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Numbers. 

Logarithms. 

Numbers* 

Here  a  =  1*5236,71 ' 

*  0*1828,913 

and  b  =  1*4451,60. 

Ar.  c  1*8400,841 

a  —  b  =  0*0785,11 

s’-8949>3°5 

a  -)-  b  =  2.9688,31 

0-4,725, SsS 

a  —  b 

“  7*4223, 45^ 

’  .  i  —r  0  u 

a.  -Jr  b 

z 

e  c 

1*8786,850 

-  73C62841 = 

°"l9315  —  e 

fee 

"3'438o>4 

0*00274  —fee 

f 

— 

-tt  CC  2*244 

Sum  of  these  two  logs.  5*682  - 

-  0*00005  =£*£* 

The  sum  of  these  four  terms  is 


-  75*82435 

Having  now  found  the  value  of  the  four  terms  ^  +  e  +  f  c  6 

gc*,  we  must  next  find  the  value  of  the  three  logarithmic 

terms  «  + -| - a.c  c  ac*,  which  may  quickly  be  done  as 

follows  : 

Half  the  logarithm  of  cc  is  1*211  i,725  =  the  sine  of  90  21' 
32"* 28;  and  half  this  angle  is  40  40'  46"*  14,  the  logarithmic  co¬ 
tangent  of  which  is  1*0869,576;  and  this  common  logarithm 


I  was  favoured  with  these  numbers  by  Dr.  Maskelyne. 
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reduced  to  an  hyperbolic  logarithm,  by  Table  XXXVII.  of 
Dodson's  Calculator,  gives  -  -  2-50281  =a 

-  «  -  0*39843 

\cc  -  -  T99638 

_  t  / 

Sum  of  these  two  logs.  2*39481  -  -  0*02482  =  cccs 

±cc  -  -  2*2 1 8 

4*613  -  -  0*00041  =  -§j  a  c4; 

The  sum  of  these  three  terms  is  -  2*52804  ;  to  which, 

add  the  sum  of  the  four  terms  above  found,  75*82435,andwehave 

1*8940,523  -  78  35^39  ==  aH  the  terms. 

*r( a  -|-  b)l  1*2060,283 


The  difference  of  these]  .  q*  a 

two  logarithms  is  jo'6880’24o  -  4'87555  =  A. 

The  value  of  A  being  now  found,  the  computation  of  the 
value  of  B  will  be  very  easy,  since,  of  the  six  terms  wanted, 
two  are  already  computed,  and  the  logarithms  of  all  the  rest 
are  at  hand.  This  operation  may  stand  as  follows,  the  loga¬ 
rithms  being  still  in  the  middle. 


1 
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m 


Sum  of  these  two  logs.  4  098 


_5_ 

16 


Sum  of  these  two  logs.  4-692 


2 

T 


1 -38630  — 

3-9621 

0-00916  = 

Icc 

2-136 

4-098 

0-00013  = 

771 C 4 

5-00562  = 

2  cc 

2-51975 

2-173 

°'°3309  = 

\ ;*cc 

4-692 

O-OOO49  = 

1.9  4 

— ~  oiC 

2.16 

0-8085,343 

6'43479  = 

f  Sum  of  these 
\  six  terms. 

°'7334>427 

0'075°>S>l6 

1-18875  = 

A 

/ 

0.6880,240 

0.1828,913 

0.8709,153  - 

7-42874  = 

:  A  a 

0.7951,840  - 

6'23999  = 

A  a  —  A 

0-1411,141 

° -9362 .981 

8-63571  = 

B. 

We  have  now  the  values  sought,  viz.  A  =  4  8756,  and 
B  =  8  6357 ;  and  from  these  may  the  values  of  C,  D,  E,  &c.  be 
easily  found,  by  the  equations  given  in  Art.  20.  of  the  preceding 
paper.  I  have  set  them  down  here  only  to  five  places  of 
figures,  it  being  evident,  from  the  value  of  a  ~  b,  that  the  result 
cannot  be  depended  on  to  more  places  than  five,  which,  how¬ 
ever,  are  very  sufficient  for  the  purpose. 
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I  have  taken  notice  above,  in  the  computation  of  B,  that,  of 
six  terms  wanted,  two  were  ready,  one  of  them  being  a  con¬ 
stant  quantity,  and  the  other  computed  in  the  preceding  ope¬ 
ration  ;  and  it  may  be  remarked,  that,  if  the  two  terms  in  which 
c 4  enters  had  been  omitted,  the  difference  in  the  result  would 
not  have  been  so  much  as  2  in  the  fourth  place  of  decimals, 
which  is  inconsiderable.  Therefore,  of  the  six  terms  in  this 
expression,  two  are  given,  and  two  more  only  need  be  com¬ 
puted  in  this  case. 

And  it  may  be  further  remarked,  that  the  term  e  is  always 
given  in  the  expression  of  the  value  of  A,  and  that  the  two 
terms  in  which  c *  enters  may  be  omitted,  as  that  will  occasion 
a  difference  in  the  result,  of  only  3  in  the  fifth  place  of  de¬ 
cimals,  which  is  quite  inconsiderable.  Of  the  seven  terms, 
therefore,  in  Theorem  1.  Art.  12.  one  is  given,  and  four  more 
only  need  be  computed,  when  Venus  and  the  Earth  are  the  two 
planets  of  which  the  perturbations  are  to  be  computed. 

15.  My  avocations  calling  me  off  from  these  delightful  spe¬ 
culations,  I  must  now  put  an  end  to  this  paper,  without  men¬ 
tioning  some  other  observations  which  I  have  made  on  this 
subject. 

May  6,  1797. 
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XXIII.  Account  of  a  Substance  found  in  a  Clay -pit ;  and  of 
the  Effect  of  the  Mere  of  Diss ,  upon  various  Substances  im¬ 
mersed  in  it.  By  Mr.  Benjamin  Wiseman,  of  Diss,  in  Nor¬ 
folk.  Communicated  by  John  Frere,  Esq.  F.  R.  S.  With  an 
Analysis  of  the  Water  of  the  said  Mere.  By  Charles 
Hatchett,  Esq.  F.  R.  S.  In  a  Letter  to  the  Right  Hon.  Sir 
Joseph  Banks,  Bart.  K.  B.  P.  R.  S. 


Read  April  19,  1798. 

The  substance  I  have  inclosed  was  found  near  Diss,  in  a  body 
of  clay,  from  five  to  eight  feet  below  the  surface  of  the  soil. 
All  the  pieces  I  observed  laid  nearly  in  a  horizontal  direction ; 
and  varied  in  size,  from  two  or  three  ounces,  to  as  many  pounds. 
The  colour  of  the  substance,  when  taken  fresh  from  the  clay- pit, 
was  like  that  of  chocolate ;  it  cuts  easily,  and  has  the  striated 
appearance  of  rotten  wood.  The  pieces  were  of  no  particular 
form ;  in  general,  they  were  broad  and  flat,  but  I  do  not  re¬ 
collect  to  have  met  with  a  piece  that  was  more  than  two 
inches  in  thickness  :  it  breaks  into  laminae,  between  which  are 
the  remains  of  various  kinds  of  shells.  The  specific  gravity  of 
this  substance,  dried  in  the  shade,  is  1.588;  it  burns  fieely, 
giving  out  a  great  quantity  of  smoke,  with  a  strong  sul¬ 
phureous  smell. 

By  a  chemical  analysis,  which  I  cannot  consider  as  very 
accurate,  one  hundred  grains  appear  to  contain, 
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Of  inflammable  matter,  including  the  small  quantity  grains. 


of  water  contained  in  the  substance  -  -  41-3 

Of  mild  calcareous  earth  -  ~  -  20.0 

Of  iron  -  -  -  -  -  2.0 

Of  earth,  that  appears  to  be  silex  -  -  3^*7 

100 


•On  the  Effect  of  the  Mere  of  Diss,  upon  various  Substances. 

Observing,  several  years  ago,  that  flint  stones  taken  out  of 
the  Mere  of  Diss  were  incrusted  with  a  metallic  stain,  I  was 
induced  to  make  some  experiments,  in  order  to  discover  the 
nature  or  composition  of  this  metallic  substance. 

Nitrous  acid  readily  removes  it,  dissolving  a  part,  and  leav¬ 
ing  a  yellowish  powder,  which,  washed  and  filtered,  was  found 
to  be  sulphur.  Vegetable  fixed  alkali  precipitated  from  the  ni¬ 
trous  acid  a  ferruginous  coloured  powder,  which  was  iron. 

With  a  view  to  determine  what  length  of  time  was  neces¬ 
sary  for  the  formation  of  this  metallic  stain  upon  flint  stones, 
or  other  substances,  I  inclosed  in  a  brass  wire  net  the  follow¬ 
ing  articles :  flint  stones,  calcareous  spar,  common  writing 
slate,  a  piece  of  common  white  stone  ware,  and  likewise  a 
piece  of  black  Wedgwood-pottery.  After  remaining  in  the 
water  from  the  summer  of  1792  to  August,  i795>  flin^s  and 
Wedgwood-ware  had  acquired  the  metallic  stain  in  a  slight  de¬ 
gree,  and  the  slate  had  assumed  a  rust  colour ;  the  other  sub¬ 
stances  appeared  not  to  be  at  all  altered.  I  was  greatly  surprised 
to  find  the  copper  wire  that  held  the  net,  surrounded  with  a 
metallic  coating  of  a  considerable  thickness ;  it  was  of  a  deep 
lead  colour,  and  of  a  granulated  texture.  When  taken  from  the 
wire,  and  ground  in  a  mortar,  it  had  a  black  appearance,  inter- 
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spersed  with  very  hard  shining  particles.  The  wire  was  evi¬ 
dently  eroded,  and  this  substance  deposited  in  the  place  of  the 
copper  that  was  decomposed,  somewhat  similar  to  the  decom¬ 
position  of  iron  in  cupreous  waters. 

By  repeated  chemical  analysis  of  this  substance,  one  hundred 
grains  contain,  of  copper,  70;  of  sulphur,  16.6;  of  iron  13.3 
grains. 

I  have  never  met  with  an  account  of  the  decomposition  of 
copper,  in  waters  impregnated  with  iron,  in  any  chemical 
work;  and,  as  iron  appears  to  have  a  greater  affinity  to  the 
vitriolic  acid  than  copper  has,  (as  is  constantly  evinced  in  the 
neighbourhood  of  copper  mines,)  it  appears  an  anomaly  in 
chemistry,  that  I  am  not  adept  enough  in  the  science  to  ac¬ 
count  for. 


QThe  President  and  Council,  thinking  the  effects  of  the 
water  of  Diss  Mere  deserving  of  further  inquiry,  desired 
Mr.  Wiseman  would  send  some  of  the  said  water,  for 
the  purpose  of  examination.  Mr.  Wiseman  accordingly 
sent  a  quantity  of  the  water,  accompanied  by  the  other 
substances  described  in  the  following  letter  to  the  Pre¬ 
sident  ] 
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SIR,  Diss,  May  29,  179S. 

As  the  Society  have  expressed  a  wish,  through  Mr.  Frere, 
to  have  some  of  the  water  in  which  the  copper  wire  was  depo¬ 
sited,  which  Mr.  Frere,  at  my  request,  laid  before  the  Society, 
I  have  sent  two  gallons  of  the  water  of  Diss  Mere,  (No.  1.) 
with  a  small  quantity  of  copper  cuttings,  (No.  2.)  which  laid 
in  the  same  water,  a  few  feet  from  the  side,  and  six  feet  in 
depth,  from  the  7th  of  February,  1797,  t0  t^le  20th  °f  Pre* 
sent  month,  May,  1798.  The  pieces  of  copper,  when  laid  in, 
weighed  3051  grains;  when  they  were  taken  out,  and  washed 
from  the  mud  that  lightly  adhered  to  them,  preserving  and 
weighing  the  scaly  matter  that  came  off,  they  weighed  2944, 
grains,  indicating  a  loss  of  107  grains.  Examining  the  pieces 
of  copper,  the  same  evening  they  were  taken  out  of  the  water, 
I  observed  a  number  of  small  crystals  formed  upon  some  of 
them,  in  the  form  of  pyramids  joined  at  their  bases;  these 
crystals  lost  their  shining  appearance,  by  the  evaporation  of  the 
water  of  crystallization,  in  the  warmth  of  the  succeeding  day. 
Whether  they  will  be  preserved  in  a  journey  of  nearly  100  miles, 
is  perhaps  doubtful.  No.  3.  contains  two  pieces  of  copper,  on 
which  the  crystals  were  most  abundant.  No.  4,.  contains  a 
small  quantity  of  the  substance  formed  upon  the  copper,  that 
came  off’  in  washing  and  in  weighing  it. 

The  town  of  Diss  is  principally  situated  on  the  NNE  and  E 
sides  of  this  piece  of  water.  The  land  runs  pretty  steep  on  the 
W  and  N  of  it,  to  the  height  of  40  or  50  feet :  on  the  SE, 
the  ground  comes  within  a  few  feet  of  the  level  of  it.  The  soil 
of  the  upper  part  of  the  town  is  a  stiff  blue  clay ;  that  of  the 
lower  part,  to  the  SE,  a  black  sand,  beneath  which  it  is  a  moor. 
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The  water  in  the  higher  parts  of  the  town  is  good ;  in  the  lower 
parts,  it  is  a  chalybeate,  of  which  a  specimen  is  sent,  (No.  5.) 

No.  6.  contains  a  quantity  of  flint  stones,  taken  from  the  SE 
side  of  the  Mere,  where  the  water  is  shallow ;  many  of  which 
are  strongly  marked  with  the  metallic  stain,  which  they  acquire 
by  lying  in  this  water  a  few  years. 

The  Mere  contains  about  eight  acres,  and  is  of  various  depths, 
to  twenty-four  feet :  from  its  situation  with  respect  to  the 
town,  it  may  naturally  be  supposed  to  contain  a  vast  quantity 
of  mud,  as  it  has  received  the  silt  of  the  streets  for  ages.  In 
summer,  the  water  turns  green ;  and  the  vegetable  matter  that 
swims  on  its  surface,  when  exposed  to  the  rays  of  the  sun,  af¬ 
fords  vast  quantities  of  oxygen  gas.  I  cannot  help  considering 
this  process  as  having  a  considerable  agency  in  the  corrosion, 
and  in  the  formation  of  the  metallic  crust  upon  the  copper 
deposited  in  this  water.  Some  of  this  vegetable  matter  will  be 
found  in  the  water  sent  to  the  Society. 

I  intend  to  make  some  further  experiments  with  different 
metallic  substances,  at  different  parts,  and  at  various  depths ; 
but,  as  the  process  is  slow,  if  in  the  mean  time  you,  Sir,  or  any 
of  the  members  of  the  Society,  will  have  the  goodness  to  point 
out  any  experiment  you  or  they  may  wish  to  have  made,  I 
shall  be  very  glad  to  contribute  all  in  my  power  towards  the 
illustration  of  the  subject. 

I  have  the  honour  to  be,  &c. 

BENJ.  WISEMAN. 

The  Right  Hon.  Sir  Joseph  Banks,  Bart. 

K.  B.  P.R.  S. 
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[[The  water,  and  other  substances  described  in  the  foregoing 
letter,  were  delivered  to  Mr.  Hatchett,  who  had  been 
previously  requested,  by  the  President  and  Council,  to  exa¬ 
mine  them.  The  result  of  his  examination  is  related  in 
the  following  letter  to  the  President.] 

Analysis  of  the  Water  of  the  Mere  of  Diss.  By  Charles 

Hatchett,  Esq. 

DEAR  SIR,  Hammersmith,  Sept.  14th,  1798. 

In  consequence  of  the  request  which  you  and  the  Council  of 
the  Royal  Society  have  done  me  the  honour  to  make,  that  I 
would  examine  the  water  of  Diss  Mere,  and  the  other  substances 
sent  by  Mr.  Wiseman,  I  now  hasten  to  acquaint  you  with  the 
result  of  my  experiments. 

The  substances  sent  by  Mr.  Wiseman  are  as  follows  : 

Some  copper  wire,  with  a  blackish  grey  incrustation. 

Water  from  Diss  Mere,  (marked  No.  1.) 

Copper  cuttings,  covered  with  a  blackish  crust,  similar  to 
that  on  the  copper  wire,  (marked  No.  2.) 

Some  cuttings  similar  to  those  abovementioned,  (marked 
No.  3.) 

The  paper.  No.  4.  contained  some  of  the  black  crust,  de¬ 
tached  from  the  cuttings. 

No.  5.  A  quart  bottle,  containing  some  water  from  the 
lower  part  of  the  town  of  Diss,  and  called,  by  Mr.  Wiseman, 
a  chalybeate  water. 

No.  6.  Some  flints,  taken  from  the  SE  side  of  the  Mere, 
where  the  water  is  shallow,  and  having  (as  Mr.  Wiseman 
terms  it)  a  metallic  stain. 
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My  first  experiments  were  made  on  the  incrustation  of  the 
copper  wire,  mentioned  in  Mr.  Wiseman’s  first  letter. 

This  incrustation  was  easily  detached  from  the  wire,  and, 
being  reduced  to  powder,  was  digested  with  nitro-muriatic  acid, 
in  a  gentle  heat :  a  green  solution  was  formed,  and  there  re¬ 
mained  a  residuum,  of  a  pale  yellow,  which  proved  to  be  sulphur. 

The  solution  being  diluted  with  two  parts  of  distilled  water, 
was  supersaturated  with  pure  ammoniac,  by  which,  a  few  brown 
flocculi  of  iron  were  precipitated.  The  supernatant  liquor  was 
blue ;  and,  being  evaporated,  and  redissolved  by  sulphuric  acid, 
the  whole  was  precipitated  by  a  plate  of  polished  iron,  in  the 
state  of  metallic  copper.  The  component  parts  of  this  coating 
were  therefore  copper,  and  a  very  small  portion  of  iron  com¬ 
bined  with  sulphur. 

I  could  not  extend  these  experiments,  as  the  whole  quantity 
of  the  coating  that  I  was  able  to  collect,  amounted  only  to 
three  grains  and  an  half.* 

The  next  experiments  were  made  on  the  black  crust  of 
No.  2,  3,  and  4. 

This  I  found  to  be  exactly  the  same  as  that  formed  on  the 
copper  wire ;  viz.  it  consisted  of  copper  combined  with  sulphur, 
and  a  very  small  portion  of  iron. 

*  The  copper  wire,  when  the  coating  was  removed,  was  perfectly  flexible,  and  the 
surface  did  not  appear  unequal  or  corroded :  this  is  commonly  the  case  under  such  cir¬ 
cumstances  ;  for,  when  sulphur  has  combined  superficially  with  a  metal,  the  compound 
is  observed  to  separate  easily,  so  as  to  leave  the  metal  underneath  not  injured  in  quality, 
and  very  little,  if  at  all,  affected  in  appearance.  Those  who  diminish  silver  coin,  make 
use  of  the  following  method. 

They  expose  the  coin  to  the  fumes  of  burning  sulphur,  by  which  a  black  crust  of 
sulphurated  silver  is  soon  formed,  which,  by  a  slight  but  quick  blow,  comes  off  like  a 
scale,  leaving  the  coin  so  little  affected,  that  the  operation  may  sometimes  be  repeated 
twice  or  thrice,  without  much  hazard  of  detection,  if  the  coin  has  a  bold  impression. 
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I  next  examined  the  water  of  Diss  Mere,  (No.  1.)  and  I  was 
at  length  led  on,  step  by  step,  to  make  a  regular  analysis  of 
the  fixed  ingredients. 

Before  I  made  the  analysis,  I  examined  this  water  with  cer¬ 
tain  re-agents,  and  remarked  the  following  properties. 

1.  The  water  of  Diss  Mere  has  a  yellowish  tinge,  and  the 
flavour  is  rather  saline ;  but  it  has  not  any  perceptible  odour. 

2.  Prussiate  of  potash  did  not  produce  any  effect. 

3.  Acetite  of  lead  produced  a  slight  white  precipitate. 

4.  Nitrate  of  silver  formed  one,  very  copious. 

5.  Tincture  of  galls  had  not  any  effect. 

6.  Muriate  of  barytes  caused  a  slight  precipitate. 

7.  Ammoniac,  potash,  and  oxalic  acid,  severally  produced 
precipitates,  when  added  to  different  portions  of  this  water. 

ANALYSIS. 

A.  Three  hundred  cubic  inches  of  the  water,  by  a  gentle 
evaporation,  left  a  pale  brown  scaly  substance,  which  weighed 
58  grains. 

B.  These  58  grains  were  digested  in  alcohol,  without  heat, 
during  24  hours,  and  afforded  a  solution,  which,  by  evapo¬ 
ration,  yielded  muriate  of  lime,  slightly  tinged  by  marshy  ex¬ 
tract,  18  grains. 

C.  Six  ounces  of  distilled  water  were  then  poured  on  the 
residuum,  and,  with  repeated  stirring,  remained  during  24 
hours.  By  evaporation,  this  afforded  muriate  of  soda,  with  a 
very  small  portion  of  sulphate  of  soda;  in  all,  10  grains. 

D.  What  remained  was  boiled  in  800  parts  of  distilled 
water,  and  the  solution,  being  evaporated,  left  of  selenite 
1.70  gr. 


» 


)i 

I 

the  Water  of  the  Mere  of  Diss.  575 

E.  The  undissolved  portion  now  weighed  25  grains,  and  was 
digested  with  diluted  muriatic  acid  :  a  great  part  was  dissolved, 
with  much  effervescence,  and,  being  filtrated,  afforded,  by  am¬ 
moniac,  of  alumine  1.50  gr.  From  this,  I  afterwards  sepa¬ 
rated  a  very  minute  quantity  of  iron,  by  means  of  prussiate  of 
potash. 

F.  Carbonate  of  soda  was  then  added  to  the  liquor,  and 
precipitated  carbonate  of  lime  21  grains. 

G.  The  insoluble  residuum  weighed  3.50  gr. ;  and  proved 
to  be  principally  carbon,  (produced  by  decomposed  vegetable 
matter,)  with  a  very  small  quantity  of  siliceous  earth. 

The  result  of  this  analysis  was,  therefore, 

grains. 


B.  Muriate  of  lime  -  -  -  18 

C.  Muriate  of  soda,  with  a  very  small  portion  of 

sulphate  of  soda  -  -  -  10 

D.  Selenite  -  -  -  1  70 

E.  Alumine,  with  a  portion  of  iron  too  small  to 

be  estimated  -  -  1  50 

F.  Carbonate  of  lime  -  -  21 

G.  Carbon,  with  a  little  siliceous  earth  -  3  50 


55  7o 
Loss  2  30 

58  o 

It  is  worthy  of  notice,  that  the  iron  present  was  in  so  very 
small  a  quantity  as  not  to  be  detected  by  any  test,  till  it  had 
been  separated  in  conjunction  with  the  alumine. 

The  water  No.  5,  from  Mr.  Wiseman's  account,  does  not 
appear  to  have  been  concerned  in  producing  the  effects  which 
he  has  observed,  and  the  quantity  was  too  small  to  be  sub¬ 
jected  to  a  regular  analysis,  I  noted,  however, -what  follows. 
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1.  It  has  a  very  strong  hepatic  flavour  and  smell. 

2.  A  plate  of  polished  silver,  put  into  it,  became  black  in  a 
few  hours. 

3.  It  became  faintly  bluish  with  prussiate  of  potash,  after 
standing  five  or  six  hours. 

4-  Tincture  of  galls  produced  a  faint  purple  cloud. 

5.  Solution  of  acetite  of  lead  afforded  a  brown  precipitate. 

6.  Nitrate  of  silver  produced  the  same. 

7.  Potash,  and  ammoniac,  caused  a  precipitate ;  but  that  of 
the  former  was  the  most  copious. 

8.  Oxalic  acid  produced  a  precipitate. 

9.  Muriate  of  barytes  had  also  a  slight  effect. 

The  water  No.  5.  cannot,  therefore,  be  considered  as  a  cha¬ 
lybeate,  (the  quantity  of  iron  contained  in  it  being  scarcely  per¬ 
ceptible  ; )  but  it  appears  to  be  a  water  containing  some  hepatic 
gas,  together  with  substances  similar  to  those  contained  in  No.  1 . 

From  the  above  experiments  it  is  evident,  that  the  water 
No.  1.  does  not  contain  any  of  the  component  parts  of  the  crust 
formed  on  the  copper  wire  and  cuttings,  although  it  is  certain 
that  the  incrustation  took  place  during  the  immersion  of  those 
bodies ;  but,  before  I  mention  my  ideas  on  this  subject,  I  shall 
give  an  account  of  some  experiments  made  on  the  flints,  No.  6. 
These  were  coated  with  a  yellowish  shining  substance,  which 
appeared  to  me  to  be  pyrites ;  and,  as  the  flints  could  not  have 
contributed  any  metallic  substance  to  form  this  coating,  I  was 
enabled  by  their  means  to  ascertain,  whether  the  copper  of  the 
crust,  formed  on  the  wire  and  cuttings,  had  been  furnished  by 
the  pieces  of  copper,  or  by  any  thing  in  the  vicinity  of  the 
water. 

1.  I  poured  nitro-muriatic  acid  on  some  of  the  flints,  in  a 
matrass,  so  as  completely  to  cover  them. 
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The  coating  was  rapidly  dissolved,  with  much  effervescence ; 
and,  when  the  flints  appeared  perfectly  uncoated,  and  in  their 
usual  state,  I  decanted  the  liquor. 

2.  A  yellow  matter  subsided,  which  proved  to  be  sulphur. 

3.  Prussiate  of  potash  produced  Prussian  blue ;  and  the 
remaining  part  of  the  solution,  being  supersaturated  with  am¬ 
moniac,  afforded  an  ochraceous  precipitate  of  iron. 

The  supernatant  liquor  did  not  become  blue,  as  when  cop¬ 
per  is  present,  nor  was  the  smallest  trace  of  it  afforded  by 
evaporation. 

Martial  pyrites  is,  therefore,  the  only  substance  deposited  on 
bodies  immersed  in  the  water  of  Diss  Mere ;  and  the  copper  of 
the  crust,  formed  on  the  wire  and  cuttings,  was  furnished  by 
those  bodies. 

It  is  proved  by  the  analysis,  that  the  water  of  Diss  Mere  does 
not  hold  in  solution  any  sulphur,  and  scarcely  any  iron  ;  it  has 
not,  therefore,  been  concerned  in  forming  the  pyrites ;  but  it 
appears  to  me,  that  the  pyritical  matter  is  formed  in  the  mud- 
and  filth  of  the  Mere;  for  Mr.  Wiseman  says  in  his  letter,  that 
“  the  Mere  has  received  the  silt  of  the  streets  for  ages.”  Now 
it  is  a  well  known  fact,  that  sulphur  is  continually  formed,  or 
rather  liberated,  from  putrefying  animal  and  vegetable  matter, 
in  common  sewers,  public  ditches,  houses  of  office,  &c.  &c. ; 
and  this  most  probably  has  been  the  case  at  Diss.  Moreover, 
if  sulphur,  thus  formed,  should  meet  with  silver,  copper,  or 
iron,  it  will  combine  with  them,  unless  the  latter  should  be  pre¬ 
viously  oxidated. 

The  sulphur  has  therefore,  in  the  present  case,  met  with 
iron,  in,  or  approaching,  the  metallic  state,  and  has  formed  py¬ 
rites  ;  which  (whilst  in  a  minutely  divided  state,  or  progres- 

. 
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sively  during  formation,)  has  been  deposited  on  bodies,  such  as 
the  flints,  when  in  contact  with  the  mud. 

But  an  excess  of  sulphur  appears  to  be  present ;  for,  when 
copper  is  put  into  the  Mere,  the  sulphur  readily  combines  with 
it ;  and,  at  the  same  time,  a  small  portion  of  iron  appears  to 
unite  with  the  compound  of  copper  and  sulphur,  possibly  by 
the  mere  mechanical  act  of  precipitation. 

The  incrustation  on  the  copper  wire  and  cuttings  is,  in  every 
property,  similar  to  that  rare  species  of  copper  ore,  called  by  the 
Germans  Kupfer  schwartze,  ( Cuprum  ochraceum  nigrum; )  and 
I  consider  it  as  absolutely  the  same.  In  respect  to  the  martial 
pyrites  on  the  flints,  there  can  be  no  hesitation;  and,  as  in  these 
two  instances,  there  were  evident  proofs  of  the  recent  formation 
of  ores  in  the  humid  way,  I  was  desirous  to  ascertain  the  effect 
on  silver.  I  therefore  wrote  to  Mr.  Wiseman,  to  request  that 
he  would  take  the  trouble  to  make  the  experiment;  and  re¬ 
ceived  from  him  the  following  answer,  accompanied  by  the 
specimens. 

“  SIR,  Diss,  8th  September,  1798. 

“  Immediately  upon  the  receipt  of  your  letter,  (27th  July,)  I 
laid  some  silver  plate,  and  silver  wire,  into  the  Mere;  the  whole 
weighed  235.6  gr.  I  took  it  out  on  Thursday  last,  (Sept.  6th) 
and,  after  cleaning  it  carefully  from  mud  and  weeds,  I  find  it 
weighs  242.8  gr. ;  an  increase  of  7.2  gr. 

“  The  silver  plate  you  will  find  much  tarnished,  in  some  parts 
almost  black;  the  wire  is  in  many  places  fairly  incrusted, 
which  crust,  upon  the  pressure  of  the  fingers,  comes  off  in  thin 
scales.  The  whole  appearance  of  the  silver  strongly  indicates 


the  Water  of  the  Mere  of  Diss.  579 

the  presence  of  sulphur,  which  I  have  no  doubt  abounds  in 
every  part  of  the  Mere. 

“  The  peculiar  smell  of  the  mud  gives  me  reason  to  sup¬ 
pose,  that  a  great  deal  of  hepatic  air  is  produced ;  which,  pro¬ 
bably,  uniting  with  the  iron  held  in  solution  in  the  water  of 
the  Mere,  may  account  for  the  martial  pyrites  found  on  the 
flints. 

“  By  what  affinity  the  copper  wire,  laid  in  this  water,  is  at¬ 
tacked,  I  am  not  chemist  enough  to  determine. 

“  I  have  begun  a  set  of  experiments,  with  the  view  of  pro¬ 
ducing  the  same  effects  upon  copper  wire  by  artificial  means ; 
but  whether  I  shall  succeed,  I  am  not  able  at  present  to  say. 

“  I  am,  &c, 

“  BENJ.  WISEMAN.’' 

P.  S.  By  experiments  I  have  lately  made,  I  find  hepatic  gas 
precipitates  carbonate  of  iron  in  the  form  of  a  black  flocculent 
matter ;  7 1  parts  of  which  are  iron,  and  2 g  sulphur. 


The  silver  plate  I  found  (as  Mr.  Wiseman  has  mentioned) 
much  tarnished,  and  in  many  places  almost  black,  but  I  could 
not  detach  any  part  of  it.  I  succeeded  better  with  the  wire,  and 
collected  a  small  portion  of  a  black  scaly  substance,  which,  as 
far  as  the  smallness  of  the  quantity  would  allow  it  to  be  ascer¬ 
tained,  was  sulphuret  of  silver ;  and  was  similar,  in  every  re¬ 
spect,  to  the  sulphurated  or  vitreous  ore  of  silver,  called  by  the 
Germans  Glasertz. 
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This  effect  on  the  silver  was  to  be  expected ;  and  I  recollect 
to  have  read,  not  many  months  ago,  in  one  of  the  foreign  jour¬ 
nals,  that  Mr.  Proust  had  examined  an  incrustation,  of  a  dark 
grey  colour,  formed  in  the  course  of  a  very  long  time,  on  some 
silver  images,  in  a  church  at  (I  believe)  Seville.  This  incrus¬ 
tation  he  found  to  be  a  compound  of  silver  with  sulphur,  or, 
in  other  words,  vitreous  silver  ore. 

The  same  principle  is  the  cause  of  the  tarnish  which  silver 
plate  contracts  with  so  much  ease,  particularly  in  great  cities ; 
for  this  tarnish  is  principally  a  commencement  of  minerali¬ 
zation  on  the  surface,  produced  by  the  sulphureous  and  he¬ 
patic  vapours  dispersed  throughout  the  atmosphere,  in  such 
places. 

To  Mr.  Wiseman's  observations  we  are  much  indebted,  as 
they  make  known  the  recent  and  daily  formation  of  martial 
pyrites,  and  other  ores,  under  certain  circumstances.  It  is  not 
to  be  supposed  that  such  effects  are  local,  or  peculiar  to  Diss 
Mere ;  on  the  contrary,  there  is  reason  to  believe  that  similar 
effects,  on  a  larger  scale,  have  been,  and  are  now,  daily  pro¬ 
duced  in  many  places. 

The  pyrites  in  coal  mines  have,  probably,  in  great  measure 
thus  originated. 

The  pyritical  wood  also  may  thus  have  been  produced;  and, 
by  the  subsequent  loss  of  sulphur,  and  oxidation  of  the  iron, 
this  pyritical  wood  appears  to  have  formed  the  wood-like  iron 
ore  which  is  found  in  many  parts,  and  particularly  in  the  mines 
on  the  river  Jenisei,  in  Siberia. 

In  short,  when  the  extensive  influence  of  pyrites  in  the  mi¬ 
neral  kingdom,  caused  by  the  numerous  modifications  of  it,  in 
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the  way  of  composition  and  decomposition,  is  considered,  every 
thing  which  reflects  light  on  its  formation  becomes  interesting ; 
and  I  cannot  but  regard  as  such,  the  effects  which  Mr.  Wise¬ 
man  has  observed  in  the  Mere  of  Diss. 

With  great  respect,  I  remain,  &c. 

CHARLES  HATCHETT. 

The  Right  Hon.  Sir  Joseph  Banks,  Bart. 

K.  B.  P.  R.  S.  &c. 
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XXIV.  A  Catalogue  of  Sanscrita  Manuscripts  presented  to  the 
Royal  Society  by  Sir  William  and  Lady  Jones.  By  Charles 
Wilkins,  Esq.  F.  R.  S. 

Read  June  28,  1798. 

1.  a.  JVIaha'-bha'rata.* 

A  poem  in  eighteen  books,  exclusive  of  the  part  called  Raghu- 
vansa;  the  whole  attributed  to  Crishna  Hwaipayana  Vyasa;  with 
copious  notes  by  Nila-canta.  This  stupendous  work,  when  per¬ 
fect,  contains  upwards  of  one  hundred  thousand  metrical  verses. 
The  main  subject  is  the  history  of  the  race  oi  Bharat  a,  one  of 
the  ancient  kings  of  India,  from  whom  that  country  is  said  to 
have  derived  the  name  of  Bharata-varsha ;  and  more  particu¬ 
larly  that  of  two  of  its  collateral  branches,  distinguished  by  the 
patronymics,  the  Cauravas  and  the  Pauravas,  (so  denomi¬ 
nated  from  two  of  their  ancestors,  Curu  and  Puru,)  and  of 
their  bloody  contentions  for  the  sovereignty  of  Bharata-varsha, 
the  only  general  name  by  which  the  aborigines  know  the  coun¬ 
try  we  call  India ,  and  the  Arabs  and  Persians  Hind  and  Hin - 
dostan.  But,  besides  the  main  story,  a  great  variety  of  other 
subjects  is  treated  of,  by  way  of  introduction  and  episode.  The 
part  entitled  Raghu-vansa,  contains  a  distinct  history  of  the 
race  of  Crishna.  The  Mahd-bharata  is  so  very  popular  through¬ 
out  the  East,  that  it  has  been  translated  into  most  of  its  nu¬ 
merous  dialects ;  and  there  is  an  abridgment  of  it  in  the  Per- 

*  The  Sanscrita  words  are  spelt  according  to  the  method  practised  by  Sir  Wil¬ 
liam  Jones,  in  his  works. 
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sian  language,  several  copies  of  which  are  to  be  found  in  our 
public  libraries.  The  Gita,  which  has  appeared  in  an  English 
dress,  forms  part  of  this  work ;  but,  as  it  contains  doctrines 
thought  too  sublime  for  the  vulgar,  it  is  often  left  out  of  the 
text,  as  happens  to  be  the  case  in  this  copy.  Its  place  is  in 
the  6th  book,  called  Bhishma-parva.  This  copy  is  written  in 
the  character  which,  by  way  of  pre-eminence,  is  called  Diva - 
nagari.  Lv  J. 

1.  b.  Ditto. 

Another  copy,  without  notes,  written  in  the  character  pecu¬ 
liar  to  the  province  of  Bengal,  in  which  the  Brahmans  of  that 
country  are  wont  to  transcribe  all  their  Sanscrita  books.  Most 
of  the  alphabets  of  India,  though  they  differ  very  much  in  the 
shape  of  their  letters,  agree  in  their  number  and  powers,  and 
are  capable  of  expressing  the  Sanscrita,  as  well  as  their  own 
particular  language.  This  copy  contains  the  Gita,  in  its  proper 
place.  Lr  J. 

2.  a.  Ramdyana. 

The  adventures  of  Rama,  a  poem  in  seven  books,  with  notes, 
in  the  Devandgari  character.  There  are  several  works  with  the 
same  title,  but  this,  written  by  Vdlmici,  is  the  most  esteemed. 
The  subject  of  all  the  Rdmayanas  is  the  same:  the  popular 
story  of  Rama,  surnamed  Ddsarathi ,  supposed  to  be  an  incar¬ 
nation  of  the  god  Vishnu,  and  his  wonderful  exploits  to  recover 
his  beloved  Sit  a  out  of  the  hands  of  Ravana,  the  gigantic 
tyrant  of  Lancd.  L?  J. 

2.  b.  Ditto. 

Another  copy,  in  the  Bengal  character,  without  notes,  by 
Vdlmici .  J. 
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2.  c.  Ditto. 

A  very  fine  copy,  in  the  Devanagari  character,  without 
notes ;  but  unfortunately  not  finished,  the  writer  having  been 
reduced  to  a  state  of  insanity,  by  habitual  intoxication.  S.  W.  J. 

3.  a.  Sri  Bhagavata. 

A  poem  in  twelve  books,  attributed  to  Crishna  Dwaipayana 
Vyasa,  the  reputed  author  of  the  Mahd-bharata ,  and  many  other 
works  ;  with  notes  by  Sridbara  Swami.  Devanagari  character. 
It  is  to  be  found  in  most  of  the  vulgar  dialects  of  India,  and  in  the 
Persian  language.  It  has  also  appeared,  in  a  very  imperfect 
and  abridged  form,  in  French,  under  the  title  of  Bagavadam , 
translated  from  the  Tamul  version.  The  chief  subject  of  the 
Bhagavata  is  the  life  of  Crishna ;  but,  being  one  of  that  spe¬ 
cies  of  composition  which  is  called  Purana ,  it  necessarily  com¬ 
prises  five  subjects,  including  that  which  may  be  considered  the 
chief.  The  Brahmans,  in  their  books,  define  a  Parana  to  be 
«  a  poem  treating  of  five  subjects  :  primary  creation,  or  creation 
“of  matter  in  the  abstract;  secondary  creation ,  or  the  produc- 
“  tion  of  the  subordinate  beings,  both  spiritual  and  material ; 
“  chronological  account  of  their  grand  periods  oj  time,  called 
“  Manwantaras ;  genealogical  rise  of  families,  particularly  of 
“  those  who  have  reigned  in  India ;  and,  lastly,  a  history  oj  the 
“  lives  of  particular  families.”  There  are  many  copies  of  this 
work  in  England.  L?  J. 

3.  b.  Ditto.  » 

Another  copy,  in  the  Bengal  character,  without  notes. 

Ly  J. 

3.  c.  Ditto. 

Another  copy,  on  palm  leaves,  in  the  Bengal  character. 

S.  W.  J. 
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4.  Agni  Purdna. 

This  work,  feigned  to  have  been  delivered  by  Agni,  the  god 
of  fire,  contains  a  variety  of  subjects,  and  seems  to  have  been 
intended  as  an  epitome  of  Hindu  learning.  The  poem  opens 
with  a  short  account  of  the  several  incarnations  of  Vishnu ; 
particularly  in  the  persons  of  Rama ,  whose  exploits  are  the 
theme  of  the  Rdmdyana,  and  of  Crishna,  the  material  offspring 
of  Vasudeva.  Then  follows  a  history  of  the  creation ;  a  tedious 
dissertation  on  the  worship  of  the  gods,  with  a  description  ol 
their  images,  and  directions  for  constructing  and  setting  them 
up;  a  concise  description  of  the  earth,  and  of  those  places 
which  are  esteemed  holy,  with  the  forms  of  worship  to  be  ob¬ 
served  at  them ;  a  treatise  on  astronomy,  or  rather  astrology ; 
a  variety  of  incantations,  charms,  and  spells,  for  every  occa¬ 
sion  ;  computation  of  the  periods  called  Manwantaras ;  a  de¬ 
scription  of  the  several  religious  modes  of  life,  called  A'srama, 
and  the  duties  to  be  performed  in  each  of  them  respectively ; 
rules  for  doing  penance;  feasts  and  fasts  to  be  observed 
throughout  the  year;  rules  for  bestowing  charity;  a  disser¬ 
tation  on  the  great  advantages  to  be  derived  from  the  mystic 
character  OM  1  with  a  hymn  to  Vasishta.  The  next  subject 
relates  to  the  office  and  duties  of  princes ;  under  which  head 
are  given  rules  for  knowing  the  qualities  of  men  and  women ; 
for  choosing  arms  and  ensigns  of  royalty;  for  the  choice  of 
precious  stones ;  which  are  followed  by  a  treatise  on  the  art  of 
war,  the  greatest  part  of  which  is  wanting  in  this  copy.  The 
next  head  treats  of  worldly  transactions  between  man  and 
man,  in  buying  and  selling,  borrowing  and  lending,  giving 
and  receiving,  &c.  &c.  and  the  laws  respecting  them.  Then 
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follow  certain  ordinances,  according  to  the  Veda ,  respecting 
means  of  security  from  misfortunes,  &c.  and  for  the  worship  of 
the  gods.  Lists  of  the  two  races  of  kings,  called  the  Suryavansa, 
alid  the  Chandravansa  ;  of  the  family  of  Tadu,  and  of  Crishna ; 
with  a  short  history  of  the  twelve  years  war,  described  in  the 
Maha-bharata.  A  treatise  on  the  art  of  healing,  as  applicable 
to  man  and  beast,  with  rules  for  the  management  of  elephants, 
horses,  and  cows ;  charms  and  spells  for  curing  various  disor¬ 
ders  ;  and  the  mode  of  worshipping  certain  divinities.  On  the 
letters  of  the  Sanscrita  alphabet ;  on  the  ornaments  of  speech, 
as-  applicable  to  prose,  verse,  and  the  drama ;  on  the  mystic 
signification  of  the  single  letters  of  the  Sanscrita  alphabet ;  a 
grammar  of  the  Sanscrita  language,  and  a  short  vocabulary. 
The  work  is  divided  into  353  short  chapters,  and  is  written  in 
the  Bengal  character.  Ly.  J. 

5.  Cdlica  Purana. 

A  mythological  history  of  the  goddess  Call,  in  verse,  and  her 
adventures  under  various  names  and  characters ;  a  very  curious 
and  entertaining  work,  including,  by  way  of  episode,  several 
beautiful  allegories,  particularly  one  founded  upon  the  motions 
of  the  moon.  There  seems  to  be  something  wanting  at  the 
end.  Bengal  character,  without  notes.  Ly.  J. 

6.  a.  Vdyu  Parana. 

This  work,  attributed  to  Vdyu  the  god  of  wind,  contains, 
among  a  variety  of  other  curious  subjects,  a  very  circumstan¬ 
tial  detail  of  the  creation  of  all  things  celestial  and  terrestrial, 
with  the  genealogy  of  the  first  inhabitants;  a  chronological 
account  of  the  grand  periods  called  Manwantaras ,  Calpas ,  &c. ; 
a  description  of  the  earth,  as  divided  into  Dwipas ,  Varsbas ,  &c.. 
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with  its  dimensions  in  Tojanas;  and  also  of  the  other  planets, 
and  fixed  stars,  and  their  relative  distances,  circumferences  of 
orbits,  &c.  &c.  Written  in  the  Devanagari  character.  Ly.  J. 

6.  b.  Ditto. 

A  duplicate  in  the  Devanagari  character.  Ly.  J. 

7.  Vrihan  Naradiya  Parana. 

This  poem,  feigned  to  have  been  delivered  to  Sanatcumdra, 
by  the  inspired  Ndrada ,  like  others  of  the  Pur  anas ,  opens  with 
chaos  and  creation ;  but  it  treats  principally  of  the  unity  of 
God,  under  the  title  of  Mabd  Vishnu ;  arguing,  that  all  other 
gods  are  but  emblems  of  his  works,  and  the  goddesses,  of  his 
powers;  and  that  the  worshipping  of  either  of  the  triad,  creator, 
preserver,  or  destroyer,  is,  in  effect,  the  worshipping  of  him. 
The  book  concludes  with  rules  for  the  several  tribes,  in  their 
spiritual  and  temporal  conduct  through  life.  It  is  a  new  copy, 
in  the  Bengal  character,  and,  for  a  new  copy,  remarkably 
correct.  Ly.  J. 

8.  Naradiya  Parana. 

This  poem  treats  principally  on  the  worship  of  Vishnu ,  as 
practised  by  Rukmangada,  one  of  their  ancient  kings.  Deva- 
ndgari  character.  S.  W.  J. 

9.  a.  Bhavishyottara  Parana. 

The  second  and  only  remaining  part.  The  subject  is  con¬ 
fined  to  religious  ceremonies.  Devanagari  character.  S.W.  J. 

9.  b.  Ditto. 

With  an  Index.  Devanagari  character.  Ly.  J. 

10.  Gita-govinda. 

A  beautiful  and  very  popular  poem,  by  Jayadeva ,  upon 
Crishna ,  and  his  youthful  adventures.  Bengal  character.  Ly.  J. 

3 1 .  a.  Camara  Sambhava. 
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An  epic  poem  on  the  birth  of  Cartica,  with  notes,  by  Cali - 
ddsa.  Devanagari  character.  The  notes  are  separate.  Ly.  J. 

11.  b.  Ditto. 

A  duplicate  of  the  text  only,  in  the  Bengal  character. 

Lv.  J. 

12.  Naishadha. 

The  adventures  of  Nala;  a  poem,  with  notes.  Bengal  cha¬ 
racter.  Ly.  J. 

13.  Bhatti. 

A  popular  heroic  poem,  in  the  Bengal  character.  Ly.  J, 

14.  Ragbu-vansa. 

The  race  of  Crislma ,  a  poem  by  Calidast  with  notes.  Dev  a - 
nagari  character.  Ly.  J. 

15.  Vrihatcatha. 

Tales  in  verse,  by  Somadeva.  Devanagari  character.  Ly.  J. 

16.  Singhasdna. 

The  throne  of  Raja  Vicramaditya;  a  series  of  instructive 
tales,  supposed  to  have  been  related  by  thirty-two  images 
which  ornamented  it.  Devanagari  character.  It  has  been 
translated  into  Persian.  Ly.  J. 

17.  Catbd  Saritsagara. 

A  collection  of  tales  by  Somadeva.  Devanagari  character. 

Ly.  J. 

18.  Sue  a  Saptati. 

The  seventy  tales  of  a  parrot.  Devanagari  character.  S.W.  J. 
The  Persians  seem  to  have  borrowed  their  Tuti-ndma  from 
this  work. 

19.  Rasamanjari. 

The  analysis  of  love,  a  poem,  by  Bhdnudatta  Misra.  De - 
vandgari  character.  Ly.  J. 
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20.  Santisataca. 

A  poem,  in  the  Bengal  character.  Lv.  J. 

21.  Arjuna  Gita. 

A  dialogue,  something  in  the  manner  of  the  Bbagavat  Gita. 
Devandgari  character.  Ly.  J. 

22.  Hitopadesa. 

Part  of  the  fables  translated  by  C.  W.  Written  in  the 
Bengal  character.  Ly.  J. 

23.  Brahma  Nirupana. 

On  the  nature  of  Brahma.  Devandgari  character.  Imper¬ 
fect.  Ly.  J. 

24.  Meghaduta. 

A  poem.  Bengal  character.  Ly.  J. 

25.  T antra  Sara. 

On  religious  ceremonies,  by  Crishndnanda  Battdcharya . 
Bengal  character.  S.  W.  J. 

26  Sahasra  Ndma. 

The  thousand  names  of  Vishnu.  Devandgari  character. 

S.W.  J. 

27.  Cirdtdrjuniya. 

A  poem,  in  the  Bengal  character.  Ly.  J. 

28.  Siddhdnta  Siromani. 

A  treatise  on  geography  and  astronomy,  by  Bhdscaracharya. 
Devandgari  character.  S.W.  J. 

29.  Sangita  Ndrdyana . 

A  treatise  on  music  and  dancing.  Devandgari  character. 

S.W.  J. 

30.  Vrihadaranyaca. 

Part  of  the  Tajur  Veda ,  with  a  gloss,  by  Sancara.  Devand¬ 
gari  character.  Ly.  J. 
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31.  Niructi ,  or  Nairucta. 

A  gloss  on  the  Veda.  Devanagari  character.  Ly.  J. 

32.  Aitareya. 

A  discourse  on  part  of  the  Veda.  Devanagari  character. 

Ly.  J. 

33.  Chandasi. 

From  the  Santa  Veda.  Devanagari  character.  Ly.  J. 

34.  Mdgha  Tied. 

A  comment  on  some  other  work.  Devanagari  character. 

Ly.  J. 

35.  Rdjaballabha. 

De  materia  Indorum  medied;  by  Nardyanadasa.  Bengal  cha¬ 
racter.  Ly.  J. 

36.  Hatha  Pradipaca. 

Instructions  for  the  performance  of  the  religious  discipline 
called  Toga;  by  Swat  mar  ama.  Bengal  character.  Ly.  J. 

37.  a.  Mdnava  Dharma  Sastra. 

The  institutes  of  Manu>  translated  into  English  by  S.W.  J. 
under  the  title  of  “  Institutes  of  Hindu  Law ,  or  the  Ordinances 
“  of  Menu V  Devanagari  character.  Incorrect.  I/.  J. 

37.  b.  Ditto. 

Duplicate  in  the  Devanagari  character.  Very  incorrect. 

Ly.  J. 

38.  Mugdha-bodha-tica . 

A  commentary  on  the  Mugdha-bodha ,  which  is  a  Sanscrita 
grammar,  peculiar  to  the  province  of  Bengal,  by  Durga  Dasa. 
Bengal  character.  Four  vols.  Ly.  J. 

3 9.  Sdraswati  Vy dear ana. 

The  Sanscrita  grammar  called  Sdraswati.  (That  part  only 
which  treats  of  the  verb. )  Devanagari  character.  Ly.  J. 
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40.  Sdravali. 

A  grammar  of  the  Sanscrita  language.  Incomplete.  Bengal 
character.  S.W.  J. 

41.  Siddhanta  Caurnudi . 

A  grammar  of  the  Sanscrita  language,  by  Pani?ii,  Cdtya - 
yana ,  and  Patanjali ;  with  a  duplicate  of  the  first  part,  as  far 
as  compounds.  Devandgari  character.  I/.  J. 

42.  a.  Amara  Cosa. 

A  vocabulary  of  the  Sanscrita  language,  with  a  grammatical 

comment.  Not  perfect.  Devandgari  character.  Ly.  J. 

* 

42.  b.  Ditto. 

The  botanical  chapter  only,  with  a  comment.  Devandgari 
character.  Ly.  J. 

42.  c.  Ditto. 

The  whole  complete.  Bengal  character.  S.W.  J. 

43.  Med  ini  Cosa. 

A  dictionary  of  the  Sanscrita  language.  Devandgari  cha¬ 
racter.  Ly.  J. 

44.  Viswapracasa  Cosa. 

A  dctionary  of  the  Sanscrita  language;  by  Maheswara. 
Devandgari  character.  Ly.  J. 

45.  Sabda  Sandarbba  Sindu . 

A  dictionary  of  the  Sanscrita  language ;  by  Cdsinatha  Sar — 
man.  It  appears  from  the  introduction,  that  it  was  compiled 
expressly  for  the  use  of  S.W.  J.  The  learned  author  is,  at 
present,  head  professor  in  the  newly-established  college  at 
Varanasi.  Devandgari  character.  Two  vols.  folio.  Ly.  J. 

46.  Venisanhdra. 

A  drama,  Sanscrita  and  Preterit  a,  in  the  Bengal  character. 

Ly.  J. 
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47.  Maha  Nataca. 

A  drama,  Sanscrita  and  Pracrita ,  in  the  Bengal  character, 

Ly.  J. 

48.  Sacuntala. 

A  drama,  Sanscrita  and  Pracrita ,  in  the  Bengal  character. 
This  is  the  beautiful  play  which  was  translated  into  English 
by  S.  W.  J.  but  not  the  copy  he  used  for  that  purpose. 

Ly.  J. 


49.  Malati  and  Madbava. 

A  drama,  Sanscrita  and  Pracrita,  in  the  Bengal  character. 

Ly.  J. 

50.  Hdsyarnava. 

A  farce,  Sanscrita  and  Pracrita ,  in  the  Bengal  character. 

Ly.  J. 

51.  Cautuca  Sarvaswam. 

A  farce,  Sanscrita  and  Pracrita ,  in  the  Bengal  character. 

Ly.  J. 


52.  Chandrabhisheca. 

A  drama,  Sanscrita  and  Pracrita.  Bengal  character. 

Ly.  J. 

53.  Batnavali. 

A  drama,  Sanscrita  and  Pracrita.  Bengal  character.1 

Ly.  J. 


54.  Vicramorvasi. 

A  drama,  Sanscrita  and  Pracrita.  Bengal  character. 

Ly.  J. 

55.  Manavicagnimitra. 

A  drama,  Sanscrita  and  Pracrita.  Bengal  character. 

Ly.  J. 
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56.  A  catalogue  of  Sanscrita  books,  on  various  subjects. 
Dcvanagari  character.  U .  J. 

N.  B.  Those  articles  in  the  above  catalogue,  marked  S.W.  J. 
were  presented  by  Sir  William  Jones  ;  and  those  marked 
Ly.  J.  by  Lady  Jones.  A  catalogue  of  the  Persian  and  Arabic 
MSS.  presented  by  them,  will  be  given  in  a  future  volume. 
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ROYAL  SOCIETY, 


From  November  1797  to  June  1798 ; 


WITH  THR 

NAMES  OF  THE  DONORS. 


PRESENTS. 

1.  Nova  Acta  Academic  Scientiarum  Imperialis  Pe- 
tropolitanae.  Tom.  IX.  et  X.  Petropoli,  1795  et 
1797.  4* 

Transactions  of  the  Society  for  the  Encourage¬ 
ment  of  Arts,  Manufactures,  and  Commerce, 
Vol.  XV.  London,  1797.  8° 

Catalogus  Bibliothecae  Historico-Naturalis  Josephi 
Banks,  auctore  J.  Dryander.  TomusIII.  Lon- 
dini,  1 797.  8° 

An  authentic  Account  of  an  Embassy  from  the 
King  of  Great  Britain,  to  the  Emperor  of  China, 
by  Sir  G.  Staunton.  London,  1797.  z  Vols.  ^to, 
and  one  Volume  of  Plates,  in  folio. 

Beitrage  zur  chemischen  Kenntniss  der  Mineral- 
korper,  von  M.  H.  Klaproth.  2  Band.  Posen, 

r  QO 

1797.  #  0 

Annuaire  de  la  Republique  Fran^oise,  par  le  Bu¬ 
reau  des  Longitudes,  pour  l’Annee  6.  Paris, 
l’An  5.  _  .  }}ma 

Papers  relative  to  certain  American  Antiquities. 

Philadelphia,  1796.  4° 

Essai  politique  et  philosophique  sur  le  Commerce 
et  la  Paix,  par  J.  B.  Rougier  -  Labergerie. 
Paris,  1797*  8° 

Tables  of  Weights  and  Measures,  by  G.  Fair. 
Nos.  6,  7  and  8.. 

Figures  of  non-descript  Moths  and  Butterflies,  by 
T.  Martyn.  No.  1.  4° 

A  Journal  of  Natural  Philosophy,  by  W.  Nichol¬ 
son.  Nos.  5,  6,  7  and  8. 

6.  Some  Account  of  the  Cathedral  Church  of  Exeter. 
London,  179  7.  f°l* 
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The  Imperial  Academy 
of  Sciences  of  Peters¬ 
burg. 

The  Society  for  the  En¬ 
couragement  of  Arts, 
Manufactures,  and 
Commerce. 

Right  Hon.  Sir  Joseph 
Banks,  Bart.  K.  B. 
P.  R.S. 

Sir  George  Staunton, 
Bart.  F.  R.  S. 


Professor  Klaproth, 
F.  R.  S. 

M.  Lalande,  F.  R.  S. 


Professor  Barton,  of  Phi¬ 
ladelphia. 

M.  Rougier-Labergerie, 
de  PInstitutde France. 

Mr.  George  Fair. 

Mr.  Thomas  Martyn. 

Mr.  William  Nicholson. 

The  Society  of  Anti¬ 
quaries. 


r 
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PRESENTS. 

Dec.  7.  Practical  Observations  on  the  Treatment  of  Stric¬ 
tures  in  the  Urethra,  by  E.  Home.  2d  edition. 
London,  1797.  8° 

A  Journal  of  Natural  Philosophy,  by  W.  Nichol¬ 
son.  No.  9. 

14.  The  Morbid  Anatomy  of  some  of  the  most  impor¬ 
tant  Parts  of  the  Human  Body,  by  M.  Baillie. 
2d  edition.  London,  179 7.  8° 

A  Chinese  Work  on  Medicine  and  Botany,  in  30 
Parts. 

i79S. 

Jan.  11.  Essai  sur  les  Ouvrages  physico-mathematiques  de 
Leonard  da  Vinci,  par  J.  B.  Venturi.  Paris, 
l’An  5.  4* 

Recherches  experimentales  sur  le  Principe  de  la 
Communication  laterale  du  Mouvement  dans  les 
Fluides,  par  J.  B.  Venturi.  Paris,  l’An  6.  8° 

Observations  on  the  various  Systems  of  Canal  Na¬ 
vigation,  by  W.  Chapman.  London,  1797.  40 

18.  New  Views  of  the  Origin  of  the  Tribes  and  Na¬ 
tions  of  America,  by  B.  S.  Barton.  Philadelphia, 
1797.  _  8° 

Angulorum  rectaeque  Linese  Trisectio,  et  consec- 
taria  Circuli  Quadratio ;  utramque  detexit  J.  N. 
Revay.  Viennas,  1797.  8° 

Index  Plan tarum  in  Horto  Botanico  Academias  Ha- 
lensis  cultarum.  Halae,  1797.  8° 

A  Meteorological  Journal  of  the  Year  1 797,  kept 
in  London,  by  W.  Bent.  London.  8° 

Observations  in  Defence  of  a  Bill  lately  brought 
into  Parliament,  for  erecting  the  Corporation  of 
Surgeons  of  London  into  a  College,  by  T.  Che¬ 
valier.  London,  1797.  8° 

A  Journal  of  Natural  Philosophy,  by  W.  Nichol¬ 
son.  No.  10. 

25*  The  Coal  Viewer,  and  Engine  Builder’s  practical 
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